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Abstract

Let O be a higher rank Exel-Laca algebra generated by an alphabet A. If A contains d commuting
isometries corresponding to rank d and the transition matrices do not have finite rows, then K;(O) is
trivial and K¢ (O) is isomorphic to Ky of the abelian subalgebra of O generated by the source projections
of A.
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1. Introduction

Several authors have considered the K -theory of generalized Cuntz—Krieger algebras.
For instance, the K-theory of the classical Cuntz—Krieger algebras yields a famous
invariant by Bowen and Franks [2] for shifts of finite type. Another important
application of K-theory of generalized Cuntz—Krieger algebras is their classification.
In the best case they may be completely classified by the theorem of Kirchberg [17]
and Phillips [20]: generalized Cuntz—Krieger algebras are often purely infinite and thus
determine candidates in advance. The computation of the K -theory of rank-one graph
C*-algebras, see [11, 16, 19, 25, 30], and Cuntz—Krieger and Exel-Laca algebras,
see [9, 10, 14], is completed.

In return, the computation of the K-theory of higher rank graph C*-algebras
[18, 23, 24] and Cuntz—Krieger algebras [27, 28] is extremely scanty. Explicit results
exist only for rank two and rank three, see [1, 4, 12, 29]. Evans [12] proves that the
K -groups of finitely generated higher rank graph C*-algebras are finitely generated.
A duality theorem was proved by Popescu and Zacharias [22].
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In this article we compute the K -theory of higher rank Exel-Laca algebras having
the properties (I) and (II) for all ranks, see Theorem 5.6. The Kj-group is always
trivial in this case, and the Ko-group is always torsion free. We use a crossed product
representation A X, Z%, where A is an AF-algebra, and repeatedly apply the Pimsner—
Voiculescu sequence. The computation, however, is not easy, and a blindfold approach
would quickly collapse by the complexity of A and «. The property (II) is designed in
such a way that in each step the K|-group stays trivial. Without that assumption, that
is, in the general case, the computation may only work if in each step the Pimsner—
Voiculescu sequence would split naturally. This, however, is unsettled. The same
problem arises for Evans in [12] who uses a theorem of Kasparov [15]: the spectral
sequences that appear may not split naturally.

This paper is organized as follows. In Section 2 we recall the definition of higher
rank Exel-Laca algebras and define the properties (I) and (II). In Sections 3-5 we
prove the main result, Theorem 5.6. In Section 6 we use this theorem to compute the
K -theory of some rank-two Cuntz—Krieger algebras inspired by shifts of finite type in
dimension two [5].

2. Higher rank Exel-Laca algebras

A triple (A, F, Il) of generators and relations consists of an alphabet A, the free
nonunital x-algebra I over the field C generated by A, and a two-sided self-adjoint
ideal T'in IF.

DEFINITION 2.1 (Higher rank Exel-Laca algebra [6]). Let (A, IF, ) be a triple of
generators and relations, and let X be the quotient x-algebra [F/I. It is convenient
by an abuse of notation to denote the equivalence class x + I in X by x for x € A or
x € F. Throughout we use the notation P, = aa* € X and Q, = a*a € X whena € A.

Assume that A is endowed with a partition A4 =| |, .y, v such that the following six
properties hold.

Rank-one Cuntz—Krieger relations. There exists a family (sy)yecy of maps s, : v X
v — {0, 1}, each of which is called a transition matrix, such that for all v € V and
all a, b € v the identities aa*a =a, Q,0p = QpQq, PsPp=684P, and Q,P, =
sy(a, b) P, hold in X.

Permutation rules. For all vy, v, € V such that v| #£ v,, and for all a; € vy, a2 € v
and €1, e € {1, *}, the product aflagz vanishes in X, or there exist b; € vy, by € vy
such that both identities

€1 € _ p€7€l €1, €2\ _ €2k €l
a, a,”=by"b;" and b (a,")" = (by )"a, ,

hold in X.
The next condition ensures the existence of certain gauge actions on X.

Invariance of the ideal. The ideal I is invariant under the automorphisms ¢, : F — F
forall » € TV, where t;(a) = Aya foralla e v e V.
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The following property ensures that the norm closure of the fixed point algebra A
of certain gauge actions on X is an AF-algebra.

Stronger finiteness property. For an integer N > 0 and a subset w C A, define

Fw,N:{al---achl-~-Qcmb:---bT€X|
0<n<N, 1<m, a,c;, bj ew}U{0}.

