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Abstract

In this paper we adopt the perturbation approach of Landriault, Renaud and Zhou
(2011) to find expressions for the joint Laplace transforms of occupation times for
time-homogeneous diffusion processes. The expressions are in terms of solutions to
the associated differential equations. These Laplace transforms are applied to study
ruin-related problems for several classes of diffusion risk processes.

Keywords: Exit problem; occupation time; ruin probability; time-homogeneous diffusion

2010 Mathematics Subject Classification: Primary 60J60
Secondary 60G17

1. Introduction

The occupation time is the amount of time a stochastic process stays within a certain range.
It is an interesting topic for stochastic processes. Many explicit results on Laplace transforms
for occupation times have been obtained for some well-known examples of diffusion processes;
see, e.g. [6] for a collection of such results. Some results related to occupation times for general
diffusion processes can be found in [18] and [19]. More recently, Laplace transforms have also
been obtained for occupation times of processes with jumps; see [7], [9], [14], [15], [17], [23],
and [24] for results along this line and their applications in risk theory and finance. To the best
of the authors’ knowledge, joint Laplace transforms have not been studied systematically for
general diffusion processes.

The standard way of finding the Laplace transform for occupation times is to solve the
associated (integro-) differential equation via the Feynman—Kac representation. The excursion
theory has also been applied to obtain occupation time related Laplace transforms; see [18]
and [19]. An alternative perturbation approach was recently proposed in [15] for the spectrally
negative Lévy processes. With this approach, the Laplace transforms for occupation times can
be obtained by an approximation argument based on the solutions to the exit problems, which
is an excursion theory argument at its heart. Since the exit problems for time-homogeneous
diffusion processes can also be solved explicitly, in this paper we adopt the strategy of [15] to
study the joint Laplace transforms for diffusion occupation times. These Laplace transforms are
expressed in terms of solutions to the differential equation associated to the diffusion generator.

The results in this paper find applications in the study of ruin problems for the so-called
diffusion risk process with random observation times and the so-called omega model, where,
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1050 B. LI AND X. ZHOU

for both models, the ruin probability can be expressed in terms of its occupation time. Our results
can also be applied to study the Brownian surplus process with two-valued drift.

The rest of the paper is arranged as follows. In Section 2 we introduce the time-homogeneous
diffusion processes and their exit problems. In Section 3, the desired Laplace transforms of
diffusion occupation times are found. In Section 4, possible applications of the results obtained
in Section 3 to several diffusion risk processes are discussed. In Section 5, explicit expressions
are presented for the examples of Brownian motion with drift and Brownian motion with two-
valued drift.

2. Time-homogeneous diffusion processes

We now introduce the one-dimensional diffusion process X considered in this paper. For
—o0 <1 < Ih < oo, write [ for the interval with endpoints /; and /». For simplicity, we
consider only the case in which both /1 and /5 are inaccessible, i.e. neither of them can be
reached in finite time. In the rest of paper, we mostly choose /; = —oo and I = oco. The
I-valued regular time-homogeneous diffusion process X = {X;, t > 0}, defined on a filtered
probability space {2, P, {F;, t > 0}}, is specified by the stochastic differential equation

dX; = pu(X;)dt + o (Xy) dW, 2.D

where X = x is the initial value and {W;, ¢ > 0} is a standard Brownian motion. Throughout
the paper, we assume that (2.1) allows a unique strong solution, which is guaranteed if there
exists a constant K > 0 such that, forall x, y € I,

@) — M +lo@) —oMI < Klx —yl, w2 +0%@) < K21 +x%).  (2.2)

Let T, = inf{r > 0: X, = x} be the first hitting time of X at level x with the convention
that inf @ = oo. The Laplace transforms associated with the two-sided exit problem for
the diffusion process X were first solved in [8]. Suppose that g_ ,(-) and g4 ,(-) are two
independent, positive, and convex solutions of the equation

10208 () + n(x)g (x) =rgx), >0, (2.3)

with g_ ,(-) strictly decreasing and g ,(-) strictly increasing. For many particular diffusions
of interest, the differential equation (2.3) yields explicit expressions for g_ ,(-) and g ,(-);
see [6]. Define a pair of Laplace exponents

gél:,r(')
g+.r() '

*2

and letting r — 04, we choose

yEG) ==+ r>0. (2.4)

In particular, denoting by

=1 if [7°G(y)dy = o0,

_olx S 2.5
§-00x) =/ G(y)dy otherwise, )
X
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and .
= if 7 G(y)dy = o0,
X X 2.6
8+.001) = / G(y)dy otherwise. &0
—00
Hence,
_ G(x) i G(x)
Yo () = ———— and Yy (x) = 7—". 2.7
’ [ G dy 0 [ o GO dy
Furthermore, for r > 0, define a function
Fr(3,2) = 8- r(g+.r(2) — 8= r (D) g+.r (¥)- (2.8)

Note that the function f;(y, z) is strictly decreasing in y and strictly increasing in z, and
fr(y,z) = 0if and only if y = z. For ease of notation, denote by
2

d 0 d
fir,2) = a—fr(y, 2), Py, 0)=—f0,2, and fi2,0,2) =—f, 2.
y 0z 0yoz

Throughout the paper, for ease of notation, we write Ey[-] = E[- | Xg = x¢] for the
conditional expectation, [Py, {-} for the corresponding probability, and Ey[-; C] = Ey[- 1¢]
with 1¢ denoting the indicator function of a set C C 2. Furthermore, we drop the subscript
indicating the initial value if xg = 0.

