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AN EXTENSION OF MUNTZ'S THEQREMS IN MULTIVARIABLES

SHIRG OcAawa AND KazuAkl KITAHARA

Mintz's theorems give necessary and sufficient conditions
for a sequence of powers in one variable to be complete in the
spaces of all real-valued continuous functions or square
integrable functions with the usual norms.

The purpose of this paper is to give an extension of these
theorems. to multivariable cases. In other words, taking some
sequences of generalized multivariable polynomials, we obtain
some neceséary and sufficient conditions for these sequences to

be complete in function spaces analogous to the above.

Let N be the set of all natural numbers and {xa1}£€N a sequence
of powers with ai € JR . Then, under what circumstances can continuous

functions or functions in L be approximated by linear combinations of
these powers? As is well known Miintz [4] studied -these problems in depth
and solved them. Nowadays these results are introduced as Mintz's
Theorems in Cheney [1], pavis [2], watson [5] and so on.

The aim of this paper is to study the analogous problems for multi-
ai

variables and to obtain more general results by replacing x by w(x)a1
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for some function ¢(x) . In section 1, we present some lemmas which are

used later. In section 2, we study some necessary and sufficient condit-

ions for any continuous function defined on [0,1]” c B to be approx-
imated by a linear combination of some sequence of generalized powers in

the uniform norm. In Section 3, we treat the same problem in the
IP-norm(1 Sp<+®),
1. Preliminaries
We first define the notion of completeness.
DEFINITION. A4 set of vectors {Vn} in a Banach space B is said

to be complete in B , if every vector X of B can be approximated to
any degree of accuracy by a lincar combination of {Vn} .

Let C[0,1] be the vector space of all real-valued continuous

functions, defined on [0,1], with the uniform norm. Then, it is well known
7
that, by Weierstrass' theprem, {I} u {x }n ¢ Jy 1S complete in cLo,13 .

Generalizing the above result, we consider the following problem. Let

{ai}i el be a sequence of real numbers. Under what conditions is

{xat}ielv camplete in ([0,1] or in L2[0,1] with the usual norms? The

answers to these problems, namely Miintz's Theorems (see Cheney [1] and

Davis [2]), are as follows.

THEOREM A. (=0}, . with - 1/2<a ~++= ic complete in

n
L2[0,1] with the least-squares norm if and only if az.:},ol/ai =+,
i
THEOREM B. {1} v {=z }i ey With 0<a; <a,<... is complete
in C[0,1] with the uniform norm if and only if I 1/ai =+ @,
: z

Let No denote NN u {0}, I the unit interval, c(r*) the space of

all real-valued continuous functions in 7 variables xl,..., xn on In

and CO(In) the set {f(x .y xn)'e C(In) | f(0,..., 0) = 0} . Then we

77

can easily prove the following lemma using Weierstrass' theorem.
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1 7

1

LEMMA 1. A= {x.” ...2.}. 50ees .2 .2
1 nt e Ny, iy At D £ 0

18
complete in Co(In) with the uniform norm.

Using the fact that c(r*) is a dense subspace of P(r") with the
lP—norm, 1 <p <+ >, we have
LEMMA 2. The set A in Lemma 1 is complete in IF(I') with the

P -norm, 1

A

p<te

2. Extended Miintz's theorem in ¢(I*) with the uniform norm.

We begin by introducing some notation denoting several sets of

powers involving 7 variables Tyseees xn .

Notation 1. For the sake of simplicity, let us consider the case

n =3 . For the variables &x, y, 3, B§3) is a set which is null or
. a; by e
contains some of the three sequences {x “}, {y “1}, {z "}, a;, bi’ c; € R

is a set which is null or includes some of the three

for 71 el . B;s)

d: e fi ga he ks
double sequences {x ty J}, {y Lz J}, {z “x J}, di’ ej,..., kj e R for

. m:n
i, Jel . ng) is the null set or {x%y Iz k}, %5 mes My eR for
i, js k e N . Here each sequence {ai},..., {nj} is positive and
\ L s . . . (3) (3) ,
strictly monotonic increasing. Finally the family B or B(x y,2) is
E R i
. (3) _ ,(3) _ n(3) (3) (3)
defined by B = B(x,y,z) = 31 U B2 U B3 . In the general case
. . (n) (n) .
we introduce analogously the notation B seeey B with respect to
1 n
n variables z._.,..., £ and put B(n) = B(n) = B(n) U... U B(n) , where
1 n x 1 n

x = (xl,..., xn) .
Then we have

J

PROPOSITION 1. In order that {1} u Bg(cn be complete in C(I")

with the uniform norm ||+ ||_, it is necessary and sufficient that for
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each 1, 1 =1, 2,..., n.