For all finite subsets {v{,...,v,} €V and all finite subsets u; C v;, where
1 <i < n, we require that for all 1 <i < n there exist finite subsets w; C v; containing
u;, such that forall 1 <i, j <n we have

Fu; N Fu;n S span(Fy; N Fu; N),
(Fuw; N Fuw;.N denotes the set of products in X) and
{Py|a € wi}Fu, N S span(Fu, n{Pala € wil). (1)
The next property is the counterpart to certain aperiodicity conditions for graphs.

Projections property.  For all nonzero words x =x1...x, € X in the letters
xi € A, all veV, and all sequences (a,),>1 C v there exists N > 1 such that
xx*ay...anay ...af #xx*in X.

Finally we require a nontrivial representation 7 of X on a Hilbert space H as
follows. (Throughout Alg and Alg* denote the generated algebra and x-algebra
(without topology) respectively.)

Saturating Ago-faithful representation. There exists a representation 7 : X — B(H)
which is injective on

Ao = Alglaa™ € X |a € AU A*},

and such that for all v € V the strong operator sum »_,_, 7 (P,) is a unit for 7 (b) for
allb e A.

The norm closure 77 (X) is denoted by O AF.1 and called the higher rank Exel-Laca
algebra associated to (A, I, ). The cardinality card(V) is regarded as the rank of the

Exel-Laca algebra (which, however, is not unique in general).

acv

The ‘stronger finiteness property’ of Definition 2.1 is slightly sharper than the
“finiteness property’ in [6]. However, the difference is minor and the extra amount
required (namely (1)) seems ‘natural’ (owing to the permutation rules).

REMARK 2.2. If the alphabet A is finite then there exists a higher rank graph A such
that O 4 F 1 i8 *-isomorphic to the higher rank graph C*-algebra C*(A) defined in [18].
To be precise, the object set of A is defined by

AP ={(a1, a2, ..., ax) €vi x v3 X -+ X U | W(Pyy Pay . . . Pa) # 0},
where V = {vy, ..., vx}. We introduce exactly one morphism 9; p in A€ with range
r(@i p) =a=/(ai, ..., a) and source s(@é p) =b= (b1, ..., by)if and only if
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0% (Pay Pay - . . Payai Py, Py, . .. Ppy).
Then

Sa =T (PayPay ... Py) fora=(ay,...,a)eA",

sgi , =m(ai Py Py, ... Py) forabe A% 1<i<k,

is a Cuntz—Krieger family in 7 (X) which generates O 4 r 1 (see [7]).

In the rest of this paper we will fix a triple (A, F, I) of generators and relations
satisfying Definition 2.1. We also fix a finite partition V = {vy, ..., vg} of A, a
family of transition matrices (sy)yey, and a saturating Agg-faithful representation 7
as required in Definition 2.1. Moreover, we assume that the following two properties
hold.

() The quotient x-algebra X has a unit / and there exists a family (Sy)yey of
commuting isometries such that S, e v forallv e V.

(I) Denote by g the commutative algebra Alg{Q, € X |a € A}. Then for all
1 <i <d, all finite subsets B C v;, and all non-zero z € ¢ we require that
P =73, Ppis not a unit for z (that is, Pz # z in X).

REMARK 2.3. Each row of s, (for v € V) contains either no or infinitely many
zeros and contains either no or infinitely many ones. In particular, A is infinite
and the translation to graph algebras as in Remark 2.2 does not work. Hence,
the result in Theorem 5.6 is presumably disjoint from the K-theory results [1, 4,
12, 22, 29] for graph C*-algebras [18]. To see the claim, assume that the set
Fe={becv]|sy(a, b)=g} is nonempty and finite for some fixed v e V, a € v and
g €10, 1}. Since 7 is saturating,

T(Qa) =7(Qa) Y 7(P) =Y su(a, O)m(Po). )
cev cEeV
However, this is a finite sum if g =1. Since 7 is faithful on Agy and Q, —
Y e Sv(a, ) Pe € Ago, we have Q, =) .., sv(a, ¢) P.. However, this contradicts
property (II).

3. Proof part 1

In this section we write the stable form of O 4 1 as a crossed product of an AF-
algebra A by an action « of Z.