Fora < x < b, we have

- r(x,b) - fr(a, x)
Exfe T T, < Ty] = d Exle” ™ T, < T, = : 2.9
x[e a < Tp] f(a, b) an x[e b < Tal 7 (a, b) (2.9)
In particular, letting r — 04 in (2.9) yields the two-sided exit probabilities
“G(y)d "G(y)d
PATy, < Ty} = M and P {T, < Tp} = w;
[, G(ydy J: GO dy

see, e.g. [6], [10], and [13]. Moreover, for r > 0, we have

Iim g_,(x)= lim g4 ,(x) =00 and lim g_,(x)= lim g4 ,(x)=0. (2.10)
X—>—00 X—>00 X—> 00 X—>—00
In addition,
lim y¥E() = oo; (2.11)
r—00
see Equation (12) of [19]. Therefore, letting b — oo in the first relation of (2.9) and @ — —o0
in the second relation of (2.9), fora < x < b, we have

EeTo = =00 g gt = 840D (2.12)
g—.r(@) g+.r(b)
In the following, we collect some identities that will be used later. They can be easily verified

by (2.4) and (2.8).
Lemma 2.1. Forany x # y andr > 0, we have

f2,r(xv x)fl,r(y’ Y) - f2,r(x: y)fl,r(xv )’) = _f12,r(x’ Y)fr(x, ), (2.13)
— [V () = for s MY () = fioa(x,y) + DY OY, (), (2.14)

and

Fir G DY) + for G, YT () = fio, G, y) + £GP Y O). (2.15)
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3. The occupation times for diffusion processes

Throughout the paper, denote by es an independent, exponential random variable with rate
8 > 0 and assume that A, A1, > > 0. We first solve for E exp[—X foe‘S 1(x, <0y ds] using the
perturbation approach from [15].

Theorem 3.1. It holds that

e + _
Eexp[_A/ ' 1ix, <o) ds] _ 8%+,\(J(r))/(5 +A)j— s (())‘
0 V513 (0) + ¥ (0)

Proof. Define an approximation Lg for the occupation time foe *1(x, <0y ds intuitively as
follows. Up to time e5, LS counts both the time X spends below level 0 and the time it takes to
move from level O to level €, but not from ¢ to 0. To make it rigorous, let 6 be the shift operator
such that X; o 8 = X 4. Since X starts from 0, we put TO1 =0, TE1 =T,, and

Tg“ =T+ Ty o Orn, " =10+ T o eTélH, forn > 1.

Then
o0
L= (T/ nes— T§ Aes).
n=1
Hence, by the memoryless property we obtain

Ee*L: — E[e*“g; T. < es] +E[e™%; e5 < T.]

=Ele e T, < eg]Ese_’\Lg +Ee ™% — E[e™%; T, < e5]

1)
— Fe~GH+MTg o—AL? | — Be~@+MT:
e € + 5T x( e )
0 ) 0
_ 8o @p s <1 8t )>’ 3.1
8+.5+1(8) §+2 8+.5+1(€)
where the last step is due to (2.12). Similarly, we have
Eee ™ % = Bole ™% T < 5] + Eole ™% 5 < To)
= P{Ty < esVEe 2 + P,{es < To)
= IESef‘STOIEef“(2 +1—- Ege*‘STU
_ 8@ p g _ 850 3.2)

5500 g—5(0)°

Substituting (3.2) into (3.1), solving for Ee‘“‘g, and taking the limit, we obtain

es
Eexp[—k/o 1ix,<0) ds] = sgr& Ee*L?

_ {|: $ ( 8+,5+/\(0)> 8+,5+1(0) < g—,5(8)>1|
= lim 1— + 1—
e>0+ L6+ A g+.5+2(8) /) grs+a(e) g-.5(0)
y [1 _ &r302(0) g—,5(8)}_1 }
8+,6+1(€) g—,5(0)
_ L0/ + M) +¥5 )
VA (OER () B
This completes the proof of Theorem 3.1.
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Taking the limit as § — 04 in the equality in Theorem 3.1, we obtain the following result.
Corollary 3.1. It holds that
Eexp[—)»/.oo 1ix, <0 ds] = %,
0 v, (0) + v (0)
where v, (0) is specified in (2.7).
Corollary 3.2. In general, we have, for x > 0,

es S + 0 S =0
E, exp[—k/ 1{x, <o) ds] _ 8- %H(Jr)/( +A)j‘ vs (0) | _ g_,g(x)’
§-,5(0) Vs515.(0) + 95 (0) 8-5(0)

(3.3)

and, for x < 0,

[ 045020 U, 0B + ) + Y5 (0)
E, exp —)\./ l{xs<0} ds | = T —
g+,5+)»(0) wﬁ—i—k 0) + w(g 0)
N <1 B g+,s+x(x)).
S+ 8+.5+2(0)

Proof. For x > 0, by comparing Ty with es and using the memoryless property, we obtain

es es
E, exp[—k/ 1ix, <0 ds:| =P {7y < eg}EeXp[—kf 1ix, <0 ds:I + Py{es < Tp}.
0 0

Then (3.3) follows from (2.12) and Theorem 3.1. For x < 0,

es
E, exp|:—)\./ 1ix, <0 ds:|
0

es
= Ex[ef?»TO; To < es]E exp[—k/ 1ix, <0 ds] + E, [e*)»ea; es < Tol
0
S+MT; “ 8 S+
= Ee C+HMO0E exp —,\/ 1(x,<0) ds | + —— (1 — E,e~CTMT0),
0 5+ A
Then (3.3) also follows from (2.12) and Theorem 3.1.
Using the Laplace transforms on exit times in Section 2, all the results below could be easily
extended to a general initial surplus x € R. However, to keep the paper short, we skip this
minor generalization.

