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Abstract. Let G be a countable residually finite group (for instance, F2) and let 8 be a
totally disconnected metric compactification of G equipped with the action of G by left
multiplication. For every r > 1, we construct a Toeplitz G-subshift (X, o, G), which is
an almost one-to-one extension of G, having r ergodic measures vy, . . ., v, such that for
e(:lery 1 <i <r, the measure-theoretic dynamical system (X, o, G, v;) is isomorphic to
G endowed with the Haar measure. The construction we propose is general (for amenable
and non-amenable residually finite groups); however, we point out the differences and
obstructions that could appear when the acting group is not amenable.

Key words: invariant measures, Toeplitz subshifts, residually finite group
2020 Mathematics Subject Classification: 37B05, 37B10 (Primary)

1. Introduction

A classical problem in topological dynamics is to describe the set of invariant measures
of a given dynamical system, which represents all possible measure-theoretic dynamical
systems housed by it. This set is known to be a Choquet simplex whose extreme points
correspond to the ergodic measures of the system, and it is known to be non-empty
provided the phase space is compact and the acting group is amenable (see [18]). Indeed,
amenable groups can be characterized as those whose continuous actions on the Cantor
set always admit invariant measures [15]. Recently, in [14], it has been shown that the
amenability of a group can be tested within the class of subshifts, i.e., the symbolic
continuous actions on the Cantor set. Actually, the existence of subshifts of non-amenable
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groups without invariant measures was known before [14]. Let us mention for instance
the example of a minimal shift of finite type of the free group F, constructed in [2,
§9]. More generally, as a consequence of [27, Theorem 1.2], it can be deduced that for
any non-amenable group G, there exists a G-subshift on n letters (n depending on G)
which admits no invariant probability measure. To the best of our knowledge, [14] is the
first article to say explicitly that subshifts are a test family for amenability. Let us also
emphasize that the systems without invariant measures constructed in [14] are subshifts in
a two-letter alphabet. Considering the previous facts, it is reasonable to wonder about the
existence of invariant measures for specific classes of subshifts of non-amenable groups.

The problem of describing the set of invariant measures of dynamical systems, given
by the actions of amenable groups, has been extensively explored for the class of Toeplitz
subshifts. These subshifts were introduced by Jacobs and Keane in the context of Z-actions
[21] and characterized as the minimal symbolic almost 1-1 extensions of odometers in
[12]. In [29], Williams demonstrated that this class of Z-minimal subshifts can have any
finite number of ergodic measures, or countably many, or uncountably many of them. Later,
Downarowicz [9] generalized William’s results by showing that any Choquet simplex can
be realized as the set of invariant measures of a Toeplitz subshift in {0, 1}Z, up to affine
homeomorphism. Toeplitz Z-subshifts have since been widely studied for the rich variety
of possible phenomena they can exhibit, both regarding topological and ergodic-theoretic
properties (see for instance [5, 10, 11, 17, 20, 28]).

Toeplitz subshifts have been generalized from Z-actions to more general group actions
in [6, 7, 23, 24]. One of the consequences of this generalization is the characterization of
residually finite groups as those that admit (non-periodic) Toeplitz subshifts [7, 23]. In [7],
the authors broadened the characterization of Toeplitz subshifts as the minimal symbolic
almost 1-1 extensions of odometers to actions of residually finite groups. Downarowicz’s
result about the realization of Choquet simplices as sets of invariant measures of Toeplitz
subshifts was extended in [8] to the class of residually finite amenable groups. This
realization result has also been proved in [4] for a special class of amenable groups, namely
congruent monotileable amenable groups, that contains as a proper subset the class of
residually finite amenable groups. As the geometry of the set of invariant measures of a
topological dynamical system is an invariant under topological orbit equivalence [16], the
problem of realizing Choquet simplices among the actions of a prescribed group can be
interpreted as a way to estimate the size of the family of topological dynamical systems
given by the actions of this group up to orbit equivalence.

Results about the existence of invariant measures for continuous actions of
non-amenable groups can be found, for example, in [13, 19]. In this paper, we focus on
the existence of invariant measures of Toeplitz subshifts given by actions of countable
residually finite groups which are not necessarily amenable. This encompasses all
countable residually finite groups having an isomorphic copy of the free group on n > 2
generators, [F,. As far as we know, the previous studies concerning the set of invariant
measures of Toeplitz subshifts strongly rely on the structure of Z or on the existence of
Fglner sequences, which do not exist in the case of non-amenable groups. The lack of
Fglner sequences is one of the main challenges addressed in this work. Our main results
are the following.
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<«
THEOREM 1.1. Let G be a countable residually finite group and let G be a totally discon-
nected metric compactification of G equipped with the action of G by left multiplicati@.
Then there exists a regular Toeplitz G-subshift whose maximal equicontinuous factoris G .

Theorem 1.2 is a direct consequence of Theorem 1.1.

THEOREM 1.2. Let G be a countable residually finite group and let 8 be a totally discon-
nected metric compactification of G equipped with the action of G by left multiplication.
Then there exists a un(i_quely ergodic Toeplitz G-subshift (X, o, G) and an almost 1-1
factor map w : X — G, such that if v is the unique ergodic probal()z_'lity measure of
(X, 0, G), then w is a measure conjugacy between (X, o, G,v) and G endowed with
the Haar measure.

THEOREM 1.3. Let G be a countable residually finite group and let <C_} be a totally discon-
nected metric compactification of G equipped with the action of G by left multiplication.
For every integer r > 1, there exists a Toeplitz G-subshift X C {1, ..., r}G with at least
r ergodic probability measures vy, . . ., V., and whose maximal equicontinuous factor is
G . Furthermore, for every 1 < i < r, we have the following:

() (X, o, G,v;) is measure conjugate to (6 endowed with the Haar measure;

2) vifxeX:x(lg)=1i}) = u({x € X : x(1g) = i}) for every invariant probability

measure L.

The document is organized as follows. In §2, we give basic notions concerning
topological and measure-theoretic dynamical systems, as well as the basic background
on residually finite groups, G-odometers, and Toeplitz subshifts. Section 3 is devoted to
prove the existence of uniquely ergodic Toeplitz subshifts for arbitrary residually finite
groups (Theorem 1.2). In particular, we give a necessary and sufficient condition for a
Toeplitz array to be regular. In §4, we define a sequence of periodic measures of the full
shift whose accumulation points are supported in a Toeplitz subshift X that we introduce
at the beginning of the section. We use this to show that X has at least r ergodic measures.
Finally, §5 is devoted to complete the proof of Theorem 1.3.

2. Preliminaries

2.1. Topological dynamical systems and invariant measures. Let G be a countable
discrete infinite group. We denote by 1 the identity of G. By a topological dynamical
system, we mean a continuous (left) action ¢ of G on a compact metric space X. We denote
this topological dynamical system by (X, ¢, G). We say that (X, ¢, G) is free if ¢p8x = x
implies g = 1g, for every x € X. The system is minimal if for every x € X, its orbit
Oy(x) = {¢p%x : g € G} is dense in X. The system is equicontinuous if the collection of
maps {¢4} 4 is equicontinuous. If X is a Cantor set, we say that the topological dynamical
system is a Cantor system.

An invariant measure of the topological dynamical system (X, ¢, G), is a probability
measure u defined on the Borel sigma-algebra of X that verifies (¢ A) = u(A), for every
g € G and every Borel set A. An invariant measure p is said to be ergodic if u(A) € {0, 1}
whenever A is a Borel set verifying ¢8(A) = A for all g € G. The set of all invariant
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measures admitted by a system (X, ¢, G) is denoted M (X, ¢, G). It is known to be a
Choquet simplex whose extreme points correspond to the ergodic measures of (X, ¢, G)
(we refer to [18, Ch. 4] for details). When the set M(X, ¢, G) is a singleton, the system
is said to be uniquely ergodic. If p is an invariant measure of (X, ¢, G), the quadruple
(X, ¢, G, ) is called a probability-measure-preserving (p.m.p) dynamical system.

A factor map from (X, ¢, G) to the topological dynamical system (Y, ¢, G) is a
continuous surjective map 7 : X — Y such that 7 (¢8x) = 87 (x) for every x € X and
g € G. In this case, we say that (X, ¢, G) is an extension of (Y, ¢, G) and (Y, ¢, G) is a
factor of (X, ¢, G). The factor map 7 is almost one to one (or almost 1-1) if the set of
points in Y having only one preimage is residual. If the system (Y, ¢, G) is minimal, then
this is equivalent to the existence of y € Y such that |7 ~!{y}| = 1. If  is an almost 1-1
factor map, then we say that (X, ¢, G) is an almost 1-1 extension of (Y, ¢, G).

An equicontinuous system (Y, ¢, G) is said to be the maximal equicontinuous factor of
(X, ¢, G) if there is a factor map 7w : X — Y such that for any othermap f: X — Y/, with
(Y', ¢, G) equicontinuous, there exists a factor map ¢: ¥ — Y’ that satisfies g o = f.
Moreover, if (X, ¢, G) is a minimal almost 1-1 extension of a minimal equicontinuous
system (Y, ¢, G), then (Y, ¢, G) is the maximal equicontinuous factor of (X, ¢, G) (see
[24, Proposition 5.5]).