(i) B{n) includes all i-tuple sequences of the form in Notation 1

involving < variables of Liseans & and

n
(1)
. . Pic1)
(i1) 1in each i-tuple sequence of (i), for example {xl .
p(i)
Ji) S 1. (k) _ _ .
ves L. 1, z /D =+o for k=1, 2,..., 1 .
1 7(k)=1 J (k)

Proof. For the sake of simplicity, we prove this proposition in the
case 7n = 3 and the proof of the general case is analogous. By Weierstrass'
i 1 1 13 13 14 i 7.k
theoren, S={1}u{x,y,z,xy,yza,sz,xyaz }i,j,keJN
is complete in C(Ig) with the uniform norm. If the conditions (i) and

(ii) are fulfilled, we can easily show that, by means of Theorem B, any

(3)

element of S can be approximated by a linear combination of {1} u B .

Thus the conditions are sufficient.

(8) is complete in C(Is) . Firstly we show

%y

Suppose that {I} u B

that the condition (i) is satisfied. Assume that, for instance, {z

;3) . Then, for any ¢ > 0 , there exists a function

(3)

is not in B
p(z,y,2) € span({1} v B'°") such that |x - p(x,y,2)||_< € , which implies

"x - p(x,0,0)||° < € . This is a contradiction, because p(x,y,2) does

a'
~not contain any term of & v ana p(x,0,0) 1is a constant. Next suppose
d; e; (3)
that, for example, {z "y Y} is omitted from B,”" . Then, for any

(3)

e > 0 , there is a function q(x,y,2) ¢ Span{{1} u B'"") such that

lzy - q(z,y,2) ”m < € , which implies

(2.1) || xy - q(x,y,0) ”m <e .
n ai m b?:

Since q(x,y,0) = Py * z g "+ I vy, putting £ =y =0 in
1=1 1=1

(2.1), we have Ipol < ¢ and substituting % = 0 into (2.1), we have
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m b. m
Ipo + % ory Y| <e for y e [0,711 . Therefore || & r.y ”.» < 2 .
1,=1 ‘l,=1
%
In the same way, we have || 2 q; * = llw < 2¢ . Thus ”q(x,y,O)”°° <S¢
i=1

and by (2.1) ”zylL”< 6e , which leads to a contradiction. Other cases

can be proved similarly. Secondly we are going to show that the condition

(ii) is fulfilled under condition (i). For instance, let us consider

L; m: m . @
(3) _ {x Ly Iz k} . Suppose that I 1/2 < + « , Then, by Theorem B,

1=1
there is a function f(z) € CO(I) such that

(2.2) inf 2, Nr-gll,=6>0.
gespan({1} v {z "})

set h(x,y,2) = f(x)yz . For any € > 0 , by the assumption of complete-
(3)

ness of {1} u B in C(Is) » there exists a function r(x,y,z) €

(3)

span({1} u B *’) such that ||h(x,y,2) - r(z,y,3) || < € . If we express

1

L: m; n
the terms of the linear combination of {x "y J 2 k} in r(z,y,z) as

L. ms m
z 8. . x ty Jz , in the same way as in the proof of (i), we get
. 17k
1.3,k
J g
(2.3) [| n(x,y,2) - I s, k:r: y I, < 30e .
Gk 1 ~
3V
L
Putting y = 3 =1 in (2.3), |[|f(x) - & 8 ik ® |, <30e , which
1,4,k

contradicts (2.2). Other cases can be proved analogously. This completes

the proof.
To generalize Proposition 1, we need the following lemma.