Recall that we fixed a triple (A, IF, I) which generates a higher rank Exel-Laca
algebra and satisfies the properties (I) and (II). Let ZfiF be the elements of Z4 with
nonnegative coordinates. If n = (ny, ..., ng) € Zi then we write S” = 7' ... S/
Let

W={xix2...xp,€X|n>1,x € AU A"},
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be the set of words. Lets; =(0,...,0,1,0,...,0) € Z4 (ith position) for 1 <i <d.
We call the involutive semigroup homomorphism

bal: W\ {0} - Z% :bal(a) =6;, 1<i<d, acu,

the balance function (see [6]). That means that we have bal(xy) = bal(x) + bal(y) and
bal(x*) = — bal(x). A word x # 0 is called zero-balanced if bal(x) = 0, otherwise we
call it non-zero-balanced. The linear span of all zero-balanced words forms a self-
adjoint subalgebra in X denoted by A.

By [6, Corollary 4.11], A is the inductively ordered union of the family I' of
its finite-dimensional sub-C*-algebras. Thus, the norm closure A may be regarded
as the C*-direct limit K:li_r)nMerM. For all n <m e Z% we put A, =A, and
define injections

Wyn : An = At Wy () = 8" (S,

Write A for the associated direct limit h_I)nnezd A,. Let W, : A, — A denote the natural
embedding. Throughout we will regard A,, as a subset of A (via ¥,,), and spell out
W, only if there is danger of confusion. Consequently we regard A as | .y« An. For
each 1 <i <d define an action «;; € Aut(A) by

i (W (X)) = W, (SixSf) = Wy 5,(x), neZ!, xeA.
LEMMA 3.1. Foralln <m, Ko(\W,,.,) is injective.

PROOF. It is enough to show that ; : A — A, such that Vi (x) = S;xS7, is injective
in K-theory for all 1 <i <d. First of all notice that y; is injective and has image
vi (K) = P,AP;, where P; = S; S¥. Clearly Ko(l//l.’ ) is injective for the isomorphism
V! : A — P;AP; given by ¥/ (x) = ¥;(x). Thus, it remains to show that Ko(j) is
injective for the identity embedding j : P,AP;, — A.

Since finite-dimensional C*-algebras have the cancellation property and A is the
inductive limit of finite-dimensional C*-algebras, A has the cancellation property.
Consider projections p, g € MN(P,-KP,-) and assume that Ko(j)([p] —[¢g]) =0.
Then there exists a partial isometry T € My (A) such that p=TT* and ¢ = T*T.
However, since p, g < (Iy ® P;) € My ®K, wehave T=(Iy @ P)T(Iy ® P;) €
My (P;AP;). Hence, [p] — [¢] =0in Ko(P;AP;). O

By the last lemma Ko(\W,) is injective, and we therefore regard Ko(A,) as a
subgroup of Ko(A), and regard Ko(A) as |, cze Ko(A,). Write @ = (a1, . . ., ag).

PROPOSITION 3.2. There exists an isomorphism k : P(A Xg 74P — O A F.1, where
P is the unit of Ao, which maps Wo(x) € Ag to w(x) for x € A.

PROOF. Basically we apply [5, Theorem 3.6]. To see that this is possible we argue as
follows. The proof of the uniqueness theorem [6, Theorem 2.3] relies on a uniqueness
theorem in [3]. Although the class handled in [3] is more general than the class of [5],
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the crossed product representation [5, Theorem 3.6] also holds for the class in [3].
Indeed the proof of [5, Theorem 3.6] remains valid if one uses the uniqueness theorem
of [3] instead of that of [5]. Hence, [5, Theorem 3.6] also holds for higher rank
Exel-Laca algebras. In the statement of [5, Theorem 3.6] a closed subgroup H C TA
appears, which in this case we choose as in [6], namely

H={eT*|Va,be A: A, = Ay whenevera, b € v;}.

The dual H of H is isomorphic to Z¢. We define the map S : H = Zi — F /I required
in [5, Theorem 3.6] by S(n) = S” foralln € Zi. The claim, including the shape of A,
can then be verified by an analysis of the proof of [5, Theorem 3.6]. O

LEMMA 3.3. Let 7: P(A Xo Z9)P — A x4 Z% be the identical embedding. Then
Ko(t) and K| (t) are isomorphisms.

