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COMPLETE SYSTEM OF FINITE ORDER
FOR THE EMBEDDINGS OF
PSEUDO-HERMITIAN MANIFOLDS INTO CVN+!

SUNG-YEON KIM!

Abstract. Let (M, V, 0) be a real analytic (2n+1)-dimensional pseudo-hermitian
manifold with nondegenerate Levi form and F' be a pseudo-hermitian embed-

ding into C"™'. We show under certain generic conditions that F' satisfies a

complete system of finite order. We use a method of prolongation of the tan-

gential Cauchy-Riemann equations and pseudo-hermitian embedding equation.

Thus if F € C*(M) for sufficiently large k, F' is real analytic. As a corol-

lary, if M is a real hypersurface in C"**, then F extends holomorphically to a

neighborhood of M provided that F' is sufficiently smooth.

§0. Introduction

Let M be a smooth manifold of dimension 2n + 1. A CR structure V
on M is a subbundle of the complexified tangent bundle CT'(M) with the
complex dimension n which satisfies

i) VNV = {0},
ii) [V,V] C V (integrability),

where [V, V] C V means that if X and Y are smooth sections of V then
[X,Y] is again a section of V. V is said to be nondegenerate if the Levi form
L, defined by £(X,Y) := v/—1[X,Y] modulo V + V, is nondegenerate.

Let {Z;}i=1,..n be a basis of V. Then (M,V) is embeddable into crtl
as a real hypersurface with induced CR structure V if and only if there
exists ' = (f1,..., f""): M — C"*! such that

(0.1) Zif? =0 foralli=1,...,n,j=1,...,n+1

and
dft Ao AdfPTE £ 0.
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(0.1) is called the tangential Cauchy-Riemann equations.

It is well known that any abstract real analytic (C*) CR manifold of
dimension 2n + 1 is locally embeddable into C"*! as a real hypersurface
via a real analytic CR diffeomorphism ([B]). But, in general, a smooth CR
embedding F : M — C"! need not be C* even if M is C* as the following
example shows:

Let M = CxR = {(z++v—1y,t)} and let y(t) = u(t) + vV—1ov(t)
be a C*, but not C*, complex valued function. Then the mapping F' :
(x 4+ V—=1y,t) = (x +/~1y,7(t)) € C?is a C*° CR embedding which is
not C*.

On the other hand, if F : M — C""!' is a CR embedding and & :
C"t! — C"*! is a biholomorphic map, then ® o F' is also a CR embedding.
Hence a CR embedding F' can not be determined by a finite jet at a point.

If F: M — N is a CR embedding into another C* real hypersurface
N in C™*1 m > n, then the unknown functions F = (f!,..., f™*!) are
analytically related by ro F' = 0, where r is a C* defining function of N. In
this case, Han ([H]) and Hayashimoto ([Hal]) showed that a CR embedding
F: M — N is C¥ and determined by a finite jet at a point under generic
assumptions.

Their method is to construct a complete system (see Section 2 for def-
inition) for (f!,..., f**!) by prolongation, which is a process of repeated
differentiation of r o F' = 0 and reduction of order of derivatives by us-
ing the tangential Cauchy-Riemann equations. In [H] and [Hal], proofs
mainly depend on the analytic relation among the unknown functions F' =
(ft,..., fm™*1) given by r o F = 0. However, we do not assume the analyt-
icity of the target manifold. We show that a CR embedding F : M — C"*!
satisfies a complete system of finite order under the assumption that F'
preserves the pseudo-hermitian structure.

For (m + 1)-tuples of non-negative integers A = (ai1,...,am+1) and
B = (b1, 1), let CACE = (0. COmiITy - oY, The weight of

¢ACB = >oisi(aj +bj) + 2(am+1 + bmt1). If N is defined by

(6, C) = Gmr1 + Consr + NG + D eup¢ P =0,
A,B

j=1

where A; is either 1 or —1 and weight of ¢ACB is greater than or equal
to 3, then NV is said to be in pre-normal form ([CM]).
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Now let @ = (a1, ..., a,) be an n-tuple of non-negative integers. Define
ZY = (Z1)* - (Zp)* and | := a1 + -+ - + a;. Then

THEOREM 0.1. ([H]) Let M*"*! be a C¥ CR manifold of nondegen-
erate Levi form. Let {Zy,...,Z,} be C*¥ independent sections of the CR
structure bundle V. Let N be a C* real hypersurface in C™T1 m > n,
which is in pre-normal form. Let F : M — N be a CR mapping. Suppose
that for some positive integer k, the vectors {Z“F : |a| < k} evaluated at
the reference point together with (0,...,0,1) span C™*! over C. Then F
satisfies a complete system of order 2k + 1. Thus F is determined by 2k-jet
at a point and F is C* provided that F € C?++1,

A CR function f on a C% real hypersurface M extends to a holomorphic
function of a neighborhood of M if and only if f is C* ([T]). Then by
Theorem 0.1, F' extends holomorphically to a neighborhood of M.