The strategy employed in the proof of Theorem 3.1 can be further exploited to find the joint
Laplace transforms on the occupation times in multiple regions.

Theorem 3.2. Forany b > 0, we have

es es
Eexp[—kl/ 1ix, <0y ds — )»2/ 1ix,>p) ds]
0 0

_ 8 f2,5(03 b) —_ —+
a [6 + A ( 750.5) ""‘*kz(b))%“l(o)

A2 250,00 f1.50.0) _ 1250, D)
- <5+)»2 0.0 £50.5) )‘”‘Wz(b) 750.5) }

f2.6(0, b) _ i _ J150,b) _ J12,500,b) !
) [( f5(0,b) W‘Sﬂz(b))%“l(o) 0.0 V2P " TH 0 ]
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and

es es
E, exp[—M/ 1ix, <0y ds — )»2/ 1ix,>b) ds}
0 0

CT( M fis®ib)  fas©.b)
_[<5+M 0.5 5(0.) )%“1(0)
) f1,6(0, b) ¥ _ f12,5(0, b)
+ 8—}-)»2 <_ f8(07 b) +¢8+M(O))w5+kz(b) - fS(Oy b) :|

f2.5(0, b) _ 4 _ J150.b) _ J12,5(0,b) !
X[( 50, b) +"’5“2(b))‘”‘3“1(0) 50, b) Vot ) fa(O,b)} '

Proof. Similar to the proof of Theorem 3.1, for arbitrarily small ¢ > 0, we approximate
the occupation time foe 8 1{x, <0} ds by Lg,o 4 the sum of durations up to time es for all the
nonoverlapping excursions of the process X that start from 0 and end at . Similarly, we
approximate foe *1yx,>p) ds by L‘; »» the sum of durations up to time e; for all the excursions
of X that start from b and end at b — ¢.

For ease of notation, we define Io(x) = E, exp[—A1 [5° Lix, <0y ds — A2 f5° 1(x,>p) ds]
and its approximation /. (x) = E, exp[—)ng,O_F — )‘ZLg,b—] for some x € R. By the strong
Markov property, we have

I,(0) = Elexp[—A1 L2 gy — 2aLd ) 1: Te < es] + Elexp[—A1LY o, — AL, 1ies < Te]
=Ele ™M T, < eslle(e) + Ele ™19 e5 < T¢)
)
— Ee_(g‘f‘)\l)TeI & 1 _ ]Ee—(s"r)hl)Te
o(6) + 55 )

_ g+,8+k1(0) ) (1 . g+,5+)»1(0))

= I.(e) +
g5+, (8) 5+ At 8+.64x (&)

where the last step is due to (2.12). Furthermore,

34

Ie(e) = Eglexp[—A1 L2 o, —A2L%, 1 To < Tp A es]
+ Eelexpl—A1L2 o — ALY, 1: Ty < To A es)
+ Eelexpl—r L2 oy — AL, 1s €5 < To A Tp]
=P ATy < Tp A es}(0) + P AT, < Ty A es}le (D) + Pefles < Ty A Tp}
=E.[e%T0; Ty < Tp1L.(0) + Ep[e°T%: T} < Tyl (b) + 1 — E e T0ATw)
_ fs(e, b) 1.0) + J5(0,¢) Lb)+1— S50, ¢) + fs(e, b)
f5(0, b) f5(0, b) f5(0, b)

where the last step is due to (2.9). Substituting (3.5) into (3.4), solving for I (0), and taking
the limit, we obtain

Io(0) = lim I,(0)
e—>0+

i {[ ) < 84,644 (0))
im 1—
e=>0+ |6 + A1 8+.64x, (8)
8+,5+2,(0) <f5(0, €) _ f500,8) + fi(e, b))]

I.(b 1
crsin @ 0,5 O T 70, 5)

y [1 g+ O) file, b)}‘l}
&+.5+11(8) f5(0,b)

) (3.5
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8
= [—w;m 0) +

} /2,5(0,0) Io(b) — J1.6(0,0) + f2,5(0, 0)i|
+ A1

/5(0, b) /50, b)
f1.5(0, b)]‘l
£>0,b) |

Here, (3.6) is the first equation of the target terms /y(0) and Ip(b) we obtained.
Similarly,
Ie(b) = Bylexpl—M LY oy — ALY, 1 The < €5]

+ Eplexp[—A1LY o, — ALl , e < Tp—]
=Eple 20— T, < es1l(b — &) + Eple 2% €5 < Tp—]

X [%++x1 0) — (3.6)

a- Ebe*((Ssz)bes)

(1 _ 8— 64X (b) )
S+ x2 g—s1mb—¢))

— Ebe*(SH»z)Thfe I.(b—¢) +

1)
S+ Ao
88— 641 (b)

=—"=""TITb—-¢+
g—,5+)»2(b —é) ¢

3.7

Furthermore,

I.(b—¢) = ]E;,_E[exp[—)qLf;o+ — kng‘bf]; Ty, < To A es]
+ Epelexpl—n1L o — ALl 1; To < Tj A es]
+ Byelexpl—A1L o — 2L, Ties < To ATyl
=Py e{Tp) < To Nes}e(b) +Pp_o{To < Tp N es}c(0) + Pp_c{es < To A Tp}
=Ep_ele ™", Ty < TolLe(b) + Ep_ele T Ty < Tp11.(0) + 1 — Ep_pe 200
_ Qb= o Sib—eb), o SOb=e)tfiboeb) oo
50, b) 50, b) 50, b)

