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Abstract  Let Vp(e’tH), p > 2, be the p-variation of the heat semigroup associated to the harmonic

oscillator H = %(—A + |z|?). We show that if f € L(R), then V,(e *#)(f)(z) < o0, ae. € R.

However, we find a function G € L>°(R), such that V,(e~*H)(G)(x) ¢ L>°(R). We also analyse the local

behaviour in L™ of the operator V,(e~*H). We find that its growth is smaller than that of a standard

singular integral operator. As a by-product of our work we obtain an L°(R) function F, such that the
7PtAF(I)

square function
o | g 2 1/2
(/ t dt) = 00,
0 0

a.e. © € R, where P2 is the classical Poisson kernel in R.
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1. Introduction

Let (X,F,un) be a measure space and let {T;};~¢ be a uniparameter family of linear
operators bounded in LP(X) for some p € [1,00]. In recent years, a relatively large
number of papers have been devoted to analysing the boundedness properties of the
‘p-variation operator’, V,(T;), p > 2, defined by

00 1/p
V,(T)(f)() = sup (Z T, /(@) —th+1f<sc>|9) ,

t]' \0 j:1
where the supremum is taken over all the sequences of real numbers {t;}22; that decrease

to zero. The p-variation can be considered a kind of measure of the speed of convergence
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limg ;\ 0 Tt, f (). It is also related with some estimates of the jumps of the family {7} f(z)}
[5]. Moreover, as it is clearly bigger than the maximal operator, sup, |13, f(z)|, any
boundedness of the p-variation can be considered an improvement of the corresponding
boundedness for the maximal operator. Thus, [1] can be considered an improvement
of the boundedness of the maximal Hilbert transform, while [6] is a sharpening of the
Carleson maximal theorem.

Consider the Hermite differential operator

H=1(-A+|z]*), zeR" (1.1)

Let WH := et be its heat semigroup. It is known that the operator V,(W/), p > 2,
maps LP(R™), 1 < p < oo, into itself; it is of weak type (1,1) and maps L*°(R™) into
BMO(R™) [2]. The aim of this paper is to discuss the behaviour of V,(W/T) in L°°.

The behaviour of V,(W/T) appears rather interesting at this point, as parts (i) and (ii)
of Theorem 1.1 will show. In fact, for any L>-function f, V,(W/)(f)(z) is finite a.e.
z € R. However, there exists an L>®-function G such that V,(W/?)(G) ¢ L*°(R). This
is in contrast with the behaviour of the operator V,(e*?), since it is known that there
exists f € L>®(R) such that V,(e!2)(f)(x) = co a.e. z (see [2] for details).

We recall a classical result about singular integrals, namely that the growth of the
image by a singular integral (Riesz transform) of a general L>-function is of logarithmic
order. We present an example (see Proposition 3.1) that shows that this is also true in
the Hermitian case. The ‘Riesz transform’ in our case is the operator 9(H)~'/2. However,
the growth of the image of L>(R) by the operator V,(W) will be of a 1/p power of the
logarithm (see Theorem 1.1 (iii)).

As a by-product of our research, we found the following result of independent interest.

Let 1+
PR(z)==-=—"—, t>0, z€R,
i (@) 12 + 22
be the classical Poisson semigroup. Consider the square function

i dt>1/2. (1.2)

There exists a bounded function f such that g1 (f)(z) = oo for almost all z € R. Moreover,
there exists a bounded function with compact support F' such that gi(F)(z) < oo but
g1(F) ¢ L>°(R). Wang [9] proved a similar result for the square function

S P 2 1/2
t|=—PA dt) .
([ ilgeres@)| )
Wang [10] also proved that if f € BMO and ¢;(f)(z) < oo a.e. z, then ¢1(f) € BMO.
Some results for the case of the heat semigroup associated to the Euclidean Laplacian

nn@ = ([ grtre

can be found in [1,3]. On the other hand, for Markovian semigroups, some results of
boundedness in LP can be found in [4].
We now present our results.
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Theorem 1.1. Let p > 2.
(1) V,(WH)(f)(z) < 0 a.e. z € R for every f € L=(R).
(ii) There exists a function G € L°°(R) such that V,(W/!)(G) ¢ L>=(R).