PROOF. Let P, be the unit of A,. Then (P,),cz« is an approximate unit in A and
o (P,) = P,—y,. Using these facts we easily check that A 74 = U, ez¢ On, where
On = Py(A x4 Z9)P,. Denote by ., : O, — O,, the identical embedding. For
m > n we have a x-isomorphism ¥, », : O — O, by ¥y 1 (2) = Upy—nzU,,_,,, where
Uy denotes the unitary inducing the action «,. Therefore, we obtain the commutative

diagram
O "> O,
-
On On

It remains to show that K; (¥, mtm.n) is the identity map. Now for z € O,
Yumlm,n(2) = Um—nZU;;_n = Um—nPnZPnU;:,_n =TzT",

where T =Uy—p P, is an isometry of O, (since T =Uy—n P U)_,Upn—nPy =
Py—n—nyUmn—nPn € Oy since Py_(m—n) < P,). However, for a x-homomorphism ¢ :
C — C:z+ TzT*, T an isometry in some unital C*-algebra C, it is an elementary
computation that K;(¢) is the identity map for both i =0 and i = 1 (for the case i = 1
the statement of [26, Exercise 8.9] is useful). O

Our computation of K-theory is based on Proposition 3.2, Lemma 3.3, and
the following lemma, proved by successively using the Pimsner—Voiculescu exact
sequence.

LEMMA 3.4. Let «y,...,aq be commuting automorphisms of a C*-algebra
A and assume that K{(A)=0. Denote f; =Ko(o;)—id € End(Ko(A)) and
Y; = Range(f1) + - - -+ Range(f;).  Assume that f'(Y;_) CYi_y for all
i=1,...,d—1. Then

Ko(A X Z9) = Ko(A)/ Ya,

Ki(A g Z) = f7 (Ya—1)/ Ya-1.
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PROOF. By inductiononi € {0, 1, ..., d — 1}, suppose that K{(A X(q,,...a;) 7 =
0 and h; : Ko(A X(qy,....a) 7'y — Ko(A)/Y;, such that h;([a]) =[a] + Y; for all
projections a € M (A), is an isomorphism. We regard «;4; as an action on
,,,,, @) Z! in the canonical way. Then we consider the Pimsner—Voiculescu exact
sequence [21] (also see [8] where A is not supposed to be unital)

id—Ko(e )

. . Ko(r .
Ko(A x Z) Ko(A 1 Z1) 20 k(A % Zit)

T |

K1 (A x Zith 0 0

where r is the canonical embedding. Using the isomorphism /; we obtain

—_—

fir10Ko(a;) .
Ko(A)/Y; ——————= Ko(A)/Yi —= Ko(A x Z'™1)

| |

K1 (A x Zith 0 0

where gi+1 = fi+1 0 Ko(al.jrl]) denotes the quotient map of fj11 o Ko(oel.;ll). Thus,
Ko(A % Z'™1) = (Ko(A)/Y;)/ Range(gi+1) = Ko(A)/ Y1
Since Y; is invariant under Ko(aijrll), and f;41 and Ko(ozl.__h) commute,
Ki(A x ZH) Zker(gir1) = fi7) o Kool ™ (Y /Yi = £ (YD /Y3,

and the right-hand term vanishes if i + 1 < d — 1 by our assumptions. O

4. Proof part 2

The aim of this section is to prove Lemmas 4.3, 4.4, and 4.5. The other
lemmas are preliminary to these lemmas and will not be used later on. We
put w*={a*e€F|aecw} and w® =w U w* for subsets w € . A. We define the
subalgebras

Ay = span{xx* € A | x € W},
g = Alg{Q, €A |ac A}

Note that g € Aggp € Ag (Agp was introduced in Definition 2.1). It is important that
A is an abelian algebra, see [6, Lemma 4.4].
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Recall that A may be regarded as the C*-direct limit A = li_I>11MerM. Hence, we

have a representation K (K) = h_n)q Mer Ko(M) and a surjection

¢: | ] KoM) > Ko(d),
Mer

mapping [p] — [g] € Ko(M) to ¢([p] —[¢q]) = [p] — [q] € Ko(A) for projections
p,q € My(M). Hence, we often regard Ko(A) (and Ko(A,) for n e Z%) as
the union |\ Ko(M), where [p1] — [¢1] € Ko(M) is identified with [ps] —
[q2] € Ko(M>) for My, My €T if and only if there exists a A/ € I' such that
M UM, SN and [p1] — [g1] = [p2] — [g2] in Ko(N).

