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ON A CLASS OF POSITIVE LINEAR OPERATORS 

BY 

J. SWETITS AND B. WOOD 

In a recent paper [3] Meir and Sharma introduced a generalization of the 5a-
method of summability. The elements of their matrix, (ank), are defined by 

a) n 7 ^ = 1 ^ * 
i = o l - a 3 ( / &=o 

where {ajj°=0 is a sequence of complex numbers. If 0 < a , < l for eachy"=0, 
1 , 2 , . . . then ank>0 for each «=0 , 1 , 2 , . . . and k=0,1,2, 

If we let 

a, = a,(x) = hjixMl + hjix)] 

y=0 , 1 , 2 , . . . where {h^x)}^ is a sequence of nonnegative real valued functions 

defined on [0, + oo), the identity 
(1) takes the form 

(2) Rn(x; 6) = T V * =fcnk(x)6K 
i=o 1+hjix)—n^xp fc=o 

To each real valued function / , defined on [0, + oo) we associate the positive 
linear operator, Ln, defined by 

(3) LJJ;x)=fcJix)f(\ 

The special case hô(x)=x fory=0, 1 , 2 , . . . results in an operator introduced by 
Baskakov [1]. In this note we prove the following convergence theorem for the 
sequence {£J£L0 defined by [3]. 

THEOREM. Suppose {A,(*)}£Lo ^ a sequence of continuous, nonnegative real valued 
functions defined on [0, + oo). Suppose that on each interval [0, a] there is a constant 
M which depends only on a such that hj(x)<Mforj=0, 1, 2 , . . . , x e [0, a], Letf 
be continuous on [0, oo) and satisfy \f(x)\<eAxfor some constant A>0. Thesequence 
{Ln(/)}^L0 defined by [3] converges to f uniformly on [0, a] if {h3)f=Q is uniformly 
(C, 1) summable to x on [0, a]. 

King [2] established an analogous result for a class of operators associated with 
the generalized Lototsky transform. 
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Proof of the Theorem. We note that each series defined by [2] has radius of 
convergence bigger than or equal to 1 + 1/M and that Ln(f; x) is defined for n> 
A{ln[l + (IIM)]}-K 

Let £>0 be given. Choose <5>0 so that \f(t)—f(x)\<e if \t—x\<ô for any t, 
x, e[0, 2a]. Assume that ô<a. Then 

\Ln(f;x)-f(x)\< 2 cnk{x) 
\(kln)-x\<5 n, + 2 Cnk(*) 

\(k/n)-x\>â 
/(;|-/W 

< £+ 2 cnk(x) 
\(k/n)-x\>ô f\y-m\ 

n o fc=o I \nl 

eAx °° 1 °° I /fc\| 
nok=o ndk=o I \n/\ 

nzô\-o n2(52 &=o 
T h e n 

(4) 2,{k-nx) ««*(*) = » * -2nx — — + — — + — ^ ~ 
7c=0 

= n2x*+(l-2nx)Hn(x; l)+2(hi(x)f+(Hn(x; l))2 

and 

(5) fik-nxfc^xX^f 
fc=0 

= n2x2Rn(x;eA/n)-2nxe 

3=0 

2A/n 
" * ,Mvrt + g + £ 

9e ae do = envatl«S">-2nxe*"'Rn(x ; ^/re)ffn(x ; <^/B)+eZA!nRn{x ; e^/n).ffn(x ; e*ln) 

+e ' «n(x;e )(H„(x;c )) +e Rn(x;e ) £ (M*))" 

where 
fSCl+ZiXx)-/!^)^7")2 

H»(*,j0=2; 
fe,(x) 

Using the representation (4), the inequality (A3(x))2<M/2i(x) and the hypotheses, 
we see that 

pAx oo 

— 2,(k-nxfcnllx) 
nô k=o 

approaches 0 uniformly on [0, a] as n-+co. 
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Since 1 +hi(x)-hi(x)éA/n>l +M(l -eA/n), it follows that Rn(x; eA/n) is bounded 
as n-*oo. 

We can write 

and 

Therefore, 

h%\-eAln) 

In J 

l+hj-h^ 

1 n 

-I 

In 

h)(\-eAln) 

M 2 | l - e^ / n | 

~ | l+M(l-e^ / n ) | ' 

converges to x uniformly on [0, a]. 
Thus from the representation (5), we can conclude that 

- £ i i(fc-nx)2cn)fc(x)(^"f 
no *=o 

converges to 0 uniformly on [0, a]. 
This completes the proof. 
The referee has pointed out that a weaker version of the result can be found in 

Pethe's Ph.D. dissertation [4]. 
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