(iii) There exists a constant C' > 0 such that, for every function f € L*°(R) with
support contained in [—1, 1], and each ball B, = B(zg,r) C [—1,1], we have

1

r

[ i) e < 1o TN

Theorem 1.2. Let g1 the square function defined in (1.2). Then
(i) there exists a function f € L>(R) such that g;(f)(z) = 00 a.e. x € R,

(ii) there exists a compactly supported function F € L*(R) such that ¢, (F)(z) < oo
a.e. z, but g1 (F) ¢ L>(R).

Throughout this paper, by C' we always denote a positive constant that can change
from line to line. We will make frequent use, sometimes without explicitly mentioning it,
of the fact that, for every positive constant C' and non-negative constant c,

iggtce_Ct < 00. (1.3)

2. L°° results

According to Mehler’s Formula [8, (1.1.47)], the heat semigroup {W/};~o associated
with H admits, for every f € LP(R), 1 < p < oo, and ¢ > 0, the following integral
representation:

T) = /_OO W (z,y) f(y) dy,

eft 1/2 1 1 + 672t( 5 N 2) N 267t
— | exp|——-+(x —x
) P\ 21— Vot e ™)

t>0, z,y e R.

By making the change of variable (due to Meda)

1
t:t(s):10g1—+8, 0<s<l1, t>0,

we obtain

Wil (z,y) = (1\/_7?::;/2 exp (—4 (|;c—y? + slz + y|2)) s€(0,1). (2.1)

The semigroup {W/};5¢ is contractive in LP(R), 1 < p < oo, and self-adjoint in L2(R).
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Remark 2.1. If we perform the last change of parameter t — s, then for every function
f and every x we have

s (S W - Wil(f)(xw)l/p

tj<oo,tj\0 =1
1
— s (D i WtféM)(f)(x)v)

55<1,5;\,0

/p

In other words, dealing with V,(W/T), we can use the expression of the kernel given
by (2.1).

n [2] Crescimbeni et al. studied the kernel of V,(W/{T). They showed that the singu-
larities at 0 and at co are at most as in the case of singular integral kernels. Nevertheless,

the following result shows that the behaviour of the kernel is better than in the case of
singular integral operators.

Lemma 2.2. There exists a positive constant C' such that for all x,y € R we have

—lz—yl?/8
e ol e
sup E :|Ht(9 Wtﬁm)(z,y)\ <O e lulle—ul/8,

5;<1,5;\0 ‘LIJ - y|
Proof. We have

W 11 oy 2
‘ t()(xyy)‘gc{l_erlex Y +Ix+y|}

0s s 52 4

1-s2\/? |z — y|? 2
() e (A (R e )
1\ [1-s2\" & — y)? )
<ofits () e (s (PR e o))
o Vg (Y o (el = ]
1—51/2 t [P 85 P 8 :

z,y €R, s€(0,1),

<C

where in the last inequality we have used the fact that for z,y € R, zy > 0 and s € (0,1)
we have

111
exp (—4 | 3le — o+ slo+ o))
— 2 11
<exp (= exp (=12 = g2 4 sl 4 P2
8s 81s

2
< exp (_lfcyl

) exp(-Hlo sl + 4l

|z —y|?
8s

< exp (— ) exp(— Lyl | - o)),
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while for 2,y € R, 2y < 0 and s € (0,1) we have

11 z —y|? x —y|?
eXP<4LIxy|2+8|x+yI2D<eXp<| 88|)e><p<| 88'
—_ |2 a2
< exp <_|$8y| )exp <_|“78?J|>
S
oy _
<exp(_ngyl )exp<—|y||x8 yl)_
S

Hence, if {s;};en C (0,1) is decreasing and lim;_,o s; = 0, then

Z |Wtf(ls]>)(‘/'r7y) - Wtf(lsﬁl)(%yﬂ
j=1

1 2
B B _ 1 1]z — vyl
(vl lz—yl)/8 _ /2 - -9
< Ce~Uvllz—y /O ((1 s) + 83/2> exp ( 5 s ) ds

1/2 2
< c€—<y|w—y|>/s</ fzexp( 1z y| > _ 52— (la—uP)s ds)
o sY 1/2

< Co (Iy| |o— y|)/g<1 u1/267u% +e(wy|2)/8>’ z,y €R.
u

|.’II - y| 2|z—yl?