Next we are going to introduce notation for some special subgroups of Ko(A) that
will play a central role in our further computations. For 1 <i <d,n € 74 k e Zi we
define

¢i = Ko(a;),
B™ = Ko(An) € Ko(A),
B = Group{[¥,(5' 08" )] € Ko(A) |1 € Z4, 0<I<k, Qeq).

Here Group denotes the generated subgroup in Ko(A). Note that B,E”) is a subgroup
of Ko(A,). If k € Z4 \ Zi then we let B,E") be the trivial group. Furthermore, we put
B =B and B, = B,EO) for k € Z4.

In the next lemma we need the stronger finiteness property of Definition 2.1 and we
use the notation F,, y of Definition 2.1.

LEMMA 4.1. The union of certain finite-dimensional C*-algebras A is of the form
M =span(Fy, NFu, N ... Fy, n) where N > 1, w; Cv; are finite sets such that
S; € wj, and such that forall i =1, ..., d the sum ) P, is in the center of M.

acw;

PROOF. By [6, Lemma 4.10], A is the union of finite-dimensional C*-algebras of the
form M =span Fy, n ... Fy, v where N > 1 and each wj; is a finite subset of v;.
In the proof of [6, Lemma 4.10], the sets w; are chosen according to the claim in
the ‘finiteness property’ in [6]. We modify the proof of [6, Lemma 4.10] in that we
use the ‘stronger finiteness property’ rather than the ‘finiteness property’ once where
it is needed. (Furthermore we may assume that F,, y contains the unit / = S'S;
by requiring that S; € w; without loss of generality.) Consequently, the assertion in
line (1) holds. Hence, for all 1 <k <d, x € M and a € w; there exist y;, € M such
that P,x = Zbewk vy Pp, see (1). Let P = Zaewk P,. Then Px(I — P)=0, and
consequently (I — P)x*P =0, for all x € M. Hence, Px = x P. O

The next lemma is the key lemma which encodes property (II). Actually we only
use property (II) in the proof of this lemma.
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LEMMA 4.2. Let 1 <k <d and put

g = Alg{Qa € Ala € v},
Cx = span{yz € A | y € gk, z € W is a zero-balanced word

containing no letter of vf’}.

Let wy C vg be a finite subset, let P =)
implies x = 0.

P, andlet x € Cy. Then (I — P)x =0

acwy

PROOF. So x has a representation x = Z’j’-’:l Qjx; where Q; eqgr and x; € Ais a

zero-balanced word containing just letters of (A \ v;)®. Recall that 7 is the Ago-
faithful saturating representation. We present

(xj) = Z Ajapr(ab®),
a,b,bal(a)=bal(b)=M

as in [6, Lemma 4.12], where A; 4 ;, are scalars, M; € Zd, and a, b are words in the
letters of A \ vg. It follows from the proof of [6, Lemma 4.12] that we may assume
that M; = M for all j for some fixed M € Zfﬂ. Now suppose that (I — P)x = 0. Then

m
7l — P)w(x) =n(I = P) Y 7(Q)) > X j.a b (@b®),
j=1 a,b,bal(a)=bal(b)=M
0=m(I—P) > 7 (Lq,p)7(ab®), 3)
a,b,bal(a)=bal(b)=M

for Ly p = ZT:] AjabQj€qr. Fix a and b. By [6, Lemma 4.7] there exists a
finite set w; < v; such that for P’ = Zcew/ P. we have a*(I — P) = (I — P))a*.
By [6, Lemma 4.1] there exists L’ ab €k such that a*L,p =L/ ba* If we multiply
(3) from the left by 7 (a*) and from the right by 7 (b) then we obtain 0 = (I —
P )n(L;’b)n(a ab*b). Since 7 is injective on A by [6, Proposition 4.8] (and recall
that 7 is supposed to be injective on Agy) we get 0= (I — P’)L;’ba*ab*b. By
property (IT) we obtain a*L, pab*b =0, and thus 7 (L, pab™) = 0. If we sum here
over all a, b then we obtain w(x) = 0 (recall the representation (3)). Hence, x =0
since 7 is faithful on A. O

LEMMA 4.3. We have B = UneZi B,.