LEMMA 3. Let y(x) be a non-negative funetion in Co(I)

Then {1} v {w(a:) }1, e Vith 0 <a; <ay< ... s complete in C(I)

with the wniform norm ||-||_ if and only if (x) is strictly monotonic
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as
Proof. assume that {I} u {y(x) Y} is complete in C(I) and that

Y{x) is not monotonic. Then there exist two points a, B(a # B) such

that ¥(a) = $(B) and, for any function f(x) € Span({1} u {\IJ(:L‘)%}) s
f(a) = f(B) . For a function g(x) ¢ C(I) such that g(a) # g(B) and

for any function f(x) e span({I1} u {¥(x)“*}), |lg(z) - F=) | 2
1/2- | gla) - g(B)| > 0 , which contradicts the assumption. Now suppose

that {1} v {w(x)ai} is complete in C(I) and ¢(x) is monotonic. Put

t = ¢(x) and [0,al = $(I) . Then, by Theorem B, {1} u {ta’i} is

complete in C[0,a] with the uniform norm if and only if I l/ai=+°° .
i=1

a-
Thus the assumption that {1} u {¢(z) °} is complete in C(I) implies

o0

that y(x) is monotonic and T l/ai =+ » , By putting ¢ = ¢(x) and
=1

by applying Theorem B, the converse is easily verified.

Let ¢.(zx.), ¢ =1, 2,..., n be a non-negative continuous function
(AN
of the Z-th of the »n variables Lyseees &, with wi(O) = 0 . We write
simply lbi(xi) € CO(Ii) s 1=1, 2, ..., n. Then we introduce the

following notation.

(n)

Notation 2. By Bi s 1=1, 2,..., n , we denote the set which is

obtained by replacing x; in Bgn) with wi(z:i) and we define Bq()n) by

é(n)

1 U... U B’gn) , where ¢ = (wl,..., wn) .

Then we have the first main theorem.
THEOREM 1. In order that {1} u é;")

the uniform norm, it is necessary and sufficient that for each

be complete in C(I') with

1, 1 =1, 2,000, 1,

(i) wi(x) is strictly monotonic,

(it) é{n) includes all i-tuple sequences involving 1 of

Kbl (.1:1),. ees wn(xn) and
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(ii1) in each i-tuple sequence of (ii), for instance
p(1) p(i)
J(1) J(z) @ (k) _ . . _ .
{wl(xl) ...‘J;i(xi) Y, j(l)i):l J/pj(k) =+ for k=1, 2,..., i .

Proof. Suppose that {I} u éin)

is complete in c(r’*) with the
uniform norm. Restricting the arguments on Ii’ 1 =1, 2,..., n , in the

same way as in the proof of Lemma 3, we can prove condition (i). If we

set ti = ¢i(xi), 1 =1, 2,..., n , then under condition (i) we obtain that

{1} v Bin) is complete in C(r*) with the uniform norm if and only if
{1} u B;n) is complete in C([O,al] X 4. X [O,aﬁ]) with the uniform norm,
where a, = wi(l), 2=1, 2,..., n and ¢t = (tl,..., tn) . Hence from

this fact and Proposition 1 conditions (ii) and (iii) follow. In the
same way, by conditions (i), (ii), (iii) and Proposition 1, we can easily

verify the converse.
3. Extended Miintz's Theorem in IP(I") with the IP-norm

In the first place, we start with

a.

LEMMA 4. {x *} with 0 <a, <a ig complete in P(r)

el 1 2"

with the IP-norm, 1 <p <+« if and only if = 1Yo, =+ = .

1=1
a; p
Proof. Assume that {x “} is complete in IP(I) with the IP-

m .
norm. Then, for any me ¥l , x can be approximated by a linear

a.+1
combination of the family {x } in the uniform norm. 1In fact, by

Holder's inequality, we obtain

n a-+1 _ n a-
& - I ax © = | £ mt" T ¢ a.(a, +1)t ‘)dt |
i=1 * 0 i=1 © *
n as
<A™ o 5 oata.+1)t Fla
=0 i=1 v *

n .
(rF Im™ T - g a.(a.+1)ta7'|p as) /e
0 i=1 * *

A
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Therefore, by Theorem B, we have I 1/(ai+1) = + © and consequently
i=1

o« -]
T 1/a1: = 4 ® , Conversely, if I 1/a1: = + » , then we can conclude
1i=1

ao
that {x °} is complete in CO(I) with the uniform norm. From this

fact and Lemma 2, the converse follows immediately.

We also have

PROPOSITION 2. B™ is complete in IP(I") with the [P-norm

"“p’ 1<p<+e if and only if

(Z) B;n) 18 not the null set and
p(l) p(n)
coy i(1 i ® (i)
(i1) in Br(zn) = {a:la( )...:an (n)} » j(ﬁ):l l/pj?i) =+ o for

1 =1, 2,..., n .

Proof. For the sake of simplicity, we prove this proposition in

(3)

(z,y,2) is complete in Lp(Ig) with the
237

case n =3 . Assume that B

(3)

Lp -norm and that B'3

is the null set. Then any function

flz,y,2) € Lp(Is) can be approximated in the IP-norm by a linear

1(3) v g%

combination of B 2 . Consequently,

A(ac,y,'z) =

{z*, y‘l', z‘b, xzyg, y’bza, 2t }7: jem is complete in LJ(IS) with the
3

Lz-norm. Then, for the function xyz € L1 (Is) and for any € > 0 ,

there exists a polynomial p(x,y,2) € Span(4 ) such that

(x,y,2)
(3.1) lxyz - plx,y,2) ”l <e.
On the other hand, for any (tl, t2, t3) € I'3 »

2,2,2 .t
(1/8) tototy - 18 2 f
| 1*2%3 7 7,

S o

1 p(z,y,z) dadydz |

It )

t
[
(3.2) 5
0

A

2 J‘le:cyz - p(z,y,2) | daedydaz

S <

A

lzyz - ple,y,al ;.
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If we put
(3.3) (b, 6,.t.) = 13 152 /%1 plx,y,2) dadyda

. q 1°%9°"%3 ‘0 0 0 Y K]
q(tl,tz,ts) has a factor tlt2t3 and we can express it as
(3.4) q(tl,tg,ts) = tlt2t3 r(tl,tg,t3) s
where r(tl,tz,ts) € span(A(tJ’tg’ts)) . By (3.2), (3.3) and (3.4) ,

2,2,2
(3.5) |(1/8)-t1t21:3 - q(tl,tz,t3)|
= |t tsl «|(1/8)-¢ oty - Pttt < e .

If we put I = [0,1/2] and t,=8,+1/2,1=1,2 8, since

1/8 for any (81,82,83) € I3 , by (3.5)

v

[(s,+1/2)(sy+1/2) (s 5+1/2)]

we have
|(1/8)(sl+1/2)(32+1/2)(33+1/2) - r(81+1/2,32+1/2,33+1/2)| < 8¢
for any (g,,8,,8,) € }3
y 1, 2, 3 .
3
Then || (1/8):8,8,85 = k(8,,8,,85)|| < 8 on I, where

k(81’82’83) € Span({1} v 4 This contradicts Proposition 1,

(31,32,33)) ¢

thus B;S) is not null.
2. m. n ®
Next we show that, in ng) = {x vy k} s, L 1/%. =+ =,
g1 1
LT Ifm. =+ and I 1fn, =4 . S that B3/ i
oy /hJ an e /1 X uppose tha (%,y,2) is

complete in Lp(Ig) with the IP-norm and that kzl l/hk < + ® , Then

(3)
BS v A(x,y,z)

is complete in Lp(Is) with the IP-norm. First we
show that, in [1/2,1]3 , every function of the form
(x - 1/2)a(y- 1/2)b(z- 1/2)6, a, b, ¢ e N 1is approximated in the uniform
2.1: mj ny
norm by a linear combination of {x "y Yz "}. . » where
1,7,k e]Vo

L,=m, =n, =0, By similar arguments to those in (3.1) to (3.5), each
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xa,yb,zc, a, b, ¢ € .Wo is approximated by a linear combination of

B(3)

- 3 a
PR A(x,y_,z) uniformly on [1/2,11° . Therefore, for any (x-1/2)

(y—1/2)b (3—1/2)0, a, b, c e W and any ¢ > 0 , there exists a function

(3)
3

h(x,y,2) € Span({I1} u B such that

VAl 1/0,y-1/2,5-1/2)’
(3.6)  [Ma-1/2)%y=1/207 (2-1/2)° - niz,y,2)||_ < ¢ on [1/2,11°.

Further we set

li mJ- nk
(3.7) hix,y,z) = I aijk x yiz "+ ql(x,y) + q2(y_,z)

Z,d5k
+ qg(z,.r) + pl(x) + p2(y) + pg(z) +d,
where q,(%,y) ¢ span({(zx-1/2)"(y-1/2)7}),..., p,(x) ¢ span({(x-1/2)"}),
oo and deR . If weput & =y =1/2 in (3.6), then by (3.7) we have
L ms ng
T oa.., (1/2) Y(1/2) 92" +p(a) +d | <e
iudk TR F3 |
for all =z e [1/2,1] .
!"l: mJ- ny,
Hence if we set P, (z) =- ¥ a.., (1/8) “(1/2) Y2~ - d , then
5 id.k LIk
”ps(z) - 53(3)”‘» < e on [1/2,1]3 . In the other cases, by using the
similar method to the proof of Proposition 1, we can approximate each