This gives the lemma. g

Proof of Theorem 1.1 (i). Let x € [—1,1]. Then by using Lemma 2.2 we have
Vo (W) (£)(x) < VoW (Fxiez.2) (@) + VoW (fxi-2,21) (2)

<V,(W)(fxiam)(@) +C o~ U==v)/8) £(4)| dy.

lz—y|>1

V,(W{) is an operator bounded in LP(R) for 1 < p < oo [2]. Hence, as fX[=2,2) belongs
to LP(R) for all p > 1, the first term of the last sum has to be finite a.e. x € R. While
the second term is finite for all x € R. The obvious scaling argument gives the result for
a.e. x, and then we have proved (i) in Theorem 1.1. O

Remark (notation). In this paper, we make some comparisons with the kernel of the
classical heat semigroup e*®. We shall denote the kernel by W/ and the corresponding
p-variation by V,(WA).

Lemma 2.3. There exists a function G € L*°(R) with support in [0,1] and a decreas-
ing sequence {s;}jen C (0,1) convergent to zero such that

Z sﬁl WA( )@)|" ¢ L*>(]0,1]) for every r > 1.
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Proof. Let a > 1. We define the functions
—1

g= Z(—l)k+1X[ak7ak+l) and G = Z (—1)k+1X[ak,ak+l).
kEZ k=—o0
It is clear that G = gx[o,1). Moreover, for every j € Z and y € R, we have G(aly) =

(=1)g(y)X[0,a-7)(y)- Therefore, for each j € Z, we can write
1 [ i o0 ,
— oy /4a¥ G(y)dy = / e_“2/4G(a7u) du

a’l — 00 —o0

— (-1 / /g ()X 0.0 () du.

Hence,
1 [ _y? /402 1 e —y?/4a2G+D
o e Gly)dy - — e G(y)dy

_ (—1>f( | e o dut [ e g, du)
= (1) (2 /_Z ™"/ g(u)X[0,0-s-1)(w) du + /_OO

o

g1 0o ()0
for j € Z. Observe that

/OO 67“2/4g(u)X[0’a7171)(u) du — /00 e*“2/4g(u) du asj— —o0
and

o0 2
/ e g(u)Xia-s-1 a0y (1) du

< efl/(samﬁl))/ e*“Q/8 du —>0 asj— —oo.

Hence, if we choose a such that [2]

’/ e_“2/4g(u) du
—o0

there exist C' > 0 and jy € N such that

7/ e V1Y Gy) dy — YRS / VTG y) dy

al

>0,

Consequently, we can ensure that, given r > 1 and any positive constant M > 0, there
exists a finite subset J of N such that

>

jeJ

T

1 o, =26+ 1 o, 020
m/ ey /(e )G(y)dyfﬁ e v/ JG(y)dy

=2

jeJ
> M.

— 00

r

° .2 > .2
/ e " /4g(u)x[0’a,(j+1))(u) du +/ e " M!](“)X[o,aﬂ')(u) du
oo _

- oo
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On the other hand, the obvious changes of variables give, for every = € R,

1 > g2 Jaq—2G+D) 1 > a2 dq =2
m/ e Gy L [T et Jg(y)dy‘

— 00

- ’ / e g(u+ a” U 2)x (0 0G0y (w+ a0 z) du

+ / e_“2/4g(u + a_j.'L')X[O,afj)(U +a7z)du
—o0

We observe that

lim [ e Ag(u+ h)yjoa(u+ h) du = / ™" g (u)x(0,a) (u) du,

h—0 J_ — s

where the convergence is uniform in A € (0,00). Hence, there exists n > 0 such that if
jz| < na=UF, G e,

D

r

1 ° —2(J 1 > —2j
) / ol Gy dy — — [ el Gy ay
—oo

jeJ -Gt @77 J oo
1 > 2 & 2 "
23| e @ dut [ e g (o) du
1
> 1
As M > 0 is arbitrary we obtain the lemma. |

The following corollary is an obvious consequence of the above lemma.