PROOF. Let x € B=B® = K((A¢p). Then there exists a finite-dimensional C*-
algebra M C A C Ag such that x = Ko(j)(y) for y € Ko(M) and the identity
embedding j : M — Ap. As explained in the proof of Proposition 3.2, the paper [6]
relies on the paper [3], and the conditions of [3, Proposition 3.3] are satisfied. By
[3, Proposition 3.3] and enlarging M if necessary, we may assume that M has the
maximal abelian subalgebra C = M N Ag. Hence, Ko(M) is generated by elements
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of the form [p] where p runs through the minimal projections of C. We have a
representation of p in Ay as [} XX} + -+ 1 XnX},, where X; are words and
[ € {+1, 0, —1} (since A is a commutative algebra, see [6, Lemma 4.4]). Since y
is a linear combination of such [p] in Ko(M), Ko(j)(y) is a linear combination of
such Ko(/)([pD) = L[X1 X71+ -+ - + In[Xm X, ] in Ko(A). So any x € Ko(Ap) is a
linear combination of elements of the form [XX*] in K¢(Ag). Each XX* is of the
form XX* = aQa™* for some Q € g and some (possibly empty) word a in the letters
of A by [6, Lemmas 4.3 and 4.5]. Since a*a € ¢, we may assume that Q = Qa*a. The
proof is completed by observing that [a Qa*] = [SP?@ Q §Pa@™] since a Qa* = TT*
and SP@ Q§PUO™ — T*T for T = aQSPN@* ¢ A,. O

LEMMA 4.4. Foralli=1,...,d and n= (ny,...,ng) erf_ such that n; =0 we
have that if x € B and ¢;(x) € B, then x = 0.

PROOF. Let ¢;(x) =a € B,. Then a is a Z-linear combination of elements of the form
[Wo(SKQS*™)] € Ko(Ap) where k; =0 and Q € ¢. By identifying A and A¢ we may
omit writing Wy. By [6, Lemma 4.1] we can ‘permute’ all expressions Q,, for a € v;,
to the left in the expression S¥ QS**. Thus, we can achieve the identity

m
skosF =" 0jsk0)s" e ¢,
=1

for some Q] € g; and Q] € ¢ such that Sk Qf S** does not contain a letter of vl@, where
we use the definition in Lemma 4.2 for ¢; and C;.

Hence, there exist projections aj, a; € My(C;) € My (Ag) such that a =[a;] —
[a2] in Ko (Ap).

We choose a finite-dimensional C*-algebra M C A such that C; C M and x =
[x1] — [x2] holds in K¢(Ag) for some projections xi, xp € My(M). We use the
identity My (M) = My ® M for notational purposes. We have ¢; (x) = [x{] — [x}]
where x; = (1y ® S)xi(1y ® S¥).

We enlarge M such that x|, x5 € My (M) and the identity

[x}] = [x3] = [a1] = [az], “4)

holds in Ko(M) (and consequently holds in Ko(Ag)). If necessary, we now enlarge
M to have the form

M =span(Fy, mFuym - - - Fuym)s

where S; € w; and P =}, P is in the center of M by Lemma 4.1. Hence, M
may be written as the direct sum (/ — P)M & P.M and

Ko(M) = Ko((I — P)M) & Ko(PM).
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If we use this decomposition in the identity (4) and consider the part
Ko((I — P)M), then we obtain

[aly @ U — P)l=[a2ln @ (I — P)],

since x,’{(lN ® (I — P)) =0 since S;*(I — P) = 0. Thus, by the cancellation property
of finite-dimensional C*-algebras,

a(Iy®@U = P)=TT"~T"T =ax(Iy ® (I — P)),

forsome T € My((I — P)M),and (a1 — TT*)(1y ® (I — P)) =0.
Note that (I — P)M = (I — P)N for the subalgebra

N =span(Fy, m - - - Fu,_;.mFuw;.0Fw,_ym - - - Fugm),

of M (since P is in the center of M and commutes with the subalgebras Fyjm < M,
I — P cancels the elements of | J; ., -, Fu,r)-

Hence, we may write 7 as t(1y ® (I — P)) for some t € My (N). Observe that
N C C; for C; of Lemma 4.2 (observe that Fy, 0 € gi and use the permutation rules).
Then a; — tt* =0 by Lemma 4.2. Analogously we obtain a, — t*t = 0. Hence,
[ai] = [a2] holds in Ky(M) and thus also in Ko(Ag). Therefore, ¢;(x) =a =0 and,
thus, x = 0 by Lemma 3.1. O

LEMMA 4.5. Let j :q — A be the identity embedding where q denotes the C*-norm
closure of q. Then Ko(j) is injective.