Two p.m.p dynamical systems (X, ¢, G, n) and (Y, ¢, G, v) are measure conjugate if:
(i) there exist conull sets X’ € X and Y’ C Y satisfying ¢$(X’) € X’ and p3(Y') C Y’
for all g € G; and (ii) there is a bijective map f : X’ — Y’ which verifies f, f~! are
both measurable, v(A) = u(f_l(A)) for every measurable set A C Y’, and f(¢8(x)) =
@8(f(x)) forall x € X’ and g € G. In this case, we say that f is a measure conjugacy.

2.2. G-odometers, residually finite groups, and compactifications. A countable group
G is said to be residually finite if there exists a nested sequence of finite index subgroups
of G with trivial intersection. This is equivalent to the existence of a sequence of normal
subgroups with the same characteristics (see [3] for more details about residually finite
groups). Suppose that G is an infinite residually finite group and let (I';),en be a nested
sequence of finite index subgroups of G such that ("), .y I'v = {1G}. The G-odometer
associated to (I';,),en is defined as

< .
G = L&n(G/ Ty @n) = {(xn)neN € l_[ G/ Ty : on(xnt1) = x, forevery n € N}’
neN

where ¢, : G/T',41 — G/ Ty is the canonical projection for every n € N. The space (5
is a Cantor set if we endow every G/TI', with the discrete topology, [[,cy G/ T'n with
the product top(()E)gy, and 8 with the induced topology. Observe that when the groups
I, are normal, G is a subgroup of [ [, G/ T, and G can be seen as a dense subgroup
of <(—; identifying g € G with (g['y)neN € <C_; There is a natural action ¢ of G on <(_}
by coordinatewise left multiplication. The topological dynamical system (G, ¢, G) is
a free equicontinuous minimal Cantor system which is also known as the G-odometer
associated to the sequence (I';),en. It is important to note that the G-odometers associated
to subsequences of (I';),cn are conjugate as dynamical systems.
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A G-odometer having a group structure (when the I';, are normal) is a totally discon-
nected metric compactification of G, i.e., this is a totally d1sconnected metric compact
group G for which there exists an injective homomorphism i : G — G such that i (G)
is dense in G . Conversely, every totally disconnected metric compactification of G is a
G-odometer, as the next lemma shows.

LEMMA 2.1. If (G is a totally disconnected metric compactification of G, then there exists
a nested sequence (I'y)eN of finite index normal subgroups of (G with trivial intersection,
such that the G-odometer associated to (I'y)neN is conjugate to G equipped with the action
of G by left multiplication. This implies that G is residually finite if and only if G has a
totally disconnected metric compactification.

Proof. If G is residually finite, then any ((_?—odometer is a totally disconnected metric
compactification of G. Now, suppose that G is a totally diigonnected (_metric compacti-
fication of G. We can <iilentify G with a dense subgroup of G. Since G is compact and
totally disconnected, G is profinite, that is, an inverse limit of finite groups equipped
w1th the discrete topology (see for example [26, Theorem 1.1.12]). The metrizability of
G implies that the 1nverse limit that defines G is countable [26, Corollary 1.1.13 and
Remark 2.6.7], namely G = 11m(G,,, 7). For every n € N, let m, : G — G, be the
natural projection. The group F = Ker(mr,) N G is a finite index subgroup of G. Indeed,
the map ¢, : G, — G/TI'y given by ¢,(a) = {(gj)jen € G : g» = a} is a well-defined
isomorphism. Since ¢, o ¢, +1 = ¢, o T, for every n € N, we deduce that <G is conjugate
to the odometer associated with the sequence (I';),eN- O]

2.3. Toeplitz G-subshifts. Let X be a finite set with at least two elements. The set

={x = (x(g))geG : x(g) € X forevery g € G}

is a Cantor set if we endow X with the discrete topology and X ¢ with the product topology.
The (left) shift action o of G on £¢ is defined as

o8x(h) = x(g_lh) forevery h, g € G and x € =C.

The topological dynamical system (£¢, o, G) is a Cantor system known as the full G-shift.
If X € 29 is a closed o-invariant set, we say that X is a subshift. The system (X, o|x, G),
given by the restriction of o on X, is also called a subshift (see for example [3] for more
details).

The definitions and statements written in the rest of this section can be found in [7]. We
include some of the proofs for the sake of completeness.

Letx € £% and let I' C G be a subgroup of finite index. We define

Per(x,I',0) ={g € G: x(yg) =aforeveryy € I'} foreveryw € &,
Per(x, ") = U Per(x, ', ).
aeX

The elements of Per(x, I') are those belonging to some coset I'g for which x restricted to
I'g is constant.
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Remark 2.2. Observe that if I' is normal, then g € Per(x, I') if and only if x(g) =
x(yg) = x(gy) forevery y € I'.

Remark 2.3. If T is a normal subgroup of G, we use indistinctly left and right cosets. For
a subgroup which is not necessarily normal, we will specify if we use left or right cosets.

An element n € X¢ is a Toeplitz array or a Toeplitz element if for every g € G, there
exists a finite index subgroup I' of G such that g € Per(, I'). The finite index subgroup I
is a group of periods of n if Per(n, I') # @. Observe that for every g € G, forevery o € X,
and every group of periods I of 1, we have gPer(n, g 'T'g, ) = Per(c%n, T, a). A group
of periods I" of 7 is an essential group of periods of n if Per(n, I', &) C Per(o8n, ', o)
for every o € X, implies g € I'.

LEMMA 2.4. Let n € ¢ be a Toeplitz array. For every group of periods T of n, there
exists an essential group of periods K of 1 such that Per(n, I', o) C Per(n, K, a) for every
o€ .

Proof. Let T' be a group of periods of 5. There exists a normal finite index
subgroup H of G such that H C I" (see for example [7, Lemma 1]). Observe that
Per(n, I', o) € Per(n, H, @) for every a € X. Since w € Per(n, H, «) if and only if
Hw C Per(n, H, a), the set Per(n, H,«) is a disjoint union of right equivalence
classes in G/H. Namely, Per(n, H,«) = Hw; U - - -U Hw,,. Thus, for every g € G,
the set gPer(n, H, o) is also a disjoint union of the same number of equivalence
classes. This implies that if Per(n, H, a) C gPer(n, g~ 'Hg, ) = gPer(n, H, o), then
Per(n, H, a) = gPer(n, H, «). From this, it follows that K, the set of all g € G such that
Per(n, H, o) C gPer(n, g’ng, «) for every o € X, is a group. Since K contains H, K
is a finite index subgroup. Furthermore, if w € Per(n, H, ), then gw € Per(n, H, «) for
every g € K, which implies that Per(n, H, ) € Per(n, K, o) for every o € X, because
o = n(w) = n(gw) for every g € K. However, if Per(n, K, o) C gPer(n, g~ 'Kg, ),
then for w € Per(n, H, o), we have g_lw € Per(n, g_lKg, o), which implies o =
r](g_lu)) = n(g_lkw) forevery k € K. Since H C K is a normal subgroup, in particular,
we have o = n(hg~'w) for every h € H. This implies g~ 'w € Per(n, H, &) and then
g € K. This shows that K is an essential group of periods. O

If n € £C is a Toeplitz array, then there exists a period structure (I',),en of 7, that is,
a nested sequence of essential periods of 1 such that G = Un en I'n (see [7, Corollary 6]).

A Toeplitz G-subshift, or simply a Toeplitz subshift, is the subshift generated by the
closure of the o -orbit of a Toeplitz array.

Let n € ¥% be a Toeplitz array and let (I';),en be a period structure of n. Let X =
O, (n) be the associated Toeplitz subshift. For each n € N, we define

C,={xeX:Per(x, T, ) =Per(n, Iy, @) forevery @ € X}.

Using the fact that every I',, is an essential group of periods, it is possible to verify that
o8n € Cy if and only if g € I';,. This implies the following result.
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LEMMA 2.5. [7, Lemma 8 and Proposition 6] For every n € N, the set C,, is closed. In
addition, for every g, h € G, the following statements are equivalent:

(1) otC,No"C, #;

(2) o%C, =0c"Cy;

(3) an = th~

From this, we get that the collection {agfl Cy : g € Dy} is a clopen partition of X.

Proof. Let denote X,, = {o¥n: y € I',} for each n € N. It is straightforward to check
that Per(n, I';,, @) € Per(x, 'y, @) for every x € X,, and ¢ € . Let H C I';, be a normal
finite index subgroup of G. From [1, Theorem 1.13], for every x € X, the action of H
on {ohx: h € H} is minimal. Since H is a finite index subgroup of I',, applying again [1,
Theorem 1.13], we get that for every x € X, the action of [';, on {J)’x:—yef‘n} is minimal.
In particular, the action of I', on X, is minimal. From this, we have Per(x, I';, o) C
Per(n, I'y,, o) for every x € X,, and o € X, which implies that X,, € C,,. However, let
x € C, and (g;)ieN be a sequence in G such that (o8 x);cN converges to 7. Since Iy
is a finite index subgroup, taking subsequences, there exists w € G such that g; = wy;
for some y; € '), for every i € N. This implies that v nisin Y ={o7x:y € [,}
and then Per(n, [, @) C Per(crw_ln, [y, a) for every o € ¥. The property of being
essential implies that w € I, and then n € X;, NY. Since Y is a minimal component
with respect to the action of I';;, we deduce that Y = X, and then C, = X,,. Observe

that X is a finite disjoint union of minimal components for the action of I',, (if wy, . . ., wi
are representatives of each coset in {gI',, : g € G}, then X is the union of the minimal
components that contain the points c¥1n, ..., c%n), which implies that X, = C, is

clopen. From the property of being an essential period, it follows that 685 € C,, implies
g € T',,. From the minimality of the action of G and the fact that C,, is open, we can infer
thatif 08x € Cp, then g € T, forevery x € C,,. This implies the results of the lemma. []

Remark 2.6. Observe that the stabilizer of x € X is the group (e UnI'nv, !, where
vy € G is such that x € 0" C,. Thus, if the groups I',, are normal subgroups of G, the

Toeplitz subshift (X, o, G) is free if and only if ﬂneN r, ={lg}.