Corollary 2.4. There exists a function f € L*°(R) with support in [0, 1] such that
V,(WA)(f) & L=(0,1]), for every p > 2.

The next lemma shows a pointwise relation between the variations of the heat semi-
groups of the classical Laplace operator and Hermite operator.

Lemma 2.5. Let p > 2 and let f be an L*°(R) function with support in [—1,1]. There
exists C' > 0 such that, for every decreasing sequence {s;}jen C (0, 1] that converges to
zero,

= 1/p
(Z WA @) — WL (D) — (W2 (F)(a) — Wt’é_7.+l)<f><x>>|ﬂ) < Ol flleor

for x € [-1,1].

https://doi.org/10.1017/50013091510000556 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091510000556

576 J. J. Betancor, R. Crescimbeni and J. L. Torrea

Proof. Assume that {s;};en C (0,1] is a decreasing sequence that converges to zero.
Then

W (N)(@) = Wil (N)(@) = (W2, () = Wi, (H(2)

1 1 s —lz—y? 1/ o — yf?
NG KS; /—oo (eXp <4sj> P (_4<Sfx+y|2 + Sj)))f(y)dy
L[ (e 20)
\/Sjﬁ —o0 4Sj+1

2
—exp (=1 (sl + o+ 2 ) ) iy ay)
J

+((1 = 5?+1)l/2 - (1- 5?)1/2)
1 o 1 z—yl?
X — exp (—4<8jlx+yl2+_y|>>f(y)dy
Sj

X/oc 1 1 | + |2+|$—y|2
—eX ——| S;|T
—c0 ,/Sj p 4 7 y Sj
1

= BL]*(J)) + BQJ(ZU) + Bg’j(l‘), z € R, j e N.

In order to estimate B ;(z), j € N, we consider the function

1 1 —y|?
plsiz.y) = (e_”_y'z/(“s)—exp <—4 (8$+yl2+xsy|)>)7 s> 0, 2,y €[-1,1].

We can write
B =g [ [ Loy assa ~1,1]
jx) = —= —op(s;2,y)ds f(y)dy, =z € |-1,1].
b 2T ) ooy, ds

Since 1—exp(—is|x—|—y|2) < Clz+yl?s < Cs, s € (0,1), z,y € [—1,1], a straightforward
manipulation leads to

d _ |z —y|? 1
4 s < 3/2 gry (1YY (1 1 2
‘dsnp(s,x,y)‘ C’(s exp ( % exp 4s\z+y\

1 x —y|?
+ |z +y2s7 2 exp <4 (s|z +y]? + |Sy|)>)

f _ g2 Lo — 2
<0 e (I o (1))

8s S

12
< Cs Y2%exp <_|m Yl >
8s
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Hence, we get

S ' ! |z =yl
N Br(@)] < c/ |f(y)|/ s~ exp (-) dsdy
J=1 -1 0 8s

<Clflls, z€[-1,1].
For By j(x), j € Nand z € [-1, 1], we have
C(s] - 32’+1) > |z —yl?
Bog()| < g D [ e (-2 ani e
sj/ (1 =83, )2+ (1 —s5)2] Joco 4s;

J
< O(s5 = 8j41) 1 flloo-

Then,

o0

D 1B2;(@)| < Cllflloe Y (55 = 5541) < Cllflle, @ € [-1,1].
j=1

j=1

In order to estimate Bs j(z), j € N, we define the function

1 1 x—yl?
(/ﬁ(s;x,y):\/gexp<—4(sx+y|2+|sy|)), $>0, z,y €[-1,1].