PROOF. The norm closure g of g = Alg{Q, € A | a € A} may be regarded as the
direct limit of the finite-dimensional C*-subalgebras of ¢. Thus, if x € Ko(q),
then x = [q1] — [¢2] for some projections ¢g; € My(g). Assume that 0 = j(x) =
[q1] — [g2] in KO(K). Then [¢1] — [¢2] =0 in K¢(M) for some finite-dimensional
C*-subalgebra M of A. We enlarge M such that M = span Fy,, », . .. Fy,m and
PO = > acw; Paisinthe center of M by Lemma4.1. Write P = (I — PMy .-
P@) (which is in the abelian algebra Agy). Then M =PM & (I — P)M and
Ko(M) = Ko(PM) & Ko((I — P)M). Thus, [(1y ® P)q1] — [(1y ® P)g2] =0in
Ko(P M). By the cancellation property of finite-dimensional C*-algebras, there exists
T € My (P.M) such that

Iy ® P)gq1 = TT*~T*T = Iy ® P)ga.

Note that (I — PO)F,, ,u = (I — PD)F,, o where 1 <i <d. Hence, PM = PN
for the subalgebra N = span Fy,0-..Fy,0of M. Thus, we may write 7 = (1y ®
P)t where t € My (N). Now we have

(@1 — 1Ay ® (I — PO) ... (I — P4=D)y(1 — pP@y) =0
Put

y=(q1 — 1ty ® (I — PD) ... (1 — P4V,
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Let y;; denote the matrix entries of y. By using the permutation rules or
[6, Lemma 4.1], ‘permute’ each expression Q,, for a € vy, in y;; to the left such
that it becomes evident that y;; is an element of the set Cy defined in Lemma 4.2.
Hence, y;; =0 by Lemma 4.2 (for k = d) and so y = 0. Successively continuing this
argument we end by showing that g; — ¢#* = 0. Similarly go — *t = 0. Consequently
[q1] = [g2] in Ko(q) since t € My(q). O

5. Proof part 3

In this section we prove our main result, Theorem 5.6, by an application of
Lemma 3.4. For 1 <i <d we put
fi = ¢i —1id € End(Ko(A)),
Y; = Range(f1) + - - - + Range(f;) € Ko(A),
and Yo = 0. Note that fi, ..., fz, ¢1, ..., ¢4 commute. We write ¢" for ¢} ... ¢
where n = (ny, ..., ng) € Zi.
Recall that in the representation A =|J,cz¢ Am, the element Wox € Ag is
identified with the element «,(W,x) € A, for x €A, ne Zfi. Hence, in the

representation Ko(A) = J,,cz¢ Ko(An), the element Ko(Wo)[x] € Ko(Ap), where
[x] € Ko(A), is identified with ¢" (Ko(W,)[x]) € Ko(Ap).

LEMMA 5.1. If x € B and ¢;(x) € B, when 1 <i <d andn € 72, then x € By _s,.
PROOF. Let z € B,,. By the definition of B, and the identities
[Wo(S;S' QS!S = ¢ ([Wo(S' @S],

for [ € Zi and Q € ¢, we have a representation z = ¢;(y) + a for some y € B,

and a € B,, where m = (ny, ...,ni—1,0,ni41,...,nq) € 74, Applying this to
7= ¢i(x) we obtain ¢;(x) =¢;(y) +a. Then by Lemma 4.4, x — y =0, and thus
x=YyE€B,_s. O

Note that for fixed j in {1,...,d} each element x in B can be uniquely
decomposed into x =¢;(a) +r for a,r € B such that r € B, for some n =
ni,...,nj—1,0,nj41,...,n9) € 7Z4. The existence of a and r is clear by

Lemma 4.3 (and the proof of Lemma 5.1), and the uniqueness of a, r € B follows
from Lemma 5.1. We refer to this decomposition as the ¢ ;-decomposition in B. We
make the ¢;-decomposition in Ko(Ay) rather than in Kg(Ap). Elements of the set

B, (or B,(,N)) forn=(ny,...,ng) € Zi are said to have j-degree n;j in B (or BWM)),
Note, however, that the j-degree is not a unique number.

LEMMA 5.2. Ifx € Band fi(x) € B, when1 <i <dandn € 74, then x € B;_s,.
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PROOF. Let x € B and f;(x) € B,, but suppose that x ¢ B,_5;. