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CONSTRUCTION OF A SOLUTION OF A CERTAIN

EVOLUTION EQUATION
AKINOBU SHIMIZU

Let us consider the stochastic differential equation,

du(?, x, w) = {&Lult, z, 0) + a@)ult, z, 0) + b(E)}dt

1
(D + {c@u¢, v, 0) + dO}BE®) , t=0, =xeR?,

with initial condition,
(2) u(0, %, w) = g(@) , reR*,

where B,,t =0, is a one-dimensional Brownian motion, and %, is a sec-
ond order uniformly elliptic partial differential operator satisfying some
additional conditions that will be described in §2. The existence and
the uniqueness of solutions of the Cauchy problem have been established
by B. L. Rozovskii [8].

The aim of this paper is to give an explicit expression of the solu-
tion in terms of Brownian motion. We are able to express the solution
of the equation (1) as follows;

ult, 2,0) = (¢, o) p(t, @) + [ (6,070 — c@)ds)ds
(3) , ’
+ [ 760 awiBe)
where
. ¢ _ 1 13 . 3
U(t, w) = exp {L c(s)dB(s) > s c(s)’ds + Jo a(s)ds}
and p(¢, ) is the solution of the Cauchy problem

(4) %p(t,x):xm,x), p0,%) = g@), weRe.

Received January 17, 1976.
Revised August 25, 1976.

23

https://doi.org/10.1017/50027763000017694 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000017694

24 AKINOBU SHIMIZU

We shall show in §2 a method of construction of it as a functional of
Brownian motion. To get this expression, we shall make use of the
method by T. Hida [6][7], where the integral representation of the
multiple Wiener integral is discussed systematically.

Once we got the formula (3), we are given much information on the
asymptotic behaviour of the solution. For instance, suppose that .#, be
the Laplace operator, and that g(x) be a continuous function with com-
pact support. Then, as is well-known, p(¢,x) converges to zero as t
tends to infinity, so that we see that the process u(t, z, w) is close enough
to the process

U(t, w) [j (s, )"'(b(s) — e(s)d(s)ds + j ¥(s, w)-ld(s>dB<s>]

for large t.

We shall further discuss the case where the space-parameter x varies
in a bounded domain D in R¢, whose boundary oD is sufficiently smooth.
The solution u(t, x, w) of the equation (1), with x € D, satisfying the initial
condition and the boundary condition,

(5) 9t 2, 0) =0, wedD,
on

is also expressed in the form (3), where (4) is replaced by

0

'ézp=$xp: (t,x)e(O,OO)XD’
(6) p(O:x):g(x)9 xeD,

9y=0, (t, %) € (0, ) X 3D .

on

We are encouraged by B. L. Rozovskii [8], A. V. Balakrishnan [1],
D. A. Dawson [2] and W. H. Fleming [4], to develop the method dis-
cussed in this paper.

§1. Existence and uniqueness

This section is devoted to a summary of known results for the
stochastic differential equation (1). Let (2, F, P) be a probability space,
endowed with a right-continuous increasing family F,, and let B,(w),
t=0,we 2, be a standard F,-Brownian motion.
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DEFINITION 1. A stochastic process u(t, x, ) with space-time para-
meter (¢, x) e [0, c0) X R® is called a solution of the equation (1) if the
following conditions (i) ~ (iv) are satisfied,

(i) u(t,z,0) is F,-measurable for any ¢ and z,

(ii) u(t, z, ) is continuous in (¢, x) for almost all o,

(i) wu(t, z, w) is twice continuously (with respect to the pair (¢, xz)) dif-
ferentiable in z,

(iv) u(t, x, w) satisfies the equation (1).

DEFINITION 2. We say that the equation (1) has a unique solution,
if there exists a set § satisfying P(f) = 1, for any two solutions u,(¢, , »)
i = 1,2, such that the equality u,(¢, z, 0) = u,(t, z, ) holds for any (¢, z, w)
e[0,00) x R* x {.