polynomial of {pl,. .oy ql,. ..} by a linear combination of

R’i mj ng
ey "5 T gkem,

n
On the other hand, noting that {1} u {z k} is incomplete in

kell
c(1/2,1] with the uniform norm (see Watson [5] p. 82), there exists a

r
polynomial (z-1/2) 0 s Ty € N such that

r
(3.8) inf m Nz-1/200 < sealll > 650,
flz) espan({1}u{z "})

r
For a polynomial (x-1/2)(y-1/2)(z-1/2) 0 and for any € > 0 ,
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!'1: mj ny
there exists a function uf(xz,y,2) € span({x "y “z }i,j,k fﬂo) such that
To 3
3.9) |lx-1/2)(y-1/2)(2-1/2) 7 - ulz,y,2)||_ <€ on [1/2,11° .
Putting x =y = 1 in (3.9), we have
r
|(1/4)+ (z-1/2) © - u(1,1,2)] < ¢ for all z e [1/2;,11 ,

which contradicts (3.8). Thus the necessity follows.

Conversely, assume that B;s) is not null and in B§3) =
{ 2'7: TIIJ- nk} L 1 [ ™ 1/
x 3 . . £ L. =+ @ T 1/m,=+ and I n, =+ =,
¥ Ty, kel ° ;=1 / A ’ =1 % J k=1 k
27 " "k
Since by Lemma 4, each sequence of {x *}, {y Y} and {z %} is complete
in IP(I) with the Lp—norm, clearly every monomial :caybzc, a, b, ¢ eIVo

with a2+b2+c2 # 0 is approximated by a linear combination of B in

(3)
BS

(3)
3

the Lp-norm. Hence, by Lemma 2, satisfying condition (ii) is

complete in Lp (1_3) . This completes the proof.

LEMMA 5. Let +v(x) be a strictly monotonic increasing and absolute-

ly continuous function in C,(I) and put M = ess sup [ (x)]| < + = .
xel

<a, <... 1ig complete in P(1) with

with 0 < a 9

a;
Then, {¥(zx) }idv 4

-4
the [P-nomm, I1<p<+o 1f and only if .21 a, = + = .
= io
% p p
Proof. suppose that {¢(x) =} is complete in L (I) with the LF-
o ai
norm. If _21 1/ai <+ o , then by Lemqma 4 {t “} is not complete in
i=
LIEO,a] with the Ll-norm, where ¢(1) = a > 0 . Consequently, there
"0
exists a positive integer n, such that inf a. lt 7 -pce) ”1 =

p(t)espan({t *})
§ > 0. It follows from this fact that by putting ¢ = y(z) ,
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n n
52181t 7 - pee)lds - IZ lotz) O = plo(z))| - ' (z)dx
1 "o
M |w(z) © - ply(x))| dx.
"
Hence inf a; !| Ylx) 7 - q(x)”l > §/M > 0 , which contradicts
q(x)espan{{¥(x) ~} =
as o
the completeness of {y(z) *y. Conversely, assume that .21 l/ai =+ ®
1=

a.
Then, by Lemma 3, {1} u {y(x) Y} s complete in C((I) with the uniform

norm and consequently each x , 7 ¢ W , is approximated by a linear

ar a.
combination of {y(x) S| uniformly on I . Hence, by Lemma 2, {y(z) 13!

is complete in IP(1) with the IP-norm.

Then we obtain the second main theorem.

THEOREM 2. Let ‘pi(‘”i)’ i1 =1, 2, ..., n be functions satisfying

~{(n)

the condition in Lamma 5. Then B " 18 complete in P with the

Lp-nor'm, 1zp <+ if and only if

(2) B™ s not muil and
p(l) p(n)

.. . onln) _ ge1) jm)

(Z2) 1in Bn = {wl (xl) ...wn(xn) },
; 1/ (i) _ + . =1, 2
2 pj(i)_ for 1 =1, 2,..., n.
J =

Proof. By Proposition .2 and Lemma 5, we can easily verify that
Bl(pn) is complete in Lp(ln) with the Lp—norm if and only if Ein) is

complete in Lp([O,a1] X, ,. X [O,an]) with the Lp-norm, where
ti = wi(xi)’ a. = ¢1:(1), t1=1, 2,..., n and t = (tl,..., tn) . Hence
the conclusion follows immediately.
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