Substituting (3.8) into (3.7), solving for I, (b), and taking the limit, we obtain
Io(b) = lim I.(b)
e—>04+

o 4 8—5+22(b)
= lim 11—
e=>0+ (L8 + A2 8—s+1(b—¢)

g 512, (D) <fa(b —eb) oy q o OO+ b e, b))}
8—s41,(b—¢) f5(0,b) f5(0,Db)
y [1 _ gsina®)  f0.b— s)]‘l}

g—s+n(b—¢) f500,b)

8 - _ J15(b, b) 12500, b) + f1,5(b, b)
- [8 e AN R R AV }
0,b)]7"
x [x/fgﬂz b) + %} . (3.9)

Here, (3.9) is the second equation of the target terms Ip(0) and Ip(b) we obtained. Therefore,
solving the linear system composed of (3.6) and (3.9), and simplifying the result using identity
(2.13) withx =0, y = b, and r = §, we complete the proof of Theorem 3.2.

Remark 3.1. When A, — 0+, the first joint Laplace transform in Theorem 3.2 is reduced to
Theorem 3.1 using identity (2.14) withx = 0, y = b, and r = §. Furthermore, when § — 0+,
by (2.5), (2.6), and (2.8), both of the Laplace transforms in Theorem 3.2 are equal to 0.
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Let » — 0+ in Theorem 3.2, and by the facts that f125(0,0) = 0 and f;5(0,0) =
— f2.5(0, 0), we obtain the following compact expression.

Corollary 3.3. It holds that

es es
Eexp|:—)»1/ 1ix,<0) ds — Xz/ 1ix,>0 dsi|
0 0

U, 0/ M) + 89, (0)/(8 + A2)
Vs, 0 + V55, (0)

By (2.11), letting > — oo and A1 — o0 in the first and second equations of Theorem 3.2,
respectively, we obtain the following result.

Corollary 3.4. Forany a < 0, we have

e 8750, )y, (0)/(8 — 0,0) — 0,b
E[exp[—k/o 6 1ix, <o} ds:|; es < Tb} = fol )%}?(E) )lj)(wj )»()0) _fz}:s( © )b) f150.0
s 541 1,8 (U,

es
Ep |:exp|:—k/ 1ix,>n) ds:|; es < To]
0

_ 60,0095, (B)/G+ M) + f15(5,5) + f50, )
f50, b)Y, (B) + f2,5(0, b) '

Next we consider the joint Laplace transforms on the occupation times in a bounded region
and an unbounded region.

and

Theorem 3.3. For any a < 0, we have
es €s

Eexp|:—)q / 1ju<x,<0) ds — )»2/ 1ix, <a) dsi|
0 0

_ [5(5 + A2) f2.842,(a, 0) + 8(A1 — A2) f2,5+2,(0,0)
(8 + A1) (S + A2) fs+,(a, 0)

) ,0
@y ©) — L2840 (@0) ]

; . 6+ )"lf)f5+)»] (a,(()))
2,644, (a,0) _ J1.642,(a,0)
g [ Fronta.0) Vo2

f3+)ul (a7 O)
B f12,a+x1(a,0):|1
f5+)»1(a7 O)

S1,642,(a,0)
f5+)\l (av 0)

Vs, @ —

v (0)

Vs (0) + ¥5fy,, (@5 (0)

and
e,

b
1{X$<a} ds
8f1,542, (@, 0) — A1 fr542,(a, a)

(6 + A1) fs4a,(a, 0)
8f12,642, (@, 0)

es
E, eXp|:—)»1 / l{aSXy<0} ds — )»2/
0 0

_ [ 812,542, (a, 0)
(8 + X2) fs42,(a, 0)

1)
+ —— Vs, @Yy (0) —

I/f;Hz (@) —

Vs (0)

;+ kz( 0 ;3 + /\1()]"3043/\1(11, 0)
2,8+x 4, + _ 1,6+x1 @, — + _
* |: fo+2,(a, 0) WHM(?) Jo+3,(a, 0) Vs O+ Vi, @ O)
B f12,a+xl(a,0)]_
f5+}»1 (a$ O) .
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Proof. For arbitrarily small ¢ > 0, we approximate the occupation time [;° 1ia<x, <0} ds
by Lg’ «.0- the sum of durations up to time e; for all the excursions of X that either start from 0
and end at ¢, avoiding a, or start from O and end at a, avoiding ¢. Similarly, we approximate
foe s 1(x,<q) ds by Lg, a4 the sum of durations up to time e;s for all the excursions of X that
start from @ and end ata + €.

We define Jo(x) = Ey exp[—A1 f5° 1ja<x, <0y ds — A2 f5” 1{x,<a} ds] and its approxima-

tion Jo(x) = E, exp[—leg’a’O — )QLQH] for some x € R. Then we have

Je(0) = Efexp[—A1LS , o — Ll 1 Te < Ty Aes)
+ E[CXP[—)‘ILg,a,o - )‘ng,cH»]; Ta < Te N es]

+ E[exp[—M LS , g — A2Ld 1 es < Te ATyl
=Ele ™ T, < T, Aesle(e) + Ele ™M Te: T, < T, A es)Je(a)
+ E[e™1%: 5 < To A T,]

=E[e” T T, < T,1J0(e) + E[e™ TV, T, < T.1Jc(a)
8(1 — Ee*(HM)(TMTa))