The operator ., is assumed to satisfy the following conditions (i)
~ (iV),

. d az
( 1 ) °?a:u(t) x) = Z aij(t, x) 970

i,j=1 X0 4

d
ut, ) + 2 by(t, x)aiu(t, x), e R xe
i=1 T

[0, o), is uniformly elliptic, that is, there exist positive numbers A, and
4, such that the inequalities

WIEPS 3T aut, D66 S AP, G0, T] X Y,

hold for any vector £<¢ R?, and (¢, %) [0, T] X R?,

(ii) the coefficients a,,(t, x), b.(f, ©) are bounded continuous in ¢,

(i) {a;;(£, x), x € R?} is equi-continuous in ¢,

(iv) the coefficients a;;(t, %), 0;(¢t, x) have bounded continuous (in (¢, x))
Holder continuous (in ) derivatives in z.

Under these conditions, there exists the fundamental solution »(t, x, s, ¥)
of the parabolic equation,

iu =% U,
ot

and it has the following properties [3],

0 0 )k om c { pllo — y”z}
—p(, z, s, < 7 _expi{-—-£NT T IIE
7 Kaxz + 0y;/ ox™ P v (t — g)x+m? p t —s

£>0,0=m<20<k<1.

Let the coefficients a(t), b(t), c(f) and d(t) be continuous functions
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defined on [0, c0), and assume that the function g(x) is bounded contin-
uous, and that is has derivatives ¢’(x) and g¢g”(x), which are bounded
Holder continuous. Under these assumptions, the Cauchy problem of
the equation (1) is reduced to the following integral equation,

u(t’ &, (D) = p(t, x) + J:f . p(t, z, S, y){c(s)u(s, Y, a)) -+ d(S)}dydB(s)
( 8 ) ' R
Jo f}ed s, Z/){E!(S)u(s, Y, ) + b(S)}dde .

The existence of a solution of the Cauchy problem (1), (2) can be proved
after we show the existence of a solution of (8). The uniqueness of
the Cauchy problem can be proved without the expression (8). The
following propositions, which give precise statements on these facts, have
been established by B. L. Rozovskii [8]. Here, a solution of the equation
(8) means a stochastic process u(t, x, w) satisfying (i), (ii) in Definition 1
and the equation (8). The uniqueness of solutions of the equation (8)
should be understood similarly to Definition 2.

PROPOSITION 1. The equation (8) has a unique solution satisfying

sup  Elu(t, z,0)] < o for any T < co, and the solution satisfies
(¢t,z)e[0,TIX R4

sup  Elu(t, x, w)*] < oo for any T < oo, and any positive integer k.
(¢,z)€[0,TIXRE

The solution in Proposition 1 is obtained by the successive approxi-
mation, so that it is a ‘strong solution’.

PROPOSITION 2. The solution of the equation (8) satisfies the equa-
tion (1).

PROPOSITION 3. The equation (1) has a unique solution satisfying
sup  Elu(t, z,w)] < co for any T < oo.

,2)€l0,TIXRY

§2. Construction of the solution

We are now in the position to show an algorithm to derive the
formula (3). We shall make use of the notations and the results in T.
Hida [61[7]. We denote by & the Schwartz space, and %* means the
space of tempered distributions. A probability measure u(df) on &* is
defined in such a way that
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exp {2 6} = [ exp WA, M), e,

where ||-|| means L’*-norm. The measure u(df) is defined on a o-field B,
which is generated by the sets,

{(fes*; S &0, -+, [ 60) e B},

where &,,2 =1, -.-,n, belong to &, and where B is a Borel set in R”.
Let yp. be the indicator function of [0,%], then we see that the process
{fs A, 18 a Brownian motion on the space (¥£*,%, ). Let 9B, be the
o-field generated by {{f, xw.>»8 <t}

From now on, we shall take the system (@,F,P,F, B, to be
(*, 8, 1, By, S xw0.:1)- The complex Hilbert space (L% = LA(S*,B, p) is
decomposed as follows;

(L2)=§;®zfﬂ,

where #, is the multiple Wiener integral of degree n.