It is not hard to see that, for j € N, s € (t;41,t;), z,y € [-1,1].

d 1 a2
‘d)(s;x’ y)‘ <Cs™exp (8 <s|x +y*+ |xsy|>>

ds
< 4302 1 2 e —yl?
S U exp | —g tivilz +yl +t7 ;

J

Hence, for j € N and z,y € [—1, 1], the mean-value theorem implies

2 . X 1 2
3‘+1(31 — Sj+1) —3/2 1 |z —yl
|Bs,j(2)| < O~ 2)1/2 / ;1% exp (8 sjtile+yl* + — ) ) Wilfll
j -1 i

<CO(s5 = sj+1) 1 flloo-

Therefore, we obtain
o0

D 1B3; (@) < Clfllo, ze€[-1,1].

j=1
By putting together the above estimations we conclude that

> 1/p
(Z WA ) @) — WL (7)) — (WA () — WtfziHl)(f)(x))P)

j=1
SO W2 () @) = Wi (@) = W2, (@) = Wil (H(@)]
j=1

<COllfllo, @ e[-1,1].
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Proof of Theorem 1.1 (ii). It is sufficient to combine Lemmas 2.3 and 2.5. Indeed,
let {s;}jen be the sequence and let G be the function in Lemma 2.3. We can write

0 1/p
(LWt @@ - Wl @)

oo 1/p
> (Z WE(G) () - WE,, (G)(x)lp>

= 1/p
- (Z WA(G) () - WL (@)() — (W, (G) () - Wtf(’sj+1)<G><x>>|P)

Sj+1

> 1/p
>(Z|W§<G>@>—WA (G)(ww) |G, w01,

Hence, V,(WH)(G) ¢ L>=(0,1). O

Proof of Theorem 1.1 (iii). We shall proceed as in the proof of [2, Theorem 1.3].
Let B, = B(zg,r) be an interval contained in [—1,1] with zyp € R and r > 0, and
B} = B(wo,2r). We write f = f1 + fa, where fi = fxp:. Then

Vp(WtH)(f) < Vp(WtH)(fl) + Vp(WtH)(f2>-
As V,(WH) is bounded in L?*(R) we have

a7 [ v s <

1/2
<c( If(x)|2dx> < Clflle.
B, /.

1/2
|;T| /B V(W) (f1)())? dx)
1

On the other hand, Holder’s inequality leads to

W () () — W (f)(@)] < 2“*’( | W ) - W) |f2<y>|de)1/p

— 00

for every z € R and s,t > 0. Also, we have

|l
0

dt
Indeed, for every z,y € R and t € (0, 1), we obtain

d t V241 1-2\/2 |z — y[?
A O S )

1 _ 2
X exp <4(|$ ty| + |z+y2t>)

2
<O —t)"V273 2 exp <—M>

z,y € R. (2.3)

WH (z,y ’dth,
v @) |z —y|
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Then, by using [7, Lemma 1.1] we obtain (2.3). Hence, for every x € B,., we have

1/p
V(W) () (2) ={s1}1§0(2|wt (o)l Wifﬂ<fz><w>|p)

<21/" sup ( / /
{t;i 1N\0 tj41

< 21/p< =
—o0 J0
00 1/p

<c(/ Tl >|de)

1 1/p
<Ol (10g 5 )

Then we conclude that

= 1 1/p
1B, | /B V(W) (f2)(2) dz < Ol f oo (log %) :

and the proof of (iii) is completed. O

1/p
W | atl () ay

d 1/p
gy dt|f2(y)|”dy>

dt

3. Growth of Hermitian singular integrals

The logarithmic behaviour at the origin of the Hilbert transform $ is shown by the
following easy example. Let f = x(¢,1) and 0 < r < 1. Then we have

1
- 53( X(0,1))(z)dzr = / / dydz
TJ—r —r JO -z

1/ 1n(1_x>dx
rJ_, —x

B (I1+7)log(1+7r)—rlogr
r

e
~log—- asr—0.
r

The next proposition shows that this behaviour is shared by the Hermitian singular
integral 0, (H)~'/2.