PROPOSITION 2.7. [7, Propositions 5 and 7, Theorem 2] Let n € £€ be a Toeplitz array
and let X = m. Suppose that (X, ol|x, G) is free and (I'p)yeN is a peri(o_d
structure of n. Let G be the G-odometer associated to (I'y))pen. The map w : X — G
given by

7(x) = (gnTn)nen, wherex € 08"C,  foreveryn € N
is an almost 1-1 factor map (then (5 is the maximal equicontinuous factor of X). Moreover,
{x € X : x is a Toeplitz array } = nfl{y € 8 : |7171{y}| =1}.
2.4. Good sequences of tiles for residually finite groups. 1In [8], it was shown that
amenable residually finite groups have Fglner sequences with additional properties. We

prove in Lemmas 2.8 and 2.9 that when the residually finite group G is not amenable, it
has sequences of finite subsets having similar properties, without being Fglner.
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LEMMA 2.8. Let G be a residually finite group, and let (I'y),eN be a strictly decreasing
sequence of normal finite index subgroups of G, such that (e Tn = {1G}. There exists
an increasing sequence (n;)ieN € N and (D;)jeN a sequence of finite subsets of G such
that for every i € N:

(1) 1ge€Diand D; € Djyy;

(2) D, is a fundamental domain of 'y, ;

3) G =Uicn Dis

4) Diy1 = UueDiHﬂFni vD;.

Proof. Observe that if S C G is a finite set, then there exists / > 1 such that if g; and
g2 are two different elements in S, then g1I'; # goI';. Indeed, suppose there exists a
finite subset S of G such that for every / > 1, there are two different elements g; and
h; in § such that g;I'; = yI';. Since S is finite, there exists a subsequence (I'j,);en
such that g, = g and h;, = h for every i € N, where g, h € G. This implies that hlge
MNien T = M=o I'i = {16}, which is a contradiction with the fact that g # h.

Suppose G =_{g1, g2, ...} with 1 = g1. We will construct a sequence (F});en of finite
subsets of G verifying points (1), (2), and (3): choose F) as a fundamental domain of G/ Iy
suchthat gy € Fy.LetI',,, = I'1.Let S, = Fy U {g1, g2}. By the previous discussion, there
exists I',, € I'y, satisfying gI",, # hI',, for every pair of distinct elements g, i € S,.
Thus, we can take F> such that S C F». Suppose we have defined I';,, | and Fy_; such
thatI',, | € TI'y, , and Fy_ is a fundamental domain of I',;, , containing the set Fy_» U
{g1, ..., 8k—1}. Now, consider Sy = {g1, g2, - . -, &} U Fx—1. By the previous discussion,
we can choose I'y, C I';,_, such that the elements in Sy are in different equivalence classes
of G/ Ty, . Therefore, we can get Fj satisfying Sx C Fy.

Thus, we obtain points (1) and (2). Additionally,

o0 o0
G=UUsicU#r.
i=1 i=1

which implies point (3).

Now we will apply [8, Lemma 3] to get a sequence (D;);en as desired. Define n;; = ni
and D; = Fy. Let j > 1 and suppose that we have defined n;; <--- < ni; and D;_
a fundamental domain of G/ Uoi - Since G = Uuel“nl., 1 vD;_1, there exists i; > i1

' J=

such that

Fi, | © U vDj_j.
veF,-j ﬁr’lij—l

Let us define D; := UUEFiimrni.71 vDj_i. By construction, the sequence (D) en

verifies point (3). Applying [8, Lenjlrna 3], we get that (D) jen satisfies points (1), (2),
and (4) for the subsequence (Fnij )jeN- O]

The next lemma follows by induction applying Lemma 2.8.

LEMMA 2.9. Let G be a residually finite group, and let (I'y),eN be a strictly decreasing
sequence of normal finite index subgroups of G, such that (e T'n = {1G}. There exists
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an increasing sequence (n;)ieNn € N and (D;);cN a sequence of finite subsets of G such
that for every i € N:

(1) {lg} € Di € Diyy;

(2) D, is a fundamental domain of G/ T'y;;

3 G=U7Z Dis

4 D;= UveD_;ﬁFni vD; foreach j > i > 1.

3. Uniquely ergodic case: regular Toeplitz subshifts
In this section, we prove Theorem 1.2.

3.1. Factor maps and measures. Let (X, ¢,G) and (Y, ¢, G) be two topological
dynamical systems such that (Y, ¢, G) admits an invariant measure v. Let 8(X) and §(Y)
be the Borel sigma-algebras of X and Y, respectively. If 7 : X — Y is a factor map, then
the collection of sets 7~ !8(Y) = {7~ 1(A): A € B(Y)} is a sigma-algebra contained in
B(X). Moreover, if A € 771 B(Y), then ¢8(A) € B(Y) for every g € G.

Remark 3.1. 1f w is an invariant probability measure of (X, ¢, G), then v* : B(Y) — [0, 1]
defined as v*(A) = w(n_l (A)) for every A € B(Y) is an invariant probability measure of
(Y, ¢, G). Thus, if (Y, ¢, G) is uniquely ergodic, then v* = v, which implies that all the
invariant probability measures of (X, ¢, G) coincide on T B(Y).

Since
1
WeY:m”@n=n=(]beY:mmw”@»<—}
n>1 n

theset{y e Y : |71_1(y)| = 1} is a Gs-set (see [10]). Thus, the set

yev:iz 'yl >1)

belongs to B(Y).

LEMMA 3.2. Let u: 7w~ 'B(Y) — [0, 1] be the map defined by (' (A)) = v(A) for
every A € B(Y). The map  is an invariant probability measure on 7~ 'B(Y) and if
v({y € Y : [m~Y{y}| > 1}) = 0, then 1 extends to a unique invariant probability measure

on B(X).

Proof. 1t is straightforward to check that p is an invariant probability measure on
n_l,B(Y). Let A € X be aclosed set. Then 7(A) € B(Y), because 7w (A) is compact. Thus,
B =71 (n(A)) belongs to 7 1B(Y). Observe that A C B and

B\AcCrx '(yer |z "y}l > 1.

This implies that B \ A is a negligible set (which implies that B \ A is in the completion of
71 B(Y) with respect to 1), and since A = B \ (B \ A), we get that A is in the completion
of w~1B8(Y). It follows that every open set is in the completion of 7z ! 8(Y), from which
we get that S(X) is contained in the completion of 7 ~!8(Y). This implies that 1 can be
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extended in a unique way to B(X). It is straightforward to check that u is invariant on
B(X). O

3.2. Regular Toeplitz G-subshifts. Let ¥ be a finite set with at least two elements.
Let n € X be a Toeplitz array and suppose that the decreasing sequence of finite index
subgroups (I';),eN 1S a period structure (gf 1. The Toeplitz G-subshift X = O, (n) is an
almost 1—1<_extensi0n of the G-odometer G associated to (I',),en (see Proposition 2.7). If
m : X — G is the almost 1-1 factor map, then

: ; -1 = —1
T={xeX:xisaToeplitzarray} =7~ {y € G : |7~ {y}| = 1}.

In (ﬁler words, the set of Toeplitz arrays in X is exactly the pre-image of the set of elements
in G having exactly one pre-image (see Proposition 2.7). The set of Toeplitz arrays is
invariant under the action of G. Indeed, if x € 7 and g, h € G, there exists a finite index
subgroup I' of G such that x(¢~'4) = x(yg~'h) for every y € I'. From this, we get

ofx(h) =x(g 'h) =x(vg~'h) = x(g ' gyg 'h) = o8x(gyg~'h) forally T,

which implies that i € Per(c8x, gFg_l). This shows that 8x € T. Since 7T is invariant,
its image 7 (7) is invariant and measurablfi_in G (see for example [18, Theorem 2.8]).
Thus, if v is the unique ergodic measure of G, then v( (7)) € {0, 1}.

PROPOSITION 3.3. The following statements are equivalent:

1 v =1

(2) there exists an invariant probability measure p of (X, o, G) such that u(T) = 1;
(3) there exists a unique invariant probability measure p of (X, o, G) and u(T) = 1.

Proof. If v({y € 8 |7~ Yy} = 1}) = 1, then the measure u defined on n_lﬁ(g)
extends to a unique invariant probability measure on §(X) (see Lemma 3.2). Moreover,
u(T) = 1. From this, we get point (1) implies point (3). The rest of the proof is
obvious. O

Definition 3.4. We say that the Toeplitz element n € ¢ or the Toeplitz G-subshift
(X, 0, G) is regular if any of the statements of Proposition 3.3 is satisfied.