We say that a CR mapping F' : M — M satisfies the Hopf lemma
property at p € M if the component of F' normal to M has a nonzero
derivative at p in the normal direction to M ([BHR]). Let Z be an ideal
generated by 2z1,...,2%n, %1, -, Zn,Im z,,1. For CR functions f!,..., f" of
class C™, the symbol sp(f!,...,f") Z 0 (mod Z™*!) means that there
does not exist (ay,...,a,) € C*\ (0,...,0) such that a; f' + -+ a,f" =0
(mod 1),

THEOREM 0.2. ([Hal]) Let M and M be C¥ real hypersurfaces in C"
and let F': M — M be a CR mapping. Suppose that M has a nondegenerate
Levi form at the origin and that the origin in M is a point of finite type
[ < o0 in the sense of Bloom-Graham. Consider the following three cases:

i) M has a nondegenerate Levi form (I = 2).
il) M has a degenerate Levi form and n = 1.
iii) M has a degenerate Levi form and n > 2.

In case i) orii), if F € C™1 satisfies the Hopf lemma property at the

origin, then it satisfies a complete system of order | + 1.
In case iii), if F = (f',..., f") € C™ satisfies sp(f*,...,f") Z 0
(mod I™*1Y), then it satisfies a complete system of finite order.

n this paper, we impose a relation among the partial derivatives o
In this pap imp lati g the partial derivati f
{fY ..., f"*1) instead of a relation among the unknown functions
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{fY,..., "1} We show that a CR embedding F of a C“ CR manifold
M into C"*! is C* and determined by a finite jet at a point under the ad-
ditional condition that F' preserves the pseudo-hermitian structure on M.

A contact form 6 is a real valued nonvanishing 1-form which annihilates
Y @ V. It is determined only up to a conformal factor. A CR manifold with
a specified choice of contact form 6 is called a pseudo-hermitian manifold.
A CR diffeomorphism F' which preserves the pseudo-hermitian structure
(M, V,0) is called a pseudo-hermitian embedding. In this case, F' satisfies
an additional first order differential equation

F*(0) = 6,

where 6 is a contact form of F(M) in C"*! such that ||6] = 1, where || - ||
is the Euclidean norm for 1-forms.
More generally, we consider

(0.2) F*(0) =)0,

where A\ is a given nonvanishing C* function defined on M.

We differentiate (0.2) repeatedly and reduce the order of derivatives
using the tangential Cauchy-Riemann equations to construct a complete
system for F'.

If M is C% near p € M, then there exist Moser’s normal coordinates
(z,v) = (21,...,2n,v) at p and a basis {Z1,...,Z,} of V such that for
each j,

where X]]-“, k=1,...,n+1, are C* vector fields on M.

Assume that F(p) = (0,...,0) and F(M) C C"! is in pre-normal
form. Let o = (aq,...,a,) be an n-tuple of non-negative integers. Define
Iy(a) = ag, k=1,...,n. Then our results are

THEOREM 0.3. Let (M,V,0) be a germ of C* pseudo-hermitian man-
ifold with nondegenerate Levi form at the reference point p and let F :=
(fY,..., f") o M — C™! be a CR diffeomorphism which satisfies the
condition (0.2). Let {Z;}i=1,..n be C¥ sections of V as above such that
ijk(p) = 5;-“, jk=1,....,n. Suppose that for all j = 1,...,n, there exist
multi-indices a; with o] < o for some positive integer o which have the
following property:
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The matriz A = (A;‘-)i,j:17.,,,n of sizen(n+1) xn(n+1) is non-singular,
where each block A; is an (n+1) x (n + 1) matrix

Z%ki, Iy(aj) 2% ks, In(aj) 2% k;
i Z1Z%ki, Loy +e))Z1Z% ki, - In(ag 4 e)) Z1 2%k
Aj = . . . )
ZnZ% ki, (0 + en)ZnZ% ki, - Ln(aj + en) ZnZ%nk;
where "
b=YaZ ()= (2
=1
and

2% if I(oy) # 0,

0 Zf Il(Oéj) =0.
Then F satisfies a complete system of order 20 + 4. Thus F is determined
by (20 + 3)-jet at a point and F is C¥ provided that F' € C?7+4,

Z%k; = {

COROLLARY 0.4. Let M be a C* real hypersurface in C" 1 with non-
degenerate Levi form. Then every CR diffeomorphism satisfying the condi-
tions of Theorem 0.3 is real analytic and hence extends holomorphically to
an open neighborhood of M .