Proposition 3.1. For every zo € B(0,1) there exists a bounded function f such that

/ 1/Qf()da:fvlogE asr — 0.
xo’ | :E()’I“ r
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Proof. Observe that

1 [~o (@—y?>\ds V2 1
7'('\/5/0 5‘xeXp<_ = , T,YyeER, z#£y.

4s S T x—y

Hence, by using the above example it is sufficient to prove that, for a certain C' > 0,

1 <0 (x —y)?\ ds
- — =T )2 L —1,1]. .
‘RH(‘ray) 7T\/§ 0 ax exp< 4s s \Ca x,ye[ 151] (3 1)
We write
R )__1/18 . M—i—(—i—)Q (s)d ER, = #
H\T,Y) = T Jo 83: €exXp 4 s s\T Yy nis S, T,y , L Y,
where Lo
ae) = (e ) - e )
Hence,
2 1
T T—y

ds
S

ol [ (o (i) oo (1))
+/01/2 i(exp (—;Iw—mg))(\;ﬁs— (8))
N ICTEICEE ) v
N )y

= C(Il(may) + Iz(l',y) + I3($,y) + 14($7y))’ T,y € Ra x 7£ Y.

ds

We analyse each term separately. By the mean-value theorem and (1.3) we have that

1/2 T B ) 1
11(337y)<0(/ eXp(—w>M(1—exp<—w))s
0 S S 4 S

1/2 1 ]

0 4 S

<C, mye[-1,1].

For the remainder summands we use

1 1
n(S)NE as s — 0T, /1/277(s)d5<oo
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and we have

1/2 _ 12
Ig(x,y)SC/ uexp <—|Iy|> ds<C, z,ye[-1,1];
0 s 4s

1

1 1 1
Iz(z,y) < / exp (—4 (893 +y)?+ =[x - yl2>> <Slw +yl+ =|z - yl)n(S) ds
1/2 s s

1
1
S/ (8+>77(3)d5<0, x,y € [—1,1];
1/2 $
exp (b= o Jle—ol's
p s Yy y82

<1
</1/283/2ds<0, xz,y € [-1,1].

Thus, (3.1) is established. O

Iy(z,y) </

1/2

4. Finiteness of the classical square function

Let f be the function defined by

f(y) = Z(_l)kX[azk,a%"'l](y)v (41)

keZ

where a > 0 is a real number that we shall fix later.
The following useful properties can easily be proved.

Lemma 4.1. Let f be the function defined in (4.1) and let t; = a*, j € Z. Then
() fty) = (=17 f(y). j € Z,

} t; PG|
@) [ g war= [ s

(i) | / )~ [ &2 s0) dy‘ 2 [T

R 1+ 1+ 42

Lemma 4.2. There exist ag > 1 and a positive constant C' such that

*© 1
‘/0 Hzﬂf(y)dy‘>c

for all functions f defined in (4.1) with a > ag.

< 1 0
——dy = —.
/1 1+ y? Y= 3

[
——dy >
1 1492

Proof. Observe that

Now we choose a > ag such that

S
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0 1 1/a 1 -
——dy = ——dy < —.
/a 14 y? Y /0 1+ y? YS90
Then, as f(y) = 0 for y € U,ezla® T, a® 2], we have
1
= d
/0 1+y W= (/ / /)1+y W) dy
1/(1 1 [ee) 1
> dy — - a +/ L
/1 Ty (/0 T+ VT e T2 y)

™ s m

Hence,

> )
5 10 10
O

Lemma 4.3. There exists a function F' € L*°(R) with support in [—1, 1] and a decreas-
ing sequence {t;};en C (0,1) convergent to zero such that

ZI i (F)(@) — PE(F) (@) ¢ L([0, 1]).