Remark 3.5. In [25], the notion of regularity over Toeplitz subshifts is defined for the case
where the acting group is amenable. Using the lemma below, it can be shown that the
definition presented here coincides with that used in [25] when G is amenable. Note that,
by definition, regular Toeplitz G-subshifts are uniquely ergodic.

Let (Dj);en be a sequence of fundamental domains of G as in Lemma 2.9 (in the
language of Lemma 2.9, after taking subsequences, we can assume that n; = i). For each
i € N, let us define
~_ |DiNPer(n, ')

l D '
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By Lemma 2.9, we have that
Diy1 NPer(n, T) = |: U J/Dl} N Per(n, I';)
Yy €D 1Nl

= J vwiny 'Per(n, Iy)).
y€D;+1NT;

Since y'Per(n, T';) = Per(n, T';) for every ¥’ € T';, we obtain that
|Dit1 N Per(n, I'y)| = [Diy1 NTy[|D; N Per(n, T'i)l.
Since Per(n, I';) € Per(n, T'i+1),
IDjt1 N Per(n, Iiy1)| - |Djt1 N Per(n, I')|

|Djt1] - |Diy1l
Now, using |D;4+1 N T';||D;| = |Dj+1|, we conclude that
& |Di+1 N Per(n, T'it1)] - |Djv1 NTy||D; NPer(n, T'y)|  |D; NPer(n, D;)l d
i+1 = > = = d;.
’ D11 D11 |Di | ’

This implies that the sequence (d;);en is increasing, therefore, there exists d € [0, 1] such
that lim; ,» d; = d.

LEMMA 3.6. For every Toeplitz array x € X, we have G = | J, oy Per(x, I'y).

Proof. Letx € X be a Toeplitz array and let { H, },,cy be a period structure of x. Since X is
minimal, we have X = O, (Qc). Thus, goposition 2.7 implies that there exists an almost
1-1 factor map p: X — H, where H = Lir_n(G/Hn,pn), and p,: G/H,+1 — G/H,
is the canonical projection for every n € N. By [24, Proposition 5.5], we get that (1-7
is the maximal equicontinuous factor of X and consequently, we obtain that G and
< . . . e < < < _

H are conjugate with conjugacy p: G — H.Llet p: G — H be defined by p(g) =
ﬁ(g)ﬁ(eg), where g € G, and es and e denote the class of the neutral element 15 in
(5 and in (ﬁ, respectively. Since p is a conjugacy, it implies that p is so as well. Moreover,
pleg) = e Applying [7, Lemma 2], we get that for every n € N, there exists k, € N
such that I'y, € H,, and consequently, Per(x, I';,) 2 Per(x, H,). Hence,

G = | J Per(x, Hy) | Per(x, Ty, € [ Per(x, T).

neN keN neN
This completes the proof. O

LEMMA 3.7. Let n € £ be a Toeplitz array and let (T'y),en be a period structure of
such that every Ty, is normal in G. Then n is regular if and only if d = 1.

Proof. For every n € N, let C,, be as defined in §2.3. We define

H, = U oh_lCn and H = U H,.
hePer(n,I'y) neN

If x € H, then there exist n € N and h € Per(#, I';;) such that x € cr'fl C,,. This implies
that Per(ahx, 'y, a) = Per(n, 'y, o) forevery o € X. Moreover, since i € Per(n, I'))), we
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have h € Per(c’x, T',), which means that x (1) = x(h~'yh) for every y € I, (recall that
the '), are normal). Therefore, 15 is periodic in x with respect to a finite index subgroup
of G. We have shown that H, C {x € X | 15 € Per(x, I';))}.

Now, let x € X such that 15 € Per(x, I';,). Since {ahilcn :h € D,} is a partition of
X, there exists & € D,, such that x € o C,. It follows that Per(x, I';)) = Per(crhi1 n, ['p).
Since 1 € Per(x, I'}) = Per(o”1 n, I'n), we can deduce that & € Per(n, ') and x € H),.
Therefore, we have H,, = {x € X | 1g € Per(x, I';,)}.

From above, we deduce that [ 2cG o8H C 7T.Next, let x € T. From Lemma 3.6, we
getthat G = |, Per(x, T';). Foreach g € G, we have that o8 'xisalsoa Toeplitz array.
Thus, 1 € Per(ogflx, I';) for some i > 1, which implies ¢ 'x e H. Hence, x € 08 H
for every g € G. Consequently, x € (), 0¥ H. We have shown 7 € (N, 0% H and
with this, 7 = ﬂgec o8H.

Suppose d = 1. Since C,, = n_l{(yj)jeN € (5 : yn = 'y}, we have

Hn=”_1< U {(yj)jeNe E:YIzzh_lrn})

hePer(n,I'y)

and

H=n—1<U U {(y,->jeNe‘5:yn=h—lrn}).

neN hePer(n,I'y)

This implies that v(zw(Hy,)) = (|D, NPer(n, T'y)|/IDy]) =d, and v(w(H)) =d = 1.

However,
n( N agH) = () ¢ (H) S =(T).

geG geG

Since v is invariant, we deduce that v(zw (7)) = 1.
Conversely, suppose that d < 1. Since v(rw(T)) <v(@(H)) =d <1 and 7 (T) is
G-invariant, we obtain v(;r (7)) = 0. Thus, we conclude 7 is not regular. O]

PROPOSITION 3.8. Let G be a residually finite group. Let (I'y),en be a decreasing
sequence of finite index normal subgroups of G with trivial intersection. Let G be the
G-odometer associated to the sequence (I'y),eN. Then, there exists a free regular Toeplitz
G-subshift X < {0, 1}G which is an almost 1-1 extension of (5

Proof. We will show that the example given in [7, Theorem 5] is regular. Let (I'),en
be the sequence given in the statement. Consider (D,),en as in Lemma 2.9. Taking
subsequences if necessary, we can assume that D; is a fundamental domain of G/ T’
and |D;_1|/|D;i| < 1/i for every i € N. Define the sequence (S,),>0 of subsets of G
inductively as follows: let Sy := {1g}. Consider v € D; \ {1} and let Sy := {v}. For
n > 1, suppose we have defined S,—; and v,_1 € S,,_1. Let S, = (v,—1Tph—1 N Dy) \
D,_1 and let v, € S,,. The sequence n € {0, l}G

n(w) = 0 ifwe UnzO SonTon+1,
1 else.

is defined as follows:
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The subshift X = O, () is a Toeplitz G-subshift which is an almost 1-1 extension of 8
Moreover, (I'),),eN is a periodic structure of 7 (see [7]).

It remains to prove that n is a regular Toeplitz array. Let n € N and g € D>, \ S2,. We
have gI'y, N vy, = @ for every v € S3,. Since vI'y,41 C vy, then

gl Nl =0 forevery v € Sy,
For m > n, observe that S»,;,, € v2,1'2, - - - T'o—1 € v2,1'2,. Thus,
Somlom41 € vanl2nTom1 S v2u2n.
Since g # vy, € Doy, then gl'y, N vy, [y, = @. This implies
gl NSy los1 =@ forevery m > n.

If gl N So oy =0 for every m < n, then gI'py, N Umzo SomTom+1 = @. This
implies that n(gy) = 1 for every y € I', and then g € Per(n, I'2,). If there exists m < n
such that gI"y, N S TComy1 # @, then since 'y, € IMoyy1, we have that g € Per(n, 'y, 0).

This implies that Do, \ S2, € Per(n, I'2,) N Dy,.

Thus,
. |D2n \ S2n| . |D2n N Per(’l, F2n)|
Iim ——— < lim .
n—=>00 | Dyl n—>00 | Dap |
Note that
|D2n|
[v2n—1T20—1 N Doy | = [T2p—1 N Day| = .
| Dop—1l

Note also that S5, = (vo,—1T2,—1 N D2y) \ {von—1}. Indeed, vy,—1T2,—1 N Dy, N
Dy,—1 = vou—11"2,-1 N Dy,—1 and since Dy,_; is a fundamental domain of I'y,_;, the
only element in this intersection is vy, _1.

We conclude that
|D2n|
|D2n\52n|=|D2n|_|S2n|:|D2n|_ —-1).
|D2n—l|
Therefore,
D S
lim P2\l + lim —1.
n—=>00 | Doyl n—>00 |Dyy_1| = n—00 [ Doyl

Consequently, lim (|D, N Per(n, ['y)|/|Dy|) = 1, thatis, n is a regular Toeplitz array. [
n— o0

Proof of Theorem 1.2. This is direct from Propositions 3.3, 3.8, 2.7, and Lemma 2.1. [

4. G-subshifts with at least r ergodic measures

Let r > 1 be an integer. In this section, we prove that for any residually finite group G,
there exists a Toeplitz G-subshift having at least r ergodic measures. In the case where G
is also amenable, the Toeplitz G-subshift has exactly r ergodic measures and we recover
a result in [8] about the realization of Choquet simplices as sets of invariant measures of
subshifts of residually finite amenable groups for the case of finite dimensional Choquet
simplices (see Remark 4.16).
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Through this section, G will be a residually finite group and (I';);>0 a strictly decreasing
sequence of finite index normal subgroups of G with trivial intersection. Fixing I'op = G
and taking subsequences if necessary, by Lemma 2.9, we can assume that (D;);>¢ is
a sequence such that D; is a fundamental domain of G/I'; verifying the following
conditions:

(D {lg} € Di € Dit1;

@ G=UZ Di;

() Dj=Uyep,nr, vDi foreach j > i > 1.

Furthermore, up to taking subsequences again, we can also assume that ([I'; : I';+1])i>0
grows as fast as needed. From now on, we will assume that for every i > 0,

1
r;: Iy —_—
[ i l+1] > 1— (1/2)(1/2)z+l
or, equivalently,
i+1
|Di 1\
—<1—-|= . (1)
IDiy1l 2

LEMMA 4.1. Foreveryl > 0, we have

n . (1/2)
D 1

lim ||<1— Dj >z<—> .
oot IDjt1l 2

Proof. Leta;, = ]_[721(1 — |Dj|/IDj41]). The condition in equation (1) implies that

1 1+1 n—l 1 j
lo >—| = — .
o) 5 )
j=0
From this, we get lim,,_, » log, a;,, > —(1/2)1. Since the function log, is continuous and
increasing, we deduce

1\ (172
lim ap = (—) .
n— 00 2 [

4.1. Construction of the Toeplitz array. Consider the alphabet ¥ ={1,2,...,r}.
Inspired by the ideas in [29], we will construct a Toeplitz element n € X such that
X = Oy (n) has at least r ergodic measures.

Fix the sequence (@;);>0 in X given by o; = j whenever j =i (mod r). We will define
the Toeplitz sequence 7 in several steps:

Step 1: We define J(0) = {1} and (g) = « forevery g € I'y.

Step 2: We define

J(1)=D\Ty.

We put n(hg) = ap forevery h € J(1) and g € I'5.
Note that J (1) is the set of elements in Dj which were not defined in the previous step.
Thus, 7 is defined in the whole set D in this second step.
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Step m + 1: We define
m—1
Jm) =Dy \ |J JOTis1.
i=0
Define n(hg) = oy, 41 forevery h € J(m) and g € I'y,41.
Observe that J (m) is the set of elements in D,, which were not defined in the previous
steps. Thus, 7 is defined in the whole set D,, during the step m + 1.
This construction produces a non-periodic Toeplitz sequence since G is equal to the
disjoint union of the sets {J({)I"j+1 : i > 0}.

LEMMA 4.2. For everyn > 0, we have

J(n+1) = U yJ (n).

ye(Dn+lnFn)\{1G}

Proof. If u € D41, then u = yv for some y € D41 NI, and v € D,. Thus, if u €
J(n+1) = Duy1\ Uj—o J(DOT 41, then y # 1. Furthermore, if v € U?:_()l JOTy1,
thenu € y U;’;Ol JOTyy = U;’;Ol J(DT;41, which is impossible. Therefore, we obtain
that v € J(n) and we can conclude J(n + 1) € U, cp,,,nro\ (1) ¥ 7 (). However, if
v € J(n), then for y € (D41 NTy) \ {1}, we obtain that u = yv ¢ U;:Ol JDT41.
Note that J (n)I",+1 N Dpy1 = J(n). Hence, if u € J(n)T'y41 N Dy = J(n), we obtain
that y = 1, which is a contradiction. From this, we get Uye(D AT\1G) yJ(n) C
Jm+1). O

n+

LEMMA 4.3. Let ) € 29 be the Toeplitz sequence constructed before. Then,
i—1

Per(n, I';) = U JOTy1 foreveryi € N.
=0

Proof. Ttis not difficult to verify that J (i)' 41 N J(k)Txy1 = @ for every i # k. Itis also
straightforward to check that

G =JJOTis. @)

i>0

Let k > i > 0. We will show that J(k)['x+1 € G \ Per(n, I'y). For that, observe that if
m € J(k), then n(m) = ax+1. However, from Lemma 4.2, we have that ym € J(k + 1)
for every y € (Di+1 NTk) \ 1G, which implies that n(ym) = aj42. Since o4+1 # Cg+2,
we get that m ¢ Per(n, I'y). From this, we deduce that mI'y € G \ Per(#n, ['t), and since
m € J (k) is arbitrary, we conclude that J(k)['y4+1 € G \ Per(n, ['y). From the relation
Per(n, I';) € Per(n, I'x), it follows that J(k)['x4+1 € G \ Per(n, ['y) € G \ Per(n, I'}).
From this, we get | J;~; J (k)41 S G \ Per(n, I';). Then, applying equation (2), we

deduce
i—1

Per(n. T) € | J(0)Tks1.
k=0

From the construction of n, we have Uf;é J(T41 < Per(n, T';), which implies that both
sets are the same. O]
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PROPOSITION 4.4. (I'y),eN is a period structure for 1.

Proof. Let i > 1. If g G is such that Per(n, I';) C Per(c¥n, I';), then g lw e
Per(n, I';) for every w € Per(n, I';). Lemma 4.3 implies that

i—1 i—1
U orm < e/ Orim. 3)
1=0 1=0

We will prove inductively that I'; is an essential period of 7.

Fori = 1,let g € G be such that Per(n, I'1) C Per(oén, I'1). From equation (3), we get
that I'y € gI'(, which implies that g € I'y.

Suppose the result is true for i > 1. We will prove it for i + 1. Let g € G be such
that Per(n, I'j4+1, @) € Per(o8n, I'j41, @) for every o € X. Since I';41 C I';, we have
Per(n, I';, ®) € Per(n, 'j+1, @). Consider h € Per(n, I';, ) and y; € T';. Let d € Dy
and y;4+1 € ['j4+1 be such that y; = dy;11. Then

hJ/iV,;ll = hd € Per(n, T';, @) S Per(n, T'iy1, o) S Per(o®n, Tiy1, o).

Thus, « = o8n(hd) = oén(hdyi+1) = o8n(hy;). Since y; € I'; was arbitrarily taken, we
deduce that i € Per(oén, I';, ). Because this is true for every h € Per(n, I';, o), the
hypothesis implies g € I';.

Hence, we get J(DI'14+1 = gJ([)I'j41 for every 0 <[ <i — 1. By equation (3), this
implies that J(i)I;41 € gJ(i)[';41. From this, we get that for u € J(i) C D;, there exist
ve J@) C D; and y € I'j41 such that u = gvy. Since g € I'; and I'; is normal, there
exists g’ € T'; such that u = gvy = vg’y € vI;. Since u and v belong to D;, we deduce
that v = u and then g’ = y ! € I'; 4. Finally, gv = vg’ € vI';;1 = ;4 1v, which implies
that g € T'; 4. O]

4.2. Construction of periodic measures on £¢. In this section, we will define a
sequence of periodic invariant measures defined on £¢. Then we will show that the accu-
mulation points of this sequence are supported on X = O, (). Unlike the non-amenable
case, when G is amenable, it is guaranteed that these limit measures are supported on X
(see Remark 4.7 below).

For every n > 1, we define ), € > as

Na(y Dp) = n(Dy) foreveryy €'y,

that is, n,(yg) = n(g) for every y € I', and g € D,. Thus, we have o? (3,) = 1, for
every y € I';,, which implies that

-1
Os (M) ={0" (n) : u € Dy}.
We define the following probability o-invariant Borel measure on £¢,

1

,u,n = |Dn| Z (So_u—l(nn).
ueDy,
Leti € {1,...,r}and [i] be the subset of all x € £C such that x(1g) = i.
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For every n such that n + 1 =i (mod r), we have
|/ ()| + [Per(, T, ) N Dul _ [ ()] _ |- | D, N Per(n, I'y)|

| Dyl = Dyl | Dyl
Per(n, 'y, j) N D D, NPer(n, I . .
|Per(n, 'y, j) n|§| n (n, T'n)l for j e {1, .. ..r}\ (i),

| Dn| | Dy |

Recall that in §3, it was shown that d,, = |D,, N Per(n, I';,)|/|D,| defines an increasing
sequence converging to some d € [0, 1]. Using the same argument, it is possible to show
that d, ; = | D, NPer(n, I'y, j)|/| Dyl also defines an increasing sequence in [0, 1]. This
implies that every accumulation point p of (t;4sr—1)s>0 satisfies

|Per(n, I'y, 1) N D,| -

un([i]) =

bl

pn (i) =

w{i) =1—d+ lim >1-—d,
n— 00 | Dy, |
and
P ,Th, j)N D .
w(D = tim BT DODL_ oy prevery j e (1L P\ i)
n— o0 | Dy |

PROPOSITION 4.5. For the Toeplitz array n defined above, we have

1 . |D;j|
1—4d 1:<1——) (1——]) foreveryn € N.
" D1 ]1:[1 |Dj1]

This implies thatd < 1 — d.