The author thanks Professor C. K. Han for suggesting the idea of com-
plete system and for many discussions during the preparation of this paper.

§1. Pseudo-hermitian structure and pseudo-hermitian embedding

Let (M, V,0) be a pseudo-hermitian manifold with nondegenerate Levi
form. In this section we denote V by H"? and ¥ by H%!. As in [W], we can
choose a coframe {0°,0°} of H'Y @ H%! by requiring df = /—1 szzl 9;
6" A 67 and define the connection form (wé) as well as the torsion form (7¢)
via the structure equations

o’ = 0" Awj + AT
k=1 B
(1.1) =0 mod§#”,

n n
Kk k_
dgﬁ — E Wy g5 — E giEw; =0.
k=1 k=1

https://doi.org/10.1017/50027763000007042 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007042

194 S.-Y. KIM

The collection of one forms {6, 6?, 9, w w—} forms an intrinsic basis of

a given pseudo-hermitian structure.
Let {Z;}i=1,...n be the dual frame of {Gi}i:17.,,7n for H9 and T be the
unique real vector field such that 6(T) =1, T |df = 0. Then (1.1) implies

n p—

Z;. 2] = QUTJFZU) Zk_zw;—?(zi)zka
k=1

(1,2) Zw Zk — Zw Zk,
ZZ,T ZT Zk—Zw

If M is a germ of C* CR manifold, then we may regard M as a C*
real hypersurface in C"*!. Now we introduce a special coordinate system
on M which is called Moser’s normal coordinates. Let z = (2/,w) € C**1,
w = U+ 1.

DEFINITION 1.1. M is said to be in Moser’s normal form if M is
defined by p(2,z) = 2u — (7, 2') — Fa(2',Z’,v), where

FA / _/ Z Al 1o /ﬁ l
lal, |B]>2
>0

with the trace condition
I 240 .34
ter2§ =tr A2§ =tr A3§ =0
for all [ > 0.
We have.

THEOREM 1.2. ([CM], [M]) For any C* CR hypersurface M with non-
degenerate Levi form, there exists a holomorphic change of coordinates
¢ = ®(z,w) such that (M) is in Moser’s normal form.

Thus we may regard M = {p = 0} is in Moser’s normal form and
0 = p/—10p for some nonvanishing C* function pu. Let

. i_p_]i j:l n
70z pyOw’ T
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and

— /= Jj_— _ w2
T V 1;77 azj+\/ 1;77 =

1 —~ 0 1 —~ )\ 90
AT (1=-3 0 ) A VT — (1= -7 | =
( j;pm)anr %( ;p]n>%,

Pw
where
Pj = Pz,
Pjw Puk Puww
95z =—Pxt——pgt——Pj— —PiPg
ik kR pw T pupm TE
_ Piw Puww
n=———=—"0",;
Pw PwPw
and

n
=Y "g"m;, (69) = (957"
j=1

Then T is the unique real vector field such that —109p(T) = 1 and
T |vV/~100p = 0. By (1.2), we have 7a(gi3)(0) = 0 for all 1 < |a| and

Z(wi(Z1))(0) = Z°(r(Z;))(0) = 0 for all 0 < |8].

Now let N be a real hypersurface in C"*!. Suppose N = {r = 0} for
some smooth real valued function r such that dr # 0 on N, v/—1090r is
nondegenerate. Then N inherits a nondegenerate CR structure from C"*!

by choosing H? = CT(N) nTHo(Cn*1).

DEFINITION 1.3.  Let (M,V,60) be a CR manifold with a specified
contact form 6 with nondegenerate Levi form. Then a CR embedding F' :
M — C"*!is called a pseudo-hermitian embedding if F*(v/—10r) = 0,
where N = F(M) = {r =0} and |Vr| = 1.