S+ A
fs+2 (a, 0) f541,(0, &) ( Ss+2, (@, 0) + fs13,(0, 8))
= DS g (o) + D2 1— .
Sfsaai(a, &) &+ Sfsa(a, e) @+ 8+ Sfs4ai(a, &)
(3.10)
Furthermore,
Je(e) = Pe{To < es}J:(0) + Peles < To}
=E.e 70 ,(0) + 1 — E,e*T0
g—.5(8) g—.5(8)
= 8= oy 41— 820 3.11
50 O 0 G-

where the last step is due to (2.12). Substituting (3.11) into (3.10), solving for J.(0), and taking
the limit, we obtain

Jo(0)

lim J.(0)
e—>0+

— lim {[faerl(a,O) (1 B g—,s(b“)) n J5+42,(0, &)

e=>0+ | fs4a,(a, &) g-.,5(0) Ss+a(a, &)

Je(a)

n _(1  fo10(a,0) + fs42, O, E)ﬂ
5+ M Jo+1,(a, &)
y [1 _ f3+n(a,0) g,5<s>]“}
Jo+a,(a, &) g— 5(0)

_ S2,642,(0, 0) 8 fas+a (@, 0) — f254,(0, 0)]
= 0 —
[W” (@0 PO Foim (@ 0)
_ f2,5+;\1(61,0)}_1
0 = - . 3.12
* [% Ot @ 0) (3.12)

Here, (3.12) is the first equation of the target terms Jy(0) and Jo(a) we obtained.
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Similarly,

Je(a) = Eqlexp[—M LS 4 o — A2L8 o s Tuye < es]

&,a,0

+ ]Ea[exp[—)\lL‘S AngJH_]; es < Tatel

&,a,0

=Eale 27w+ Ty < eslJe(a+e) + Eale ™29 e5 < Tyyel

— ]Eaei(8+)u2>’ra+£ Jg (a + 8) + (1 _ Eae*(5+)\,2)Ta+g)

%)

8+.5+2, (@) 8+.8+12 (@) ) (3.13)

= o (1 R
Furthermore,
Je(a + &) = Eayelexpl—A1Ld 40 — ALl 41 1: Ta < To A es)

+ Eatelexpl—Ai LS , g — 2Ll 1 1: To < Ta A es)
+ Earelexpl—Ai L2 , g — 2Ll Ties < Ty A Tp)

= Eayele ™7 T, < Ty A e51Je(a) + Baele ™70 Ty < Ty A es51J:(0)
+ Eotele™1%; e5 < T, A To)

= Eatele” O T, < Ty1Js (@) + Eqyele™ O Ty < T,1J,(0)

1—F —(8+21)(TanTo)
+ 5 +A1( atel€ )}
b 0 b
_ Jornlate )Jg(a) n Ss+r (@, a+¢) 7.(0)
fo+a,(a, 0) Jo+3,(a,0)
J <l _ Ssru(a,a+e) + fora(a e, 0)>' (3.14)
8+ Js42,(a, 0)
Substituting (3.14) into (3.13), solving for J¢(a), and taking the limit, we obtain
Jo(a) = lim Jg(a)
e—0+
— lim {[ 8+.6+1, (@) J (1 . Ss+ni(a,a+e€) + fsia (a+e, 0))
e=>0+ [ Lg+.54n,(a +6) 3+ A Js4,(a, 0)
+ § <1 _ g+,3+k2(a) ):|
3+ A 8+.5+m(a+¢€)
y [1 _ grstn@  fipulate, 0>]‘1}
g+.sin(a+e)  fsya(a,0)
+ lim {Js(O)[ 84,6422 (a) f5+)»1 (a,a+ 3):|
e—~>0+ g+.s+n(@a+€)  fota (a,0)
% |:1 _ g+.54n (@) foia (a+e, O):|1}
grsin@a+e)  fsra(a,0)
5§ - ,0) — , 1) ,
_ [ S1.642, (@, 0) — f2.545,(a, a) n ‘patrxz(“) n f2.641,(a, a) JO(O)]
S+ A1 Jo4,(a, 0) S+ Jo+3,(a, 0)
07!
< | v, (@) — M] . (3.15)
[%“2 fs42,(a., 0)
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Here, (3.15) is the second equation of the target terms Jo(0) and Jy(a) we obtained. Finally,
solving the linear system composed of (3.12) and (3.15), and simplifying the result using identity
(2.13) withx = a, y =0, and r = § + A, we complete the proof of Theorem 3.3.

Remark 3.2. When 1| = X, = A, the first joint Laplace transform in Theorem 3.3 is reduced
to Theorem 3.1 using identity (2.15) with x = a, y = 0, and r = § + A. Furthermore, when
A1 — 0+, Ap = A, and a = 0, the second joint Laplace transform in Theorem 3.3 is reduced
to Theorem 3.1 using identity (2.14) withx =a,y =0, and r = 4.

Letting 6 — 0+ in Theorem 3.3, we obtain the following corollary.

Corollary 3.5. Foranya < 0, we have

00 00
Eexp[—kl / 1u<x, <0y ds — Kz/ 1ix, <q) ds:|
0 0

B —f1.11 (@, 0¥y (0) + fi, (@, 0)¥ (@) ¥y (0)
1@, 055 @) = fi, (@ 0¥ (0) + fo, (@, 05 (@5 (0) = fiz, (@, 0)

and

00 o0
E, exp|:—kl./ 1{a§X5,<()} ds — )»2/(; 1{X5<a} ds]
0

_ J2,840 (@, )y (0)
Fa (@, 009 (@) = f1, (@, 0)¥5 (0) + fi, (@, )¢5 (@vg (0) = fizz (a,0)

Letting Ay — 04 in Theorem 3.3, and using the identity f> sy (a, a) = — f1 542 (a, a), we
obtain the following result.

