ON VECTOR LATTICE-VALUED MEASURES
R. Hrycay
(received November 20, 1964)

1. Introduction. E. Hewitt [1] used the Daniell approach
to define a real-valued measure function on a ¢ -algebra of the

real line. He began by defining an arbitrary non-negative linear
functional 1 on wa(R). (the space of all complex-valued

continuous functions on the real line R which vanish off some
compact subset of R).

In this paper, it is shown how this method can be general-
ized to obtain a vector lattice-valued measure function on a
o -algebra of the real line.

This is done by first defining an arbitrary order preserving

linear transformation I from the normed linear space L (of
r

continuous real-valued functions on the real line which vanish
off a compact subset) into an arbitrary boundedly complete
Banach lattice B. A Banach lattice B is a Banach space
which is also a lattice in which:

1) V and A (least upper bound and greatest lower bound,
respectively, of any two members of B) are continuous functions
of both their variables and,

2) ’xIBE [y[B implies that ”x”Bﬁ ”Y”B for x, ye B,
where || "B is the norm of the Banach space B and, for any
zeB, |z |g =(xV 0) - (x A 0). The additive identity of B is
0 and < is the partial ordering of B.

A boundedly complete Banach lattice B is a Banach

lattice in which every non-void bounded set has a least upper
bound and a greatest lower bound in B.
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The space of real or complex numbers is a special case
of B with respect to the partial ordering and the bounded
completeness property.

In the following, let L+ denote the set of all x¢ Lr
such that x(t) >0 for all te€ R and let M+ denote the setr of

all real-valued, non-negative, lower semi-continuous functions
on the real line. For each xe¢M let Y ={ylye L. y < x} .
x =

2. When the vector lattice-valued operator I is extended
from Lr to M+ by I=sup {Ily)|]yeY }, the extended Banach
X

lattice B is considered where B is a boundedly complete
Banach lattice and B =B U { U,D} is a complete lattice.
(U is such that, for any x€ B, x < U and D is such that,
D<x) 'f(x) ¢ B, but not necessarily in B.

Next, we consider the space of zll real-valued functions
defined on_R and extend T to a transformation 1 on this
space by 1I(z) = inf{ I(y) |y € M, y> z} . All the characteristic

functions are in this space of functions and a set function may
be defined on the subsets of R by p(A) =T(XA), ACR. This

set function p is a vector lattice-valued outer measure on the
subsets of R.

We need the following result later for the proof of
Theorem 1. For any A C R, p(A)=inf{ U(G)|G is open,
GO A} . The proof of this is analogous to that given in
E. Hewitt [1, Th. 4.1.35, p.217].

The main problem now is to obtain a ¢ -algebra of the
real line on which p becomes a countably additive vector

lattice-valued measure function.

DEFINITION 1. Let L1 be the set of all equivalence

classes £ of real-valued functions x defined almost every-
where on R, with respect to u, such that £ contains some
function x defined everywhere on R for which I(|x|)€ B.

L1 is a complete normed linear space with its norm
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defined by ||¢ “1 = "T( lxl)”B. We write "x"‘l instead of

"§ ”1 , where x is as in the definition above.

DEFINITION 2. Let E:1 be the space of all the functions

o}
x € L1 such that for some sequence {yn} cC Lr'

n=1
lim [y - x”1 =0. The elements of E, are called summable
new
functions.

E:1 is a real Banach space with the linear operations and
norm that it inherits from Li' and L is a dense linear sub-
r
space of Ei. The operator I admits an extension, again

called I, over I:‘.1 such that I is linear on E1 and

[|1(x) "B-<- ”x”1 for all x¢ E,. The extension I is unique

under the restrictions that it be linear and satisfy

”I(x)”l?’iA”x”1 for some A>0 andall x¢E,.