Proof. Since (Per(n, ['y+1) \ Per(n, I'y)) N Dyy1 = Dy \ D, N Per(n, '), we have
|Dp41 N Per(n, Tpi1)l

dnt1 = Dy
_ | Dy N Per(n, Uy)|| Dyt N Tyl + (|1Dy| — | Dy N Per(n, Ty)l)
B | Dp1]
_ |Dn N Per(y, Ty)| n | Dy | <1 _ |Dn N Per(n, Fn)|>
| Dyl | Dnt1l | Dyl
—dy+ 2Ly,
|Dpy1]

The previous equation also implies that

I —dusr = (1 — dy) — 220! (1—dn>=(1—dn)(1— 'D"')
Dot Do

-4 1)(1_|Dn_1|)(1_ | Dy )
" | Dyl |Dyy1]
“ |D;| )
=(1-—-d 1]——).
( 1)]1:[]< |Djy1]

Since d; = 1/|Dy|, we get the desired equality. Taking the limit on »n and applying
Lemma 4.1 for [ =1, we get 1 —d > (1 —dp) /«/E. However, the condition in equa-
tion (1) for i = 0 implies that 1 — d; > 1/«/5, from which we get 1 —d > 1/2 and then
d<1-—d. O]
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Remark 4.6. From Proposition 4.5, we get that there are at least r different accumulation

points of (i,)nen, namely vy, . . ., v,, where v; is an accumulation point of (&4 15r—1)5>0
for every j € {1, ..., r}. Furthermore, if u is an accumulation point of (u,),eN, then
there exists i € {1, ..., r} such that
(D, - -5 w(rD) = Qi((1D, . . ., vi([r])
=(t1,...,ti_],1_d+ti,t[+1,.. -str) :Z;',
where
Per(n, 'y, j) N D,
tj = lim [Per(@. Tn. /) d forevery j e {I,...,r}.
n—>00 [ Dy

Taking subsequences of (I';),en, We can assume that (uj4s-—1)s>0 converges to v;
for every 1 < j <r. In other words, we can assume that vy, ..., v, are the unique
accumulation points of (i4y,)neN-

Remark 4.7. Suppose that G is amenable. Then we can assume that the sequence (Dj,),eN
is Fglner (see [8]). Let x be any element in X G and define the measures u, as before, taking
n = x. The accumulation points of (i,),en are supported on Oy (x). Indeed, if U € £¢
is a cylinder set given by fixing the coordinates of its points in some finite set F C G, then

—1 —
oy~ W EID o iy € UM | (v € Du\OpDyio® 'y € U
" | Dy | | Dy | ’

where 0 D,, = {v € D,, : vF € D,}. If (Dy),en is Fdlner, then the first term of the sum
goes always to zero with n. This implies that v;(U) > O for some 1 <i <r, only if U
intersects the orbit of x, from which we deduce that the measures vy, . . ., v, are supported
on Oy (x).

When the group G is non-amenable, the supports of the accumulation points of (t,)neN
depend on the choice of x. Indeed, if x is an element of a subshift without invariant
measures (subshifts are a test family for amenability, see [14]), then the accumulation
points of (i,),eN cannot be supported on Oy (x).

In the following, we will show that the accumulation points of (u,),eN are supported
on X (regardless of whether G is amenable or not).

LEMMA 4.8. Letn > 1. For every m > n + 2, there exists

y € Thp1 N D)\ (Dyy1 T2 U - - U Dy Tyy). 4)
Moreover,
—n—1
|Dm| " |Dn+l|
(Tt 1 O D) \ (D1 T2 U+ U Dy T = LU |
" " B e [Dpt1l 1_[ [ D411l

=1

Furthermore, if y satisfies equation (4), then

YDuy1 € Dy \ (Dpy1 T2 U - - U Dy Tyy).
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Proof. For m = n + 2, observe that y € (I';;41 N Dy42) \ {1} satisfies the property.
Indeed, if y = uy’ for u € D,y1 and y’ € T',12, then u = 1. This implies y =y’ €
[y42, but since y € D, 47, this is only possible if y = 1¢.

We will continue by induction on m > n + 2. Suppose there exists

Y € Tnt1 N D) \ (D12 U - U Dy 1)
Let yo € 'y N Dy41) \ {1} Since y € I'y41 N Dy, and
Dm+1 = U y/Dms
y'€lmNDy41

we have that yoy € I';y+1 N Dyy41. Suppose there existn +1 <s <m — 1, u € Dy, and
y" € T'y41 such that ypy = uy’. Since s +1 <m and yy € T, this implies that y €
D541 which is a contradiction with the choice of y. However, since yoy € D,,+1, the
only way that ypy € D,;;I'y41 is having yoy € Dy, which is only possible if yo = 1
(because y € Dy, and yg € I';;,). We have shown that

Y € ot N Dy 1) \ (D1 T2 U= - - U Dy Ty g1).

[Dpt1]
Nm+1,n Z( |lr)n;-| -1 Nm,n,

This implies that

where
Nm+l,n = |(Fn+1 N Dm-H) \ (Dn+1rn+2 u..-u DmFm+l)|-

From this, we get

m—n

N 1>IT(WHHH Q_JQHHTTO mwn>
+1n Z —_— — = _— .
e | Dus| | D1

1 e [ Dutiv1l

Finally, let y be an element in I',,4 satisfying the relation in equation (4) and let
u € Dy41. Suppose there exist n+1<s <m —1, v € Dy, and y' € sy such that
yu = vy’. We can write v = y"u’, with u’ € D,y and y” € T',;1 N D;. The equation
yu = y"u'y’ implies u = u’ and then y € D;I'sy1, which is not possible. This finishes

the proof. O
Let n > 1. We define
Up={x € 2% : x(Dpy1) = na(Dyy1)}- (5)

Observe that U, is the set of all x € £¢ such that x(yDy) = n(Dy,) for every
Y € Dy Ny

LEMMA 4.9. Letn > 1 and m > n be such thatm = n (mod r). If y € [',41 N Dy, satis-
fies the relation in equation (4), then o7 (n) € Uy. This implies that U, N Oy (n) # 0.

Proof. Letm > n be such that m = n (mod r) and let yy € I',41 N Dy, be an element of
the group satisfying the relation in equation (4). From the choice of yy, if g € Dy+1, then
n(y0g) has been defined in step k € {1, ..., m} if and only if g € Per(n, I';,41). Observe
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this implies
n(YoDn) = 1(Dn) (6)
and
n(yoyu) =nw) forallu € D, NPer(n, ') and y € D41 N Ty, @)
Ifu € D, \ Per(n, I'))) = J(n), then yoyu € J(m), which implies that
n(Yoyu) = dmt1 = opt1 = n(u). (®)
From equations (6), (7), and (8), we get
n(vy Dn) = n(Dy) forevery y € Dpt1 NIy,

which implies that
N(Y0Dn+1) = 1Mn(Dn1),
and then o7 (n) € U,. O

PROPOSITION 4.10. The accumulation points of (iin)neN are supported on X = Oy (n).
Therefore, X has at least r different invariant probability measures.

Proof. Let v be an accumulation point of (u,),en. We have that v = v; for some i €
{1,...,r}.

Let C € ¢ be a clopen set such that v(C) = ¢ > 0. We can assume that C = {y €
»G : y(D,) = P}, where P is some element in £ °» for some fixed n > 1. Since v(C) > 0,
we have that p;4,5—1(C) > 0 for infinitely many s. This implies that O, (n,,) N C # @ for
infinitely many m which are equal mod ». From this, we get that there exists u;,, € Dy,
such that n,, (u,, D,) = P. We can always assume that Dy, - D, € D,,+1, which implies
that u,, D, € D,,+1. From Lemma 4.9, it follows there exists g € G such that 68(n) € C.
Therefore, v is supported on O, ().

From Remark 4.6, we deduce that X has at least r different invariant probability
measures. O

4.3. Lower bound for the number of ergodic measures. In this section, we show that X
has at least r ergodic measures. First, we need the following lemma.

LEMMA 4.11. Foreveryi > 1 and y € T'j, there exists | > i such that y J(i) € J()['j41.
Proof. Since J(i) = D; \ Per(n, I';), then y J (i) N Per(n, I';) = @. This implies that
yJ @) < | JIOTi.

1>
Let ! = min{k > i : yJ(@{@) N J(k)Txy1 # B}. Let u € J(i) be such that yu = v;y;4; for
some v; € J(I) and y;41 € I'j11. Since v; € Dy, there exist v € D; and y' € T'; N D;
such that v; = y'v. The relation yu = v;y;4+1 implies v =u and y = y'y;, for some
Y11 € D1 Thus, if s € J (i), then ys = y'y/, ;s = y'sy/,, for some y/", | € T41. This
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implies that ys € DiT'111 € J()T 41 U Uf;lo J(k)Tk+1. The choice of [ implies that
ys € J(DI'4+1, and then y J (i) € J(DT41. O]
COROLLARY 4.12. Foreveryi > 0and y € I';, there exists « € X such that

n(g) =a foreveryg e yJ(i).

Proof. The case i = 0 is trivial. Suppose thati > 1 and y € I';.
From Lemma 4.11, there exists [ > i such that y J (i) € J()I';4+1. By the definition of
n, we get n(g) = oy41 for every g € y J(i). O

4.3.1. Partitions and invariant measures. Recall that {GU_ICn :v € Dy} is a clopen
partition of X, where

C,={x e X :Per(x, '), ) = Per(n, 'y, @) for every o € X}.
Forevery 1 <i <r,let
Chi={xeC,:x(g)=iforevery g € J(n)}.
Corollary 4.12 implies {C,,; : 1 <i < r}is acovering of C,, therefore,
P, = {a”_lC,,,i :1<i<r,veD,)
is a clopen partition of X.

