An Application of Hankel Transforms in Axially
Symmetric Potential Flow

By A. G. MacCkKIE
(Received 29th November, 1954.)

In his book on Hydrodynamics, Lamb obtained a solution for the
potential flow of an incompressible fluid through a circular hole in a plane
wall. More recently Sneddon (Fourier Transforms, New York, 1951)
obtained Lamb’s solution by an elegant application of Hankel transforms.

Since the streamlines in this solution are symmetric about the wall,
it is not of particular physical interest. In this note, Sneddon’s method
is used to give a solution in which the fluid is infinite in extent on one
side of the aperture but issues as a jet of finite diameter on the other side.

Cylindrical polar coordinates r and z are chosen with origin at the centre
of the aperture such that z = 0 is the equation of the plane wall and the
circular aperture contained in it is defined by z=0, r <1. The flow is
to be in the direction of increasing 2.

The velocity potential ¢ must satisfy Laplace’s equation
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If both sides of this equation are multiplied by r J(ér) and integrated
with respect to » from 0 to co we get
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where

§— j:rqs(r, 2) Jo(Er) dr.
Hence ¢ = 5: EF(€)exts J (Er)dE is a solution for suitably chosen F(£).

The method of setting up the required solution is as follows. We
shall find two potential functions ¢, and ¢,, ¢, being the solution when
z <0 and ¢, when z > 0. It is then necessary to ensure that ¢, = ¢, and

https://doi.org/10.1017/50013091500024913 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500024913

HANKEL TRANSFORMS IN AXIALLY SYMMETRIC PoTENTIAL Frow 129

%%1 = %%2 at the aperture z=0, r < 1. It should perhaps be pointed out

that this is in no sense a “ patching ”’ process along characteristic surfaces,
appropriate only to hyperbolic differential equations, but is merely a device,
in which the properties of the elliptic (Laplace) equation are exploited,
to ensure that ¢, is the correct continuation of ¢,.

¢, must satisfy the conditions:

1) ¢, >0 as 224120,

(ii) %%1:0 for z=0 and > 1.

The only independent condition that ¢, must satisfy is that

¢2—> U as z— 0, U being the velocity of the jet at infinity.

Accordingly we try solutions
= ea@egenae,

o= K+ Uzt j: EB(£) e Jo(¢r) dE.

The continuity conditions across the aperture and condition (ii) on ¢,
then require

[ sta@—B@yJena—x (r<1),
|, epta@+BeyIiinae=v <,
| ea@yenae=o (r>1).
These conditions are satisfied by choosing
a@=20E S00

and
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This solution gives us a one parameter family of flows for which the
infinity velocity of the jet hasthe value U. Analytically it is represented by

b= 2" etsinger@naet 2|7 e a0 e Tenat

$o=K+Uz— —j Elsing e J (ér)dé+ < j E1J,(€) et Ty (ér)de.

The axial velocity, given by [_ %:l , can be easily obtained.
L r=0
On evaluating the appropriate integrals we find that
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This is seen to have the correct form as z— 4 o0 and — co.
Other properties of the solution are more easily examined by obtaining
the stream function ¢, related to ¢ by the equations
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Simple properties of Bessel functions give the stream function as

b=E1" e singe g, (enae+ 5| rer guo e g,

b= 1 U+ E [ ret sing et gy @nae— G |Tret n@ et ayenag.

Now when z=0 and r > 1, ;= K —}— ti , & constant, as is required.

This follows from the properties of the Weber-Schafheitlin discontinuous
integrals. Consequently, if R is the radius of the jet at infinity,

K U \/ 2K
2 — v — by
IUR?=— i o R + = T
The velocity at the edge of the aperture is infinite. This situation is
encountered in Lamb’s solution and in many similar incompressible flow

patterns. Physically the most interesting problem of this type is when the
issuing jet has a free surface. This problem has twice been attacked
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numerically, first by Trefftz (Zeitschrift fir Math. w. Phys., 64, 1916)
using an iterative method based on integral equations and then by
Southwell and Vaisey [Phil. Trans. Roy. Soc. (A), 240, 1946] using
relaxation methods. The above solution is presented here, partly
because of its somewhat unorthodox mathematical approach, and partly
because it may provide a method of solving the free surface problem
by the superposition of perturbation solutions which die out at infinity.
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