The o -algebra on the real line is obtained by first defining

a subset A of R to be summable if er E1 . Note that for

summable sets p(A) =?(XA):I(XA)' A subset P of R is said

to be measurable if P N F is summable for all compact sets F.
The family of measurable sets is denoted by M and is a o -
algebra of sets which contain the Borel sets.

The following theorems show that the vector lattice-valued
outer measure ‘u becomes a measure function over M.

THEOREM 1. If AC R is summable, then for every
€ > 0 there exists an open set G and a compact set F such
that FCACG and [p(G)-p(F) "B <e.

Proof. If ACR is summable, then er E Let C}1

e
be any open set such that p.(Gi) > 0 and G1 D A. Since

u(A) = inf{ p.(G)lG is open, GD A}, for €> 0 there exists an
' € u(G,)

open set GO A such that p(G) < p(A) +2 IP(Gi) N . From
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this it follows that [p{G) }fB < [Ju(a) HB +¢€ /2 or, also,

f _ ! E_
Ietc) - wia) g <5

Next, there exists a non-negative upper semi-continuous

function z in Ei' having a compact support, such that

z<x, and ”I(XA—Z)HB<%. If ula)ll, =0, let F=p

€
to get [u(G) - w(F) 5 < [w(@ g + wBV g = (G5 <5 <¢.
Otherwise, let & =min(e/8 ffp(A)”B, 1) and let

F={t|z(t)> 8} . F is compact, FCA, and A - F is sum-
. N < h
mable. Now Z—XF+ 6XA-F so that

I(z) < I(XF) + 6I(XA_F) < p(F) +¢ p.(A)/8 ”}L(A) ” .  Therefore
B
Iuta) - w(E) 5 < [Ina) - (1(2) - enla) fg ”“(A’“B)

€ € € €

Iy

< litx, - 2005+
Then [[W(G) - w(F) 5 = [Ie(G) - w(a) + wia) - w(B) |5

< G - WA g+ lula) - wE) 5 <e

THEOREM 2. let A CR oe summable. Then there
exists a sequence G1 = GZD. .G D ... of open sets where
n
o0

G 2 A and p(( N c ) - AY=0. Furthermore, there exists a
n n

n=1
)
sequence of pairwise disjoint compact sets { Fn} such that
© n=1
F CA and wa-(J F ) =0
n neq ©

THEOREM 3. Let ACR and p(A)e B. Then A is
contained in the union of a null set and the union of a countable
family of pairwise disjoint compact sets.

THEOREM 4. If A€M and p(A)e B, then A is sum-
mable.
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The proofs of Theorems 2, 3 and 4 are similar to those
for the special case of the reals as presented by Hewitt
(1, pp. 230-232].

It now follows that p is countably additive on M and is
therefore a vector lattice-valued measure on R.

Proof. Let {An}m be a pairwise disjoint family of
n=1
© )
sets in M. If p(An)ﬁ B for some n, then p( UAn)z z p.(An).
n=1 n=1

If p.(An) € B for all n, then by Theorem 4 and by the

®
result that if {B } is a pairwise disjoint collection of
n n=1
® ©
summable sets, then p( U An) = Z p.(An); the resulit follows.
n=1 n=1

Example: Let B be the boundedly complete Banach

lattice of sequences s = { si} ® such that each s is a real
i=-00
number. Let the partial ordering be defined by s > r if and
only if 5, > r. for each integer i, and let the norm be defined
] 2 i1/2
by ”s”B=( = [si[ ) . A sequence s is notin B if
i=-00
Is "B =w. If a non-negative linear transformation 1 is

defined on L. with values in B, then a measure on a
r

o -algebra of the real line with values in B is obtained.

oo
In particular, if I is defined by I(x) = {x(n)}n_ ©

for xe€ Lr' then ?(x):O if and only if x is zero at the
integers. Also for any ACR, {...,0,...} _<_p(A)_<_{.,,,i,...,}.

I wish to thank Dr. P. Cuttle for suggesting this problem
to me.
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