§2. E. Cartan’s equivalence problem and the complete systems

In this section, we explain E. Cartan’s equivalence problem and the
concept of complete system. We refer to [HY] and [H] as references.

Let M be a C'°° manifold of dimension n and G be a linear subgroup
of GL(n,R). A G-structure on M is the reduction of coframe bundle of M
to a subbundle with the structure group G.
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Now let M and M be manifolds of dimension n with G-structures and
fix 6 = (61,...,0™), 6 = (6%,...,0™), sections of the G-structure bundles
of M and M respectively. Then E. Cartan’s equivalence problem is to find
necessary and sufficient conditions that there exists a diffeomorphism f :
M — M such that f* (5) = gof where gg is a G-valued function defined on
M.

Locally, the G-structure bundles are equivalent to the product space
U xG and V xG, where U and V' are open subsets of M and M respectively.
Define the left G action on U x G by h(z,g) = (x,hg) for all x € U and
g, h € G and consider a tautological 1-form © = g on U x G. Then the

equivalence problem is lifted to G-structure bundles as follows.

PropPOSITION 2.1.  There exists a diffeomorphism f: U — V satisfy-

ing f*(0) = gob with go : U — G if and only if there exists a diffeomorphism
F:UxG—V xG satisfying

i) F¥*(©) =6

ii) the following diagram commutes:

F
UxG—VxG

f
v —— V

iii) F(x,gh) = gF(xz,h) for allx € U and g, h € G.

Proof. Suppose f satisfies f*(0) = gof, where g is a G-valued function
defined on U. Define F : U x G — V x G by F(z,9) = (f(2),99; " (x)).
Then F satisfies ii) and iii). Moreover,

F*(©) = F*(§0) = 995" f*(0) = 995" 900 = g6 = ©.

Conversely, suppose that F : U x G — V x G satisfies i) —iii). Define
f:U—Vand go:U — G by F(z,e) = (f(z),gy") where e is the identity
of G. Then F(z,g) = gF (z,e) = (f(x),gg; ") and i) implies that

90 = F*(0) = (99 ') f*(6),
therefore f*(g) = gof. 0

https://doi.org/10.1017/50027763000007042 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007042

EMBEDDINGS OF PSEUDO-HERMITIAN MANIFOLDS 197
Now apply d to © = gf. Then we get
d© =dg N0+ gdb.
Substituting # = ¢~'© to the above equation, we obtain
dO = dgg™' A +gdb.

We only consider the case that there exists unique 1-forms wj-, i,7=1,...,n,
such that

o’ = =) " wi N6
j=1
and
wi(z)] € G

for all x € U, where G is the Lie algebra of G. This Lie algebra valued
1-form w = [wz] is called a torsion-free connection. Then we get

dO =dgg ' NO —gwAgTlO = (dggt — gwg ) A O.

Let
Q=—(dgg™' — gwg™?),

then Q2 is a G-valued 1-form on U x G and we have
dO = -Q AN6.
Then it is easy to show

PROPOSITION 2.2. Let © and §) be the 1-forms as before. Then ©%, Q;-,
1,7 =1,...,n, span the cotangent space at each point U X G. Furthermore,
if ©F, Q; are the corresponding 1-forms on 'V x G and

F:UxG—VxG
1s the mapping in Proposition 2.1, then

Fr(Q)) = Q.
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The set {©°F, Qz} is called a complete set of invariants for the equivalence
problem. Let f be the solution of equivalence problem. Then the lift of f
satisfies the equation

F*(éz) _ @z‘7

(2.1) . .

F*(Qz) =, i,j=1...,n
Since {07, Qz} span the cotangent space of U x G, (2.1) determine all the
first derivatives of F', hence all the second derivatives of f. In fact, f satisfies

82fa u 8fb
(22) m—h”(:c,f,@b,k—l,,’rO,

where hf; is a C*° function in its arguments.
The concept of complete system is the generalization of the equation
(2.2). We explain it in jet theoretical manner. We use the notation in [O].
Let J9(M,RY) be the ¢g-th order jet space of M xR . Consider a system

of differential equations of order ¢ for unknown functions f = (f!,..., fV)
of independent variables x = (z!,...,2")
(2.3) Ax(z, fDy=0, Xx=1,...,L

Then complete system of order k is defined as follows.