Now, we consider the equation (8). In the first place, we assume
a(t) = 0 for simplicity. Let us project the both sides of the equation
(8 on the space s#,. We denote by u,(t, x, w) the projection of u(t, x, )
on the space s#,. Then, we get

t
it 2,0) = 4t 2) + [ [ Dt 2,5, 150105, v, 0)dYdB(E)
(9) t
+ 00 [ AOAB@ + 00 [ b@ds,  m=0,1,2,-.-,
0 0
that is,

uo(t, Z, w) = p(t) ) + J‘E b(S)dS ’
wt,5,0) = [ [ ot 2,5, 0e@us, YaydBe) + | ds)dBE©) ,
wt,,0) = [ [ o258, 0e@u,6,0dydBE)  for nz2.

Since p(t, z, s, %) is the fundamental solution of (4), the equality
[, pt,2,5,9)p(s, 1)dy = p(t, ) holds, so that we get
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w = pt, x) I: e(s)dB(s) + f: (c(s) fo b(r)dr)ds + f: d(s)-dB(s)

Uy = P(t, ) j oz f " een) o j " o(e)dB()dB(z,) -+ - dB(z,)

(10) t Tn T 71
) j C(eny) - - j (cm) [ b(r)dr)dB(a)dB(rz) ... dB(z,)
+ f olen) j otn) -+ ey j d(z)dB(z)dB(z) - - - dB(,) ,
for n = 2.
We set
I =pt,9) + 30, ) j o(z) j ots_r)
. j e(z)dB(z)dB(c,) - - - dB(z,) ,
(11) t ' 3 ¢ Tn
L= j b@ds + 3 [ et j o)
. f o (c(z-,) fo b(z‘)dz‘)dB(rl)dB(tz) ... dB(@,) ,
and

Li=3 [ e j " oo - otz j " de)dBE)dB() -+ dBG,) .

Since u(t, z,0) = > w Ut 2, 0) = I, + I, + I, it is sufficient to calculate
1,1, and I,. It is known (See T. Hida [6][7]) that

I, = p(t, x){l +3 :c(cn) j oleny) - j o(e)dB(z)dB(z;) - - - dB(m}
12) t
= p(t, z) exp {j W dB(w) — % ucuf} ,

where |[¢|} = ft c(w)’du. In order to calculate I, and I;, we need some
0

lemmas on integral representations of the multiple Wiener integral.
The following operator J has been introduced by T. Hida-N. Ikeda
[51,

(13) TO@ = [ exp i/, WA,  pedd.

The collection &F = {T¢; ¢ e (L?)}, which is made to be a reproducing
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EVOLUTION EQUATION 29
kernel Hilbert space, is isomorphic to (L?) under . If o(f) € s#,, then

To)E) = imexp {—Lepd [ -
To© = rexp {—2 e} [ [Fn, o ueaw
o E(uy)dudu, - - - du,

(14)

where F' ¢ L{(E") = {symmetric L*(R")-functions}, and the mapping
PORS
o — FelXR"),
is one to one. Besides,

lellzsy = YR Fllzams »

holds. The function F' is called the kernel of the integral representa-
tion of ¢.

LEMMA 1. Suppose that a function F(u) is continuously differentiable
on [0,t]. Then, the random variable u,(t) in #,, whose kernel of the
integral representation is given by

(A5)  Fo(tyy tyy - -5 Un 3 1) = 7@}“ ﬁ S @xp0,UdF Uy N\ sy N+ N\ )

i=1

18 equal to

16) F<0)Hn( ' F@)dB); ]lf]l%) + j H( :f(u)dB(u); Ilfll?,;)F’(s)ds ,

where H,(z; ¢%) is the Hermite polynomial with parameter, and where

1712 -j Faydu < +oo for sel0, tl.

Proof. By the equality F(w) = F(0) + r F'(u)du, we have
0
the right hand side of (15)

1 =2 1 2 wi1AUZ - AUn .
=F (0)#'— U J U, n(u) + r 1;[ J(u,) Jo F'(s)ds jI;IIX[O,t](uj)
= FO- [ F@tns) + - f1 70 [ ] teatwpF(@ds

1 ﬁ S W), () FV(8)ds .

nl i=1

= F(0>— 1T 70 + j ‘
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L re

n.

zoo() and Lo 11 F@ze, oo, are Hy([ rapdBa; | 71t) and

The random variable in 5#,, which correspond to the kernel

H,,(f S )dBw); || f llﬁ,t) respectively. Therefore we get

w® = FOR([ radba; |7) + [ B[ ravase; |7z )F@as .

Next, we consider the case where the function F(u) in Lemma 1 is
not smooth.

LEMMA 2. Let u,(0),n=12,...), be random variables, whose
kernels of the integral representation are of the form (15), where F(u)

= JQT%% with bounded functions [f(uw) and gw), and where the set
U,

{u; f(w) = 0} is of Lebesgue measure zero. Then, the equality,
35 att) = exp {[| ranaBay — 21171}
t U 1 .
amn ||} rere e {~ [l r@ae + S I} B
! 2 - “ 1 2
—{ rorr@ e {~[" r@aB@ + 171} au] |

holds.

Proof. As the first step, we consider the case where F(u) is contin-
uously differentiable. By Lemma 1, we have

() = F(O)H,,(j: FaB@; |71E) + [ H, ([ rnaBao; 171z )Frsas
so that we obtain

35 ,(8) = F(O) exp {f " F@)dB) ~ -;—nfnz}

+ I: exp {I: FwdBu) — % Hfl|§,c}F'(S)ds
= exp {f: Fuw)dB(u) — % ”f”f}

x [FO + [[exp ([ raaBe + 2 1712} s)ds]
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= exp {[ rapaBa — 21718}
x [exp {~[ raraBa + Zis1fFe
1

~ [ F@d.exp {~[ raraB@ + 5 1712}]

= Ft) — exo {[| r@iBa — L1712
x [ Foyd, exp{~ | raaBe + L1712}
where we set u,(t) = F(t). Hence we get
3 u(®) = —exp {[ r@aBa - L171)
x [ Foyd, exp {~[ rapdBe + - 171E}
= exp [ raBe - Lirie)
x [ r@raeso {~[" raraa + 3 1712} aBw

— [LrarF@ exp {~[" r@dB@ + Lirik}au] .

We then come to the case F(u) = M, where f(u) and g(u) are bound-

J@)
ed, and where the Lebesgue measure of the set {u; f(uw) = 0} is zero.
We set
Fa), it 17> =
N

F¥uw) = . 1
0, il = N

Since F¥(uw) is bounded, we have a smooth function F¥(u) such that

1E¥(w) — F¥) ||e.y < Z%f For this sequense F¥(u), N = 1,2, - .., we have

| F@)F @) — fFFW) 220,
S fWFw) — f@FY () llza0,0 + useu[?nlf @ F¥w) — F3)||zs0,0
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< sup |g(w)| X Lebesgue measure of {u; fw)) < Z—Vl_} N {o, t]
u€[0,t]
+ L sup [700] = V)
N uelo,]
and e(N) - 0, as N — +4-oco. Furthermore, we see that

FR gy Uy + = vy Uy 5 8) — Fpthyy Uy + =y Uy 3 8)|[Gaiany < @iy ')2 [F B % e(N)

so that we have

S RUIF G, oyt 1) = Fulty o, DS 33 o (10 X e

—>O, as N — +co.

Let u(t) be the random variable with kernel F¥(u,, ---,u,;t). From
the argument above, we get || > m 4y (@) — 2 opoi Un(®)|lzey — 0, a8 N — + o0
It is easy to see that the right hand side of (17) with smooth function
¥ converges to the right hand side of (17) with function F, when N
tends to infinity. Hence, we obtain the equality (17) for non-smooth
function F(w). The proof of Lemma 2 is complete.
Now, we can calculate I, and I,. Let us begin with I,, The kernel
of the integral representation of

j: o(z,) L e(ry_) -+ - L (C(rl) f A b(t)dr)dB(rl)dB(rz) .o+ dB(z,)
is equal to

1 ﬁ c(u) (u ) J‘ux/\un/\---/\u» b( )d
~n‘—i= ) X00,:3\ s . T)at .
By Lemma 1, we get
j olea) j " oen) j (c(rl) j b(r)dr)dB(rl)dB(rz) ... dB(z,)

= I H(J c(w)dBw); llcni.,)b(s)ds

Hence we obtain
_ ¢ t _ }_ .
(18) L= j “exp {[ " cwdB) — ncns.;}b(sms .

1 =
@ Fm, usy oy a3 =77 T S @t o@OF Fou A/ -+ An)
L
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While, the kernel of the integral representation of
13 Tn 79
[Leen [ eten - e [ dedB@EIABG - - dB)

is equal to

1 » Ay Aty A -+ A uy)
_ cU u .
IR B oty Nty A\ e A Uy)

By Lemma 2, we obtain
I, = exp {[| cardB@) — Lot}
19) X U : exp {—L c(u)dBu) + %Hc“i}d(s)dB(s)
_ j: exp {— L c(w)dB(u) + —;—Hcllﬁ}c(s)d(s)ds] .

By (12),(18) and (19), we are given an explicit expression of the solu-
tion,

wt, x, @) = U(t, w)[p(t, z) + j “U(s, 0)"1(b(s) — c(s)d(s))ds
(20) , °
n fo w(s, w)“d(s)dB(S)] ,
where V(f, w) = exp ”: C(M)dB(’M)—-%— Ilcllf] .

Finally, we consider the case where the coefficient a(f) = 0. We set
v(t, 2, w) = exp {——Jﬁ a(s)ds}u(t, z, o) ,
0

where the process u(t, 2, ) is the solution of the Cauchy problem of the
equation (1). Then, the process v(t, x, ) satisfies the following equation,

o av(t, z,w) = {gzv(t, z, w) + b(t) exp (—JZ a(u)du)}dt

+ {c(t)v(t, z,0) + d(t) exp (—j: a(u)du)}dB(t) :

and the initial condition,
(22) v(t, z, w) = g(x) .

Therefore, this case is reduced to the case where a(t) = 0.
Thus, we obtain
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THEOREM 1. Suppose that the following conditions are satisfied,
(a) the operator &, satisfies the conditions (i), (i), (iil) and (iv) in §1,
(b) the coefficients a(t), b(t), c(t) and d(t) are bounded continuous on
[0, c0),
(c) the Lebesgue measure of the set {t; c(t) = 0} is equal to zero,
(d) the function g(x) is bounded continuous, end it has derivatives g'(x)
and g"”(x), which are bounded Holder continuous. Then, the solution of
the Cauchy problem of the equation (1) is expressed in the form (B).

Remark 1. Suppose that c¢(f) = 0. By (11), it is easy to see that
L =pt2,
L= J b(s)ds
0

1, = f : A(s)dB(s) .
Taking into account (21), we get
ult, 7, 0) = exp {L a(u)du} [p(t, z) + j “exp {—L a(u)du}b(s)ds
+ j “exp {— J 0 a(u)du}d(s)dB(s)] .

Remark 2. We can verify by Ito’s formula that the process
u(t, 2, ) given by (3) satisfies the equation (1). Carrying out this proce-
dure, we can see that a sufficient condition for the process u(t,z,w) to
be a solution of the Cauchy problem is stated as follows;

(@) the Cauchy problem %p = 2.0, p(0,x) = g(x) has a smooth solution,
M) at), b) e L0, T], and c(t), d(t) ¢ L0, T] for any T < 4 co.

The pair (a’) and (b’) is rather weaker than the quadruplet (a), (b), (c)
and (d) in Theorem 1.

Remark 3. In case where the coefficients a(t), b(t), ¢(¢) and d(t) are
F,-adapted process, the existence and the uniqueness of solutions of (1)
and (2) have been proved by B. L. Rozovskii [8]. The solution is also ex-
pressed in the form (8). This fact can be verified by Ito’s formula.

§3. The case where the space-parameter x varies in a bounded domain

Let us discuss the equation (1), when the space-parameter x runs
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through a bounded domain D in R¢, whose boundary oD is sufficiently
smooth. We consider the second initial-boundary value problem with
initial condition

) (0, z,w) = g(2) , xeD,

and the boundary condition (5), Let us consider the integral equation
(8), where p(,2,s,y) is replaced by the fundamental solution of the
second initial-boundary value problem,

%‘:gxu, t,x)e(0,00) X D,
(23) u(0, ) = g(2) , zeD,
0

“it,x) =0, (t, ) e (0,00) X 3D ,
on

and where p(¢,2) means the solution of (6). Then, we can prove the
assertion corresponding to Proposition 1 also in this case. It seems to
be plausible that the inequality (7) is valid. If the fundamental solution
o(t, x,8,y) has the property (7), then we can prove the assertions cor-
responding to Proposition 2 and 3. The algorithm to get an explicit
solution, shown in §2, remains true in this case. Hence, we get the
formula (8) as an explicit expression of the solution of the equation (8)
with boundary condition (5). Besides, using Ito’s formula, we can veri-
fy that the process given by (3) satisfies the equation (1), the initial con-
dition (2) and the boundary condition (5).

Thus we obtain

THEOREM 2. Suppose that the fundamental solution p(t,x,s,y) of
the second initial-boundary value problem (23) exists, and that the con-
ditions (b),(c) and (d) in Theorem 1 are satisfied. Then, the solution
of the equation (8), where p(t,x,s,y) is replaced by the fundamental
solution of the problem (23), is expressed in the form (3), where p(t, x)
18 the solution of (6). Furthermore, the process given by (3) satisfies

du(t, z, w) = {&Lult, 2, w) + aB)ult, z, v) + b(t)}dt
(24) + {c®u(t, z, ) + d(®)}dB(?) , (t,2)e(0,00) X D,
u(O,x,w):g(x), xeDy

and

https://doi.org/10.1017/50027763000017694 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000017694

36 AKINOBU SHIMIZU

z—u(t,x,m) =0, () e(0,o00) X aD .
n

REFERENCES

[1] A. V. Balakrishnan; Stochastic bilinear partial differential equations, the U.S.-
Italy conference on variable structure systems, Oregon, May, 1974.

[2] D. A, Dawson; Stochastic evolution equations and related measure processes, J.
Multivariate anal., Vol. 5, No. 1 (1975).

[ 31 S. D. Eidel’'man; Parabolic systems, Moscow, 1964.

[4] W. H. Fleming; Distributed parameter stochastic systems in population biology,
m.s., Brown University, Providence, R. L.

[5] T. Hida and N. Ikeda; Analysis on Hilbert space with reproducing kernel arising
from multiple Wiener integral, Proc. Fifth Berkeley Symp. on math. Statist. and
Probability, Vol. 2, Part 1 (1967), 117-143.

[6] T. Hida; Brownian motion (in Japanese), Iwanami Pub. Co., 1975,

[7] T. Hida; Analysis of Brownian functionals, Carleton University lecture notes,
1975.

[ 81 B. L. Rozovskii; On stochastic differential equations with partial derivatives (in
Russian), Math. Sb., Vol. 96 (138), No. 2 (1975), 314-341.

Nagoya Institute of Technology

https://doi.org/10.1017/50027763000017694 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000017694