LEMMA 4.13. Foreveryn > land 1 < j <r, we have:

(1 Cnt1 C Cn,an+1,'
-1

(2) 0¥ Cut1,j € Cyjforeveryy € (Fn N Dpy) \ {16}

and

Proof. Since Per(n, ') C Per(n, I';41), we have Cp,41 € C,. Furthermore, D, C
Per(n, I'y+1), which implies that x(D,) = n(D,) for every x € C,41. In particular,
x(g) = n(g) = a4 forevery g € J(n). From this, we get C 1 C Cp g, -

Using that Cy,11; € C,, we get that for every y € Ty, aVﬁlCnH,j C C,. However,
if y e (wN Dypy1)\{lg} and y € Cp11j, then Lemma 4.2 implies that o (g =
y(yg) = j for every g € J(n). This shows thatanlCnJr],j CCp. U

Let A be the convex generated by the vectors {1,..., 7.} € R” (see definition in
Remark 4.6). That is,

r r
A:{Zaiti:Zaizl,a],...,ar20}.
i=1 i=1

Since the vectors 71, . . . , I, are linearly independent, the convex A is a simplex.

PROPOSITION 4.14. There is an affine surjective map p from the space of invariant
probability measures of X to A. Furthermore, p(v;) = t; for every 1 < i < r. This implies
that X has at least r ergodic measures.
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Proof. Foreveryn e Nandi € {1,...,r}, weseta,; = |D, NPer(n, Iy, i)|.
Let Co; = [i]1N X. We have that

—1 —1
Coi= |J of CuiU U o8 Cp.
geJ(n) gePer(n,I'y,i)ND,,

Therefore, for every invariant probability measure u of X, we have

M(CO,i) = |J(i’l)|,LL(Cn,i) + an,i,u(cn)
= (S M| + an)t(Cpi) + ani Y, 1(Cnj)

J#i
[J(n)| + ani an.i
=D %L w(Ch )| Dl + u;’ > 14(Cpj) | Dal.
n n . .
J#

Taking a subsequence (nx)x so that limy_, oo 1 (Cp, ;)| Dy, | = a; € [0, 1], we get that

w(Coi) =Y Tj(D)ey,

j=1

with Zj aj = 1. This implies that (u(Co,1), . . ., u(Co,)) belongs to A. The map u —
(u(Co1), - - ., #(Co,)) is an affine map from the set of invariant probability measures of
X to A, sending an accumulation point v; of (i;jt+kr—1)keN to 7;. We will call this map
as p. Furthermore, we have that p is surjective and then the set of invariant probability
measures of X has at least r extreme points (observe that if n < r, then the linear maps
from a n-dimensional vector space to an r-dimensional one, cannot be surjective). O]

LEMMA 4.15. Let p be the surjective affine map from the space of invariant probability
measures of X to A introduced in Proposition 4.14. If |t and v are two invariant measures
of X such that p() = p(v), then u|p, = v|p, foreveryn € N.

Proof. For every n > 0, let A, be the r-dimensional integer matrix given by

|Dn+1| o .
-1 ifi = s
||DDn|| [ =] 7 onql
+1 e
Anliy j) = W ifi = j = oni1s
0 ifi # jandi # apq1,
1 ifi # jandi = o4,

where |Dg| = 1.
From Lemma 4.13, for every 1 <i < r, we have

-1 g s
c,. = | Yreonanrinig) o7 Criti ifi # a1,
n,itg — - oo .
Uyeninriniia) @7 Cottan YUjzi Cotrj i = angr.
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Thus, if w is an invariant probability measure of X, then

[Dpy1l .
(n—+ — 1) u(Cpy1,i) if i # ant1,
N — [ D
M(Cl‘l,l) - |D +1|
n . .
( D 1>M(Cn+l,oz,,+1) + 27 w(Cugrj)  ifi = ey
n
In other words, we have A, "D = 1™ where ™ = W(Cna)s ..., u(Cpnyr)). Since

the matrices A, are invertible (the columns are linearly independent), we have
- -1
M(ﬂ+1) — Anl . AO ,LL(O)
Using that @ = p(u), we conclude. O

Remark 4.16. 1f G is amenable, then the sequence (D,),cn can be chosen Fglner. In this
case, Lemma 4.15 implies immediately that the affine map p is a bijection, because the
set of points that (P,),en do not separate has zero measure with respect to any invariant
measure (see [4, Lemma 17]). When the sequence (Dj,),cn is not Fglner, that set could be
a priori a full measure set.

5. Measure-theoretic conjugacy

In this section, we study the properties of the measures v; constructed in §4. Recall that the
map p : M(X, o) — A introduced in Proposition 4.14 is affine and surjective. We start
by proving some technical lemmas that allow us to conclude that for any invariant measure
u € M(X, o) which has the same p-image of v; for some 1 < i < r, the p.m.p. dynamical
system (X, o, ) is measure conjugate to the odometer with its unique invariant measure
(Lemma 2.8, Proposition 5.8). As a consequence of that, we obtain that any invariant
measure whose image under p is equal to the image of v; coincides with v; (Corollary
5.9) and that the v; are ergodic and the unique measures that maximize the measures of
symbol cylinders (Theorem 1.3).

In the rest of this section, U, is the set defined in equation (5), i.e.,

Uy = {x € 29 : x(Dys1) = 10 (Dps1))

Additionally, for every 1 <i < r, we fix v; as the limit of (i +1r—1)keN (see Remark 4.6).

LEMMA 5.1. Let1 <i <r. Foreveryn > 1 suchthatn + 1 =i (mod r), we have

1 | Dyl
(U, > i ]l - —
villn) = I o [1 < )

Pl [ Dyti+1l

and

sr—1
T | Dy
V; U o’ U, zsll)ngo 1——).
=1

D
V€D I [ Dpti1l
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Proof. Letk > 2. From Lemma 4.8, we have

k—1 k—1
|Dyyig1] | Dpgrcl | Dyt
N’”’""zn(w C ) = o U o)
=1 n+l n+1 =1 n+i+1

However, if k = sr for some s > 1, then Lemma 4.9 implies that for every y € (I'y+1 N
Dypysi) \ (Dpt1Tn2 U U Dyygp—1Typgr), we have

Nu(Dut1) = n(¥ Dpg1) = Natsr (¥ Dug1)-

—1 —1 —1 . . .
Thus, we have oV 1,45 € U, and orv) Nntsr € 0V Uy for v € Dy, which implies

1 1 sr—1 |D ]|
Mn+sr(Un) > Nn+sr,n > l_[ (1 — L)

|Dn+xr| |Dn+1| =1 |Dn+l+l|

and

—1
" U 0" 00) 2 Nyyyp 12081 ;i—[ | _ D]
n—+sr nj)— n+sr,n|Dn+N| sl o .

D
veDoas |Dyptiy1l

Since v; is the limit of (ty4gr)sen and limg_ o0 [ Y(1 = |Dystl/|Dpsis1]) exists, we
conclude. O

Forevery 1 <i <rand k > 1, we denote

Yig = ﬂ oV Citkr—1,-

V€litkr—1NDitir

LEMMA 5.2. Letl <i <randk > 1. Then
Uitkr—1 N Og(n) =

Proof. If x € Y;x, then x(ya) =n(a) and x(yb) =i for every a € Per(n, I'i1kr—1),
v € Tiskr—1 N Ditxr, and b€ J(i +kr —1). This implies that o x(Dijxr—1) =
N(Djtkr—1) forevery y € I'ifxr—1 N Djtkr, which means that ¥; x € Ujyrr—1 N Og (7).
Let X € Ujtkr—1 N Oy (). There exist v € D,+k, and 1 < j <r such that x €
Cl+kr] Let y € Cjixr,j be such that x = o® y.
Smce x € Ujtkr—1, We have

X(¥ Divkr—1) = n(Ditkr—1) forevery y € Tiqggr—1 N Diyir. )
Since y € Ciy4r,j € Ciykr, we have y(g) =n(g) for every g € Per(n, I'; 14,). In particular,
Y(Ditkr—1) = n(Ditkr-1)- (10)

Finally, the relation x = o*~' y implies
Y@WDitir—1) = X(Diir—1) = n(Dikr—1)- (1)

We will show that v € T'j4—1. Suppose that v ¢ ['j14,—1 and let 0 <n <i +kr — 1
be the biggest n verifying v € I';, (here we assume I'o= G and Dy = {1g}). Let
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y € 41 N Djgir and u € Dy be such that v = yu. Since n + 1 <i 4+ kr — 1, from
equation (11), we have

Y(WDny1) = y(yuDpi1) = 1(Dpy1). (12)

Since G/ I';,+1 is a group, we know that there exists w € D41 suchthatuw € I'j,41. Since
v,y el'y and v=yu, u € I',. Thus, w € 'y N D,4+1, which implies wD, € D, 4.
Then, from equation (12), we get

y(wwDy) = n(wDy).

Equations (12) and (10), together with the fact that yuw € I',41 and D, < Per(y, I';41),
imply

ywwDy) = y(yuwDy) = y(Dy) = n(Dp).

From the last two equations, we deduce that n(D,) = n(wD,). However, since
w € 'y, N Dy4q, the definition of n requires that w = 1g. Indeed, if w # 1g, then
n(wg) = ap+2 # n(g) = ayy for every g € J(n). However, if w = 1g, then v € ', 41,
which contradicts the choice of n. This shows that v € ['j_z,—1.

Since y(g) =n(g) for every g € Per(n, I'iyir) 2 Per(n, T'iyrr—1), we have that
x(g) = y(vg) = y(g) =n(g) for every g € Per(n, I'iyir—1). This implies that x €
Citkr—1, which means that for every y € I'j4x,—1, there exists 1 < j <r such that
aVﬁlx € Ciyxr—1,j. From equation (9), we get that for every y € I'jy4r—1 N Djqpr, the
index j is equal to i. This shows that x € Y; ;. O]

For every 1 <i <r and k > 0, define

—1
Zix=J oV Ciprri- (13)

VEDitkr

LEMMA 5.3. Letl <i <randk > 1. Then

U a”_lY,‘,kEZ,‘,kUU U UU_lCi+kr,j~

VED; tir J#i VEDjqir—1

. . -1 -1 -
Proof. The inclusion 0V Citiri C UUEDi+kr o' Yy is direct from Lemma
4.13.

Suppose that x €

VED;ykr

veDitir GvilYi,k. Let v € Diyir, ¥ € Diskr NTigrr—1, and u €
Djtir—1 be such that o¥(x) € Y;x and v = yu. Then x € 0“71C5+k,_1,,~. However,
if we€ Ditpr, ¥ € Dizkr—1 N Diypr, ' € Diygr—1, and 1 < j < r are such that x €
aw_]CHer and w = y'u’, then Lemma 4.13 implies that x € o~ Citir—1,jify' # 1.
From this, we deduce that for every j # i,

( U leYi,k> N ( U UU?ICi+kr,j) =.

veD; i VED;tkr \Ditkr—1

This shows the result. O
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LEMMA 5.4. Forevery 1 <i <r, we have
lim Ui(Z,"k) =1.
k—o00
Proof. We have

| Dikr—1] -1
viZig)+ ———=viZw+v( ) U " Cir

D; - ~.
| Dictir| J#i WeDjtpr—1

Vi (Z,"k @] U U O‘wlCH_kr,j).

J#i WEDjjr—1

The previous equation together with Lemmas 5.1, 5.2, and 5.3 imply

-1
i (Zig) + Dkl v~< U O’U_IY'k) ~ tim T (1——|D"+""1+’|)
S Dl T Y T 1D | D]

VED;ykr

Then, we have

Di Dihr— ! Dikr—
1+| i+kr l| Zvi(zi,k)+| i+kr 1| > lim <1_| i+kr 1+l|).
| Ditkr | |Dihr| — s=00 ] | Ditkr+1
Thus, from the condition in equation (1) and Lemma 4.1, we get
lim v,~(Z,~,k) =1. O
k—o00

LEMMA 5.5. Foreveryl <i <randk > 0, we have
-1
Zik € Zign V) 0V Cigarnr
VED; 1 (et 1yr—1
and

Zix < (ﬂ Zi,l) vy U oV Cigr. (14)

1>k [>k+1 veDj 1

Proof. Lemma 4.13 implies that

_1
Zix € 0V Citrrysi foreveryl <s <r.
, +kr+s, y

VEDjykris

Lemma 4.13 also implies that

-1 -1
v
U 0" Cithrr—1i S Zig41 U U U 0" Citk+Dyr,j-
VEDj 1irir—1 J# VEDi 4 (ke41)r—1
Combining the two previous equations, we get

-1
Zix € ZignV | 0V Cirwrnr
VEDj 4 (k+1)r—1
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which implies that

-1

Zix=ZixN <Zi,k+l u J e Ci+(k+l)r>

VED; 4 (k+1)r—1
-1

- (Zi,k N Zi,k+1) U U o’ Ci+(k+])r-

VED; 4 (k+1)r—1

Using an induction argument, we get that for every m > k,

lkCﬂZﬂU U U cr"_lCi+Z,.

I=k+1 veDjq1—1
= 1
Nzl U »cu
1=k I>k+1 veDjy—1
From this, we get equation (14). O

LEMMA 5.6. For every 1 <i <r, for every k > 0, and for every invariant probability
measure [ of X, we have

M( ﬂ ZiJ) =ulZix) < M( ﬂ Zi,l) + Z %’Lﬂ

I>k I>k 1St 1Pitr
Moreover, if p(u) = p(v;), then
li i) =
i (V) =1
1>k
and (A;) = 1, where

A= UM et @i

g€G k>0 1>k

Proof. The first part of this statement follows directly from Lemma 5.5. Observe that
Lemma 4.1 and [22, Theorem 28.4] imply that limy_, o Z[’ikﬂ (IDj+ir—11/|Diir) = 0.

If p(u) = p(vi), then Lemma 4.15 implies w(Zx;) = vi(Zx;) for every k. Then
Lemmas 5.4 and 5.5 imply that limg_, oo ([ );»4 Zi;) = 1, and this in turn implies that
w(Ug>o Ni=x Zis) = 1. Since p is invariant, we get that u(A;) = 1. O

LEMMA 5 7. For 1 <i <vr, let A; be the set defined in Lemma 5.6. The factor map
X —> G from X to its associated G-odometer is injective when restricted to A;.

Proof. Let x,y € A; such that w(x) = w(y). We have that for each g € G, there exists
ke > 0 such that o'gflx, agfly € Z;; for every I > k,. Consider k > k. Since 7 (x) =
(y), we get that x, y € o Vitkr Ciyir for some v; i € D;iy, and hence o8 'x, crgfly €
a(”f“"g)flCHkr. If ve Djyy is such that viix-g € vk, then o8 'y, ogfly €

_ICH_k,. Since o€ ' x and ag_ly belong to Z; x, we get o8 'y, og_ly € a”_ICHk,J.
Thus, there exist w, z € Ciyxr; such that 08 'x =¢¥ 'w and ogfly =o'z, Since
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w, Z € Citir,i, we have w(Djtkr) = 2(Djtkr), which in turn implies that w(v) = z(v).
Consequently, we get

-1 -1 -1 -1
x(g) =0f x(lg) =0" w(lg) =w) =z(v) =0 z(lg) =0f y(lg) = y(g).
Since this is true for every g € G, we conclude that x = y. U

PROPOSITION 5.8. Let 1 be an invariant probability measure of X. If L(A;) = 1 for some
1 <i<r, then(X,o,un) and (G, ¢, v) are measure conjugate.

Proof. Suppose there exists i such that w(A;) = 1. By Lemma 5.7, we obtain that
mwla,: Ai — m(A;) is bijective. Using [18, Theorem 2.8], we get that 7 (A;) is measurable.
Moreover, using that A; is G-invariant and 7: X — (5 is a closed factor map, we
can conclude that 7|4, is an isomorphism of measurable spaces such that 7|4, (08x) =
@8] 4, (x). Note that 8 is uniquely ergodic and for this reason, /L(n|zil(B)) = v(B) for
every measurable subset B of 7 (A;). This implies that 77 |4, is a measure conjugacy.  [J

COROLLARY 5.9. Let p be the surjective affine map from M(X, o, G) to A introduced
in Proposition 4.12. Let @ be an invariant measure of (X, o). If p(u) = p(v;) for some
ie{l,2,...,r}, then u = vj.

Proof. Suppose p(u) = p(v;) for some 1 <i §<_r Let A; be defined as in Lemma 5.6.
By Legma 5.6 and Proposition 5.8, (X, i) and (G, v) are measure conjugate, and (X, v;)
and (G, v) are also measure conjugate with measure conjugacy 7|4, as in the proof of
Proposition 5.8. Let O € X be an open set. Since O N A; is an open setin A; and 7 |4, is
a measure conjugacy, |4, (O N A;) is a measurable set in (C_} Let V =m |4, (ONA;).
Since ,u(n|/:’_1(B)) =y (”|X,-1(B)) = v(B), for every measurable subset B of w(A;), we
obtain

1(0) = (0 N Ay) = px|; (V) = v(V) = vi(x|; (V) = vi(0 N A;) = i (0).
Since the open set O was arbitrarily taken, we conclude that u© = v;. O

Proof of Theorem 1.3. Let 1 <i <r. Suppose that v; is not an extreme point of
M(X, o, G). This implies that there exist two distinct invariant measures (1, t, and
0 <t < 1 such that

v =ty + (1 = us.
Thus,
pv;) =tp(u1) + (1 — 1) p(u2).

If p(1) = p(u2), then p(v;) = p(uz), which by Corollary 5.9 implies that @ = v;, and
then v; = w1 = o, which is a contradiction. Thus, p(u1) and p(u2) are two distinct
elements in A and p(v;) lies between them. However, this is not possible since p(v;) = t: is
an extreme point in A. We conclude that v; must be an extreme point of M (X, o, G), i.e.,
an ergodic measure. From Lemma 5.6 and Proposition 5.8, we get point (1) of Theorem 1.3.
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For the second part of the statement, note that for every u € M(X, o, G), we have that
there exist ; € [0, 1] such that 7 & = L and p(u) = 3, a;jf;. In particular,

pdil) =Y ajvi(ih) = e; (1 —d) + ti = v ([i]) + (1 — ).

j=1

Since t; < v;([i]), we have that p([i]) = v;([i]) if and only if o; = 1.
Finally, Lemma 2.1 allows us to write the statement in terms of totally disconnected
metrizable compactification of G. O
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