DEFINITION 2.3. A C* (k > ¢) solution of (2.3) satisfies a complete
system of order k if there exist C'*° functions Hj(x, f (P) . p < k) in their
arguments such that

f¢=Hoz, f?® :p<k)
for all a =1,..., N and for all multi-indices J with |J| = k.
Let ¢F = dff —>"0_ f7; dr’,a=1,...,N,|I| <k—2be the contact 1-
forms defined on J*~1(M,RY) and Sa € J*~1(M,RY) be the prolongation
of the set {A) = 0} € J¢(M,RY). Assume dz' A---Adz™ # 0 on Sa. Then,

if a solution f of (2.3) satisfies a complete system of order k, f is an integral
manifold of the distribution

$4=0, a=1,...,N, |[I|<k—2

and
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n
dff = > Hfjda? =0, |I|=k—1,
j=1
where H}‘J = D;HY.
In particular, we have
PROPOSITION 2.4. Let f € CF be a solution of (2.3). Suppose f sat-
isfies a complete system of order k, then f is determined by (k — 1)-jet at

a point and f is C*°. Furthermore, if (2.3) is real analytic and each HG is
real analytic then f is real analytic.

§3. Proof of Theorem 0.3

Let (M,V,0) and {Z1,...,Z,, T} be as in Section 1 and let F' : M —
C™*! be a CR diffeomorphism which satisfies the condition of Theorem 0.3.
Then by the hypotheses on the normalization we have for all 7,5 =1,...,n,

Zif(0) = o,
Tf7(0) =0,
Zif"(0) =0
and
TfH0) = v-1.
Now let N = F(M) = {r = 0}, where |Vr| =1 and F(0) = 0. Then
F*(v/=10r) = M\ = A\uy/—19p implies

n+1

(3.1) V=1 (Z'rlel> = A=A\,
=1

where 7, = 9r/8¢, | = 1,...,n+ 1 and A(0) = 1. To differentiate (3.1),
we have to express the derivatives of r in terms of the derivatives of F'. By
applying Z;, 7]- and T to r o ' = 0, we have

n+1
Z Tlef - 07
=1
n+1 _
(3 2) Z TZ ]f = 07
=1
n+1 n+1
ST+ nTf =
=1 =1
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Furthermore, on NV
n+1

(3.3) |Vr|? = Z"”ﬂ“z =1

We solve (3.2) and (3.3) for 7, | = 1, ...,n + 1, and their conjugates in
terms of the derivatives of F' and F. Substituting for r;, { = 1,...,n+1, in

(3.1) we get

(3.4) h = <zn:k;ijﬂ’ +Tf”+1> <zn:k:5T7j +T7”+1>
j=1 i=1
—X2<ijk5+ 1) =0,

j=1
where kj = =370, a5 Zi f", (a5) = (25 %) 4oy amd Ky = Ej.

Now we apply Z, |a| < o +1, to (3.4) and reduce the order of deriva-
tives of F' by using

7ijF = [Zk,Z]]F + Z]7kF
n .
= V=1g;TF + Zw;(zk)ZZF
(3.5) '

Z,TF = [Z,, T]F+TZkF
n
Z (Zi) ZiF.

We regard Z“h as a function on the jet space {(x, F,F,ZF TF,Z"
(ZF,TF):z € M, |y| < o+ 1} of order o + 2.

LEMMA 3.1.  There exist smooth functions Py, Q;, t = 1,...,n and
l=1,...,n+1 such that

Zif' = Py(Z"(ZF,TF),|a| < o + 1),

(3.6) I
Tf'=Q(Z"(ZF,TF),|a| <o +1).

Proof. Let A =35 k;j Tf7 +Tf* and B=>7_, kjk; + 1. Then

and
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a(h) A(A)
(T fh) (T f1)

Let (2, 2') = >0_) A\jzjZ;, where \; = 1. By the condition that F(M)
is in pre-normal form, we can show that (8(Z;B)/8(Z;f'))(0) = 0 for all
,7=1,...,n,andl=1,...,n+ 1. Hence

(0) = A(0)#0 ifand only if l = n + 1.

dZh) .«  OZ;B) .\ _
0z = oz ="
and
o(Zh) B OZjA), —
— 7,k (0)A(0)

= i\ T 0)TF (0)

foralli,j=1,...,nandl=1,...,n+ 1.

Let O be the set of analytic functions G(z, F, F, ZF, TF,Z ' (ZF, TF) :
|7l < N < 00) in their arguments such that for any multi-index 0 < |3,
(3(7’69)/8(Z,~fl))(0) =0foralli=1,...,nand [ = 1,...,n + 1. Then
by assumption on {Zl, ooy Zn, T}, we can show that A,?akj € O for all
2<|aland j =1,.