Corollary 3.6. Foranya < 0, we have

€s
Eexp[—%/ 1ia<x, <0 dsi|
0

_ [5f2,s+x(a, 0) + A/f2,56+2(0,0)
B (6 +2) fs4a(a, 0)
_8f12.542(a, 0) }
(8 +2) fo4a(a, 0)
o |:f2,5+)~(a70)
fs+3.(a,0)

Sfi,544(a, 0)
fs42(a, 0)

Vi (@) - Y5 (0) + ¥y (@) (0)

S1,642(a, 0)

S12,642(a, 0)}_1
f542(a, 0)

_ + =(0) —
Vs (0) + ¥5 (@) (0) fsaa(a,0)

vy (@) —

and

es
E, exp[—)»/ 1ia<x, <0 dsi|
0

f2542(@.0) =

[ fonta0) 70 @

_ 8f1,842.(a, 0) ]
6+ A) fs1a(a, 0)

J2.642(a,0)
* [ Fia(@.0) V0@

8f1.54a(a, 0) + Af1 542(a, a)
6+ A) fs+a(a, 0)

Vs (0) + ¥5 @5 (0)

f1,542.(a, 0)

3 @y () - 200@ 07
Ss+a(a, 0) Vs (0) + ¥5 (@) s (0) i| ‘

Sfs421(a, 0)
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Letting § — 0+ in Corollary 3.6, we obtain the following simplified expression.

Corollary 3.7. For any a < 0, we have

o0
Eexp[—k/ 1ia<x, <0} dsi|
0

_ 12,100,009 (@) = fi,1(a, 0¥ (0) + fula, 0¥y (@, (0)
f21(a, 0095 (@) = fi.1(a, 0)¥q (0) + fila, 0¥y (@, (0) = fi2,5(a,0)

00
E, exp[—k/ 1a<x, <0y ds]
0

_ i@, 00y (@) — fiala, a)yy (0) + fila, 00y (@) (0)
Foala, 00y (@) — fi.(a, 00y, (0) + fila, 0¥ (@ (0) — fiz,n(a, 0)

Remark 3.3. As a — —o0o, by (2.10), the first Laplace transforms in Corollaries 3.6 and 3.7
are reduced to Theorem 3.1 and Corollary 3.1, respectively.

and

Letting A» — oo in the first equation of Theorem 3.3, by (2.11), we obtain the following
result.

Corollary 3.8. Forany a < 0, we have

es
E[exp[—k/ 1ia<x,<0) ds]; es < Ta]
0

_ 3(f2.64(a.0) = f2.642.(0.00)/G +2) + fo41.(a. 0) 5 (0)
Fro4a.(@, 0) + fsia(a, 0)¢5 (0) '

4. Some applications to diffusion risk processes

The Laplace transforms in Section 3 are motivated by the study of two classes of risk models
that we are going to introduce below.

4.1. The risk process with random observations

Let the surplus process X in a risk model be the time-homogeneous diffusion process defined
in (2.1) with initial value xo > 0, and let N be an independent Poisson process with constant
rate A > 0 of consecutive arrival times 0 < 7] < 7 < ---. Suppose that the values of the
process X are only observed at the times (t;). The ruin time for this model is defined as

7, = inf{7;: X;, <0},
i>1
with the convention that inf @ = oo.

There is a natural connection between the survival probability for this risk process and the
occupation time for the underlying process X. Actually, for any ¢ > 0,

Po(n > 1} = ExP{{r} N {s <1: X, <0} = & | X}

t
:EXO]E[GXP[—K/ 1ix, <0 ds:| ‘ X:|
0

t
=Ey exp[—k/ 1ix, <0y ds].
0
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Therefore, the Laplace transform for the ruin time 7, is

es
Exoe_‘m =Py {tn <es}) =1—-E, exp[—k/ 1ix, <0} dsi|.
0
Furthermore, by Corollary 3.2,

oo, A g—s(x) ¥y, (0)

Eye = T p—
512 8-50) 5, (0) + 5 (0)

.1

Note that, when A — oo and § — 0+, (4.1) is reduced to the usual ruin probability by (2.5)
and (2.11).
Moreover, for b > 0, write

Tb = infl{t,-: Xy <0or Xy, > b}
i>

for the ‘two-sided exit time’ of this model. Then, by conditioning, its Laplace transform is
given by

es €s
Exe 2™t =Py {tap < es) = 1 — Ey eXP[—A/ 1(x, <0y ds — )»/ 1(x,>p) ds:|,
0 0

which can be found by Theorem 3.2.

Fixing a level a < 0 and a positive integer m, for the abovementioned diffusion risk model
with exponential interobservation times, we can further propose another generalized ruin as
the event that either there is at least one observation of X below level a or there are at least m
observations of X between level a and level 0. Note that such a ruin has the spirit of a new
ruin model subject to Chapters 7 and 11 of the bankruptcy code which was first introduced in
[16]. Write t;" *“ for the first Poisson arrival time 7; when such a ruin occurs. By definition,
IA]’H’O =1.

Conditioning on X and using the properties for Poisson processes, for any ¢ > 0, we obtain

Py {7, > 1}

1 t 1
A 1 d 1 t t
E}q{( Jo Va=x, <0y ds) exp[_k / N ds} exp[_x / . dsﬂ
0 0

i!

A i1 ds)’ !
Ex0|:( fO {a<X;<0} ) exp|i—)»/ 1{X5<0} ds:H.
0

i!

m

(==}

3

i=0

Therefore, the Laplace transform for the ruin time ;" is

—s7" m,a
Eype % =Pyfr, " <es}

m—1 es 1
A Liu<x, ds)’ e
=1- E Ex0|:( fo la<X, <0) d5) exp[—k/ 1(x, <0} dsi|i|.
i=0 0

i!

In order to find the above Laplace transform for the generalized ruin time 7;"“, we only need to
recover the joint Laplace transform E, exp[—214 foea 1iu<x,<0) ds — A2 fowS 1{x,<q} ds], which
can be found by Theorem 3.3.
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Remark 4.1. Note that this generalized risk model with random observations was first
introduced in [2] and [3] for compound Poisson risk processes with independent Erlang(n)
interobservation times. Our model with exponential interarrival times is a special case with
n = 1. Unfortunately, it is not apparent that the ruin probability for this general risk model
with Erlang(n) interarrival times in [2] and [3] can be associated to the occupation times in a
nice way due to the lack-of-memoryless property.

4.2. The omega risk process

Let X be the time-homogeneous diffusion process defined in (2.1) with initial value xo > 0.
The so-called omega model was first introduced in [4]. We refer the reader to [1] and [12]
for more recent results on the omega model. The event of bankruptcy is introduced for such
a model. In contrast to traditional ruin, the bankruptcy is not immediate even if the surplus is
negative. To specify the bankruptcy probability, a bankruptcy rate function w(x) > 0, x < 0,
is introduced, which is typically a decreasing function. Then, whenever the surplus is at level
x < 0, w(x)dr is the probability of bankruptcy within d¢ time units. To be more precise, we
can define an auxiliary process N on the same probability space as X so that, given X, process
N follows the law of a Poisson process with time-dependent intensity w(Xs) 1{x,<0}, § > 0,
i.e. N is a Cox process. We then define the bankruptcy time, denoted by t,,, as the first arrival
time for N. One can also simply define

t
Ty =inf{t >0: / w(X;)ds > el}
0

for an independent rate-one exponential random variable ey; see [17]. Then the risk model
considered in [15] corresponds to the omega risk process with a constant rate function w.

The probability of bankruptcy for the omega risk process can be determined as follows: for
any t > 0,

t
Pyt >t} =Py (N =0} = Ey, exp|:—/(; w(Xs) 1ix,<0) ds].

Therefore, the Laplace transform for the bankruptcy time t, is

es
Exoe"””) =Plte <es} =1—-Ey exp[—/ o (Xs) 1{x, <0 dsi|. “4.2)
0

For a constant bankruptcy rate w(x) = w, the bankruptcy probability of the omega risk
process coincides with the ruin probability of the risk process with random observations, which
has been pointed out in [12]. Therefore, by (4.1) and (4.2),

es + 0
]Exoeﬂsrw =1-Ey exp|:—a)/ 1ix, <0 ds:| = ®_ 8-.s(x0) — wa-ﬁ-w( )7 )
0 S+ g-50) yif, ,(0) + 5 (0)

For a piecewise-constant bankruptcy rate
o (x) = A Ljg<x<0} +A2 l{—co<x<q) for some a < O;

the corresponding Laplace transform (4.2) can be found by Theorem 3.3.

The omegarisk process with rate function w (x) = A 1{g<x <0y +00 1{—o0<x<q} is of particular
interest. For this process, bankruptcy occurs at rate & when the surplus is between a and 0,
and bankruptcy occurs immediately once the surplus reaches level a. It can also be treated as
a Chapters 7 and 11 type ruin of [16] for the current model. For such an omega risk process
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with diffusion surplus process, the Laplace transform for the bankruptcy time is given by

es es
lim Ey, exp|:—)»/ 1iy<x,<0) ds — )»2/ 1(x,<a) ds]
Ay— 00 0 0

es
=E,, I:expl:_)‘f 1{aSXx<O} dS]; es < Ta],
0

which can be found by Corollary 3.8.

5. Examples

We apply the results in Section 3 to two examples in order to obtain more explicit expressions
and to compare them with the known results.

5.1. Brownian motion with drift

Let X; = ut + W; be a Brownian motion with drift. The corresponding differential equation

(2.3) is reduced to
78" () + g’ (x) = rg(x), r>0.
Defining
BE = -+ +2r,
we have .
g+r(x) = e ¥ and wri() = ilgrﬂ:
Moreover,
fr(y, z) = ePryHBie _ oBrathly,
_ B~ + _ +
fl,r(y, Z) = ‘Br eﬂr y+Bz _ ﬂj’eﬁ, z+B"y
e P
f2,r(y, Z) == ﬂjeﬂr y+ﬁr z_ ﬁr eﬂr Z+ﬂr )’
and

frar (v, 2) = —2rePr YEB 2 4 0pefrathly
By Theorem 3.2, we obtain

es €s
Eexp|:—)q/ 1ix, <0y ds — kz/ 1ix,5n) ds:|
0 0

" . o
_C1efs P ol P+ 0o (B — B )Bs 5,/ (B + h2)
B Dleﬂ;b—szeﬁgb

’

where
8
+
Cl 5+)\' ’35’35+M+'B5ﬂ5+)»2 5+)\' ﬁ5+)u|ﬁ5+).2+28
C = FBs 0 gt g 28
2= 5 B B, — By By, 5 +Mﬁ3+x1ﬂa+xz — <0
+ - + -

Dy = g /35+A1 + Bs 135+kz - '88+A1'36+Az + 28,

and

— ot +p— + g
= =By Bsio, = Bs Bsia, T Bsia Py, — 20
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By Theorem 3.3, we obtain

es es
Eexp[—klf 1y<x,<0) ds — )»2/0 1ix, <a) ds]
0

. i
el 4 a4 500 = 22) (B, — By By /(6 26 + 22)
D3e/56++A1“ + D4e.35_+A1“

3

where
1)
-+ -+ — +
C3=—p; 138+A1 + 85 :35+xz - mﬂ3+xlﬂa+xz — 28,
1)
—n— -+ + +
Cy =B 138+A1 — Bs '38+Az + mﬁ(ﬂ-kl’gtﬂ—)ﬁ +24,
-t — o+ - +
D3 = _,35 '38+A| + ,35 '85+)»2 - /38+A1138+A2 =26 + A1),
and

— g -t + ot
Dy = B By, = Bs Bsiny + Bsyn, Bsia, +2(8 +21).

In the following we present several results on the occupation times of X with relatively short
expressions.
By Corollary 3.1, we have

°° 2 .
]EGXPI:—)»/ 1ix, <0 ds:| =———— ifu>0,
0

w4/ u? 422

which agrees with Formula 1.4.3 of [6, p. 255].
By Corollary 3.2, we have

+
A Bsvr s

1— =
es S+ xgt . — BT
E, exp| —A Iix. .oy ds| = IBS-HL Ps
p 0 {Xs<0} 5 2 8-
—Ps
+
S+r  S+ABL, By

ifx >0,

+ .
efsa® ifx <0,

which agrees with Formula 1.4.1 of [6, pp. 254, 255].
By Corollary 3.3,

€s es 28
Eexp| —A1 1ix, <0y ds — A2 lix,~0y ds | = _,
0 0 _ﬁ5+klﬁ5+A2

which agrees with Formula 1.6.1 of [6, p. 258].
By Corollary 3.4,

es
E[exp[—k/ 1ix, <0 ds:|; ey < Tb:|
0

OB/ G2 = B 4 (B — 8,/ +M)efi? — B + By
By — By )eP b 4+ (B — By )efs
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By Corollary 3.7,

00 +.B5a _ , p—aBra
ePx el
ECXP[—K / Lia<x,<0) dS] = i T Mﬂk, — ifu >0,
0 (B, — 2)efr — (u; — nyefid

which agrees with Formula 1.7.3 of [6, p. 262].
By Corollary 3.8,

es
E[exp[—k/ Ta<x,<0) ds:|; es < Ta]
0

By — 8By /(6 + )Pt 4 (3B, /(5 4 2) — By )Pt — S(BY,, — By /(8 + 1)
By — By )P nd + (B, — By )ePon

which agrees with Formula 2.7.1(1) of [6, p. 301].

5.2. Brownian motion with two-valued drift

Let X be a Brownian motion with two-valued drift, specified by the stochastic differential
equation

dX; = (ur L—00,0)(X1) — R L(0,00) (X)) dt + dW;, 5.1

where 17, ug € R and W, is a standard one-dimensional Brownian motion. The Brownian
motion with two-valued drift, referred to as refracted Brownian motion, is also of interest to
risk theory; see, for example, [S] and [11]. Although the Lipschitz assumption (2.2) for the drift
function p(-) = (1 I(—o0,0)(-) — R 1(0,00) () fails, (5.1) still has a unique strong solution; see
[20] and [22]. We refer the reader to [21] for recent work on Brownian motion with two-valued
drift.

In this two-valued drift model, for r > 0, suppose that g_ ,(-) and g4 ,(-) are two indepen-
dent, positive, and convex solutions of the equation

18" () + (1 L—o0,0)(¥) — g 10,00y (x))g'(x) — rg(x) =0,

with g_ ,(-) strictly decreasing and g4, (-) strictly increasing. We choose

g—r(x) = expl(ug — /1% +2r )x]1{x=0)
+ [e—exp[(—pr + /13 +2r )x]
+ (1 = co)expl(—pr — /13 + 2r )x]] 1z <q) (5.2)

and

g4.r(x) = [cq expl(g + /% + 2r )x]1+ (1 — c;) expl(r — /g + 2r )x11 1ix=0)
+ expl(—pr + /13 +2r )x] x<oy, (5.3)
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where

IR — o+ 2r + pp + /13 +2r

c—
2 ,u2L+2r
—pL + B+ 28 = A g+ 2r
and ¢y = )
2 ,U%—G—Zr

so that the functions g+ () are differentiable at 0. Hence, it is easy to see that

/ 0 ’ O
1//;(0)=_§_”E0; = —pg +/u% +2r and wf(0)=%=_ML+ /12 +2r.
. p

By Theorem 3.1, we obtain

e, N .
Eexp[—x/ s 1ix,<0) dsi| _ 3%+x£?)/(8 +K)j )
0 Vst (0) + 5 (0)

S(—pr 4\ 1T 206+ 1))/ + 1) — pr + /g +28
—uL . 1F 20 +A) — pg + [k +28
and

¢ < +
]ECXP[_)‘/ 6 Lix,>0) ds] = Sw‘sﬂ(f))/(g +)“)j s (0)
0 V51 (0) + 957 (0)

S(—UR+ R +20+2) )/ + 1) — pup +/ui +28
R+ 1R F 2+ ) — pp +Jud 428

‘We have thus recovered Equation (15) of [21]. Furthermore, we can obtain the probability den-
sity functions for the occupation times fot 1{x, <0y and fé 1(x,~0) by inverting the corresponding
Laplace transform as in [21].

In addition, by (5.2) and (5.3), we can easily derive all the joint Laplace transforms in
Theorems 3.2 and 3.3 for Brownian motion with two-valued drift.
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