Proof. Let a > 1 be as in Lemma 4.2. We define the function
-1

F = Z (—1)kX[a2k’a2k+1).

k=—o00

It is clear that F' = fx[0,1/a) = fXo,1), Where [ is the function defined in (4.1). Moreover,
form Lemma 4.1, for every j € Z and y € R, we have F(a*y) = (=1)7 f(y)x[0,0-25)(¥)-

Therefore, for each j € Z, we can write

o] a2j 1 by

/ u2 5 f(u)X[0,a-23) (u) du.

Hence,
a20+1)

e3¢} (L2j oo
/_Oo WF(:U) dy — /_oo WF(y) dy
. 0 1 0o 1
— (*1)3 </OO mf(U)X[O,a—zj] du + [m mf(U)X[Oﬂ_qu)] du>
i e 1 oo 1
E (_1)J (2/_00 mf(u)X[o,a—zuﬂ)] du + /_oo mf(u)X[a*%jJrl),af%] du) .

Observe that

/_OO mf( )X[0,a- 2<]+1)]du—>/ 1+ ——f(uw)du asj— —o0
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and

> 1
’ / (W) X[a—26+1) q—2 du

oo 1+ u?
1 1/4 roo 1A
<(1+(a—2<ﬂ'+1>>2) /m<1+u2) Qom0 as g = o

Hence, there exist C' > 0 and jy € N such that
o 2 o L2041 . .
[ o [ mppron] e s<on o

As a consequence we can ensure that given any positive constant M > 0 there exists a
finite subset J of N such that

S S F) /- o Fa| > u
Taone . o24\y)ay — e i) dy| = M.
o (@¥)2 +y? oo (@PTFD)2 42
By proceeding as above we get
2

> M.

/ L fw) (u)d L fu) (u)d
U)X[0,a—23) (W) AU / U)X10.a—2G+0)(U) AU
1+ 2 [0,=2) Y [0,a-2(+D)

2.

—je€J

On the other hand, the obvious changes of variables give
a20+1)

o a2l .
@ e =yl Wdy - - F(y)d
’/oo (a2)2 + |z — |2 (y) dy /m (@02 + [z — g (y) y‘

= '/Oo 1_~_U2F(a2]u—|—a:)du—/7OO 1+u2F(a2(J+1)u+x)du

o)
1 . )
= ——f(u+a " 2z)x[0.4-2)(u+a ¥ x)du
’/_Oo 14+ u2 [0,a=27]

1 , |
+ / mf(u +a 20 2) (g 42040y (w4 a0 z) du

We observe that

oo oo

lim £+ R)xio.n (u+ k) du = / F (W) xjo.0) () du,

k=0 o 14+ u? oo L4 u?

where the convergence is uniform in A € (0,00). Hence, there exists n > 0 such that if
‘.73| < na2ja _j € Ja

00 a2 o S q2(i+1) o) dud 2
oy [ et e w
1 | ° 2
> 3 ,]z-e:] /_Oo T2 u2f<u)X[0,a*2j)<u) du + /_OO TT a2 u2f(U)X[07a—2(j+1))(U;) du
> 3 M.
As M > 0 is arbitrary, we obtain the lemma. |
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Remark 4.4. The above arguments can be slightly adapted in order to show that if f
is the function defined in (4.1), then there exists a decreasing sequence {¢;};ez C (0, 00)
such that ¢; — 0, as j = —o0, and t; — 400, as j — 400, such that

Y IPEL (N@) = PR(N)@) =00 ae zeR.

=

Proof of Theorem 1.2. Let t; = a®/, j € Z, where a > 1. Then

tj b 9
Z |Pt?(f)(l') - P@H (f)(@))? = Z aptA(f)(x) N
j JEL tjt1 i
CHT N )

) JEL /tj+1 @Pt (7)) t—u dult; —t;41]

t; P ,
S ( | 5 P () (@ dU>

| )XJ: /tj+1 ot ! () )t:u
t; P ,
gCZ/ UEPtA(f)(z) du>
j it s

= Cgi(f)(2)*.

In order to finish the proof, we just take f and F' as the functions defined in (4.1) and
in Lemma 4.3, by also taking into account Remark 4.4. (I
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