Now choose {041, . ,an} which satisfy the condition of Theorem 0.3.
Let h:=A2h=A"2AA — B. Then

Z%h = _%B+O
:_Zk 7% ks — Z N Z°kZ7ks+0
s=1 B+vy= =y
m\ 1
:—Zk Z% ks - ZZ\/ TNy ()l T2 ks 4 O
s=1 t=1
and

Z2.7%%h = — ZkZZaJk— ZZkZa]k—

—Z Z 7Pk 77 ks + O

s=1 f+vy=a;
18]=1
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n
== kZiZ%ks
s=1

=SS VI (ey) + 8 al T ZZ M ks + O,
s=1 t=1
where
Zig { Z% ks i Ii(0g) £0
s 0 if I(aj) =0
This implies that for each i, =1,...,n,

Z%h —a
% = —Z ks + {the terms which vanish at 0},
8(70@%) / n+1_5¢',t
W = —v—-1 )\t[t(Oé])Tf Z J k‘g
+{the terms which vanish at 0},
8 7Z7O¢]7:L — =
8((7”4'1)) = —Z7;7 7 ks + {the terms which vanish at 0}
and L
ZiZ“h s
8( ) =—v-1 )\tIt(Oéj + ei)TfnJrlZiZ ]’tkig
9(af)
+{the terms which vanish at 0}
for all s,t =1,...,n. Thus, after changing of rows and columns and multi-

plying nonzero constants, we get

(3.7) —d(at z,pr1 gt Tty s oy n>(h,7jh,7“jﬁ,z7“jﬁ cii=1,...

,,,,,

(0...0 Ao>
Aj * )ii=1 n

[ARR)

where
Ao = ( Id, = )
and
7aj/-€lf, Il(Oéj)Z&j’lk‘;, R In(Oéj)Zdj’nk‘Z—-
" 717(1]- kz_" I (Oéj + 61)717&j’1k‘1—-, <o In(Oéj + 61)717&j’nk‘;
J . . .

7,17&%;, Ii(oj + en)_n7&j’lk;, N A en)7n7dj’"k—.

https://doi.org/10.1017/50027763000007042 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007042

EMBEDDINGS OF PSEUDO-HERMITIAN MANIFOLDS 203

Let H := (h,Zjh, Z“h,Z;Z“hi,j =1,...,n). Then H : J7t2(M,C"1)
— C™ for sufficiently m satisfies

(3.8) H(z,F,F,ZF,TF,Z"(ZF,TF) : |a| <o + 1) = 0.

Then by the implicit function theorem and (3.7), we can solve (3.8) for
Zif' and Tf! in terms of Z“(ZF,TF), |a| <o +1, foralli=1,...,n and
l=1,...,n+1. 0

Next we show that equations (3.6) admit a prolongation to a complete
system of order 20 + 4 using the same method as in [H] and [Hal].

Let 3 = (Bi,...,0,) be any multi-index. Apply Z° to (3.6). Then we
have

39) Z8Z:ft = Z2°Py(Z°(ZF,TF) : |a| < o + 1),
20Tt = Z2PQ)(Z“(ZF,TF) : [a| < o +1).

By (3.5), the order of derivatives of F reduces to o + 2.
Now let C), be the set of C* functions in arguments

T'Zf  t+|al <p
and C), 4 be the subset of C), of C* functions in arguments
TZYf7 t+ ol <p, t <q

and C)p, C,, be the complex conjugates of C,, and C), 4, respectively. Then
by (3.9) we have
(3.10) ZPZifl, Z°PTf e Cpin.

Apply Z; to (3.10) to have
ZpZPTf' € Copzovo.

This gives
A T2fl € C<7+3,0+27 W" = ‘5’ -1

By applying Z repeatedly, we have
Z°Tf € Cotqriot2
for all multi-indices 8 and ¢ > 1, which shows that

(3.11) Cpq C Cotq1,o42
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for all pair (p,q) with p > q.
Taking the complex conjugate of (3.11), we have

Cpq C Cotgriora:

In particular, if g = 0 + 2,

(3.12) Cp7(7+2 C CQO—+3’O—+2.

Substitute (3.12) in (3.11), to get

Cp,q C CQJ+3,U+2

for any pair (p,q) with p > ¢. This gives

Coot4 C Cogya,

which completes the proof of Theorem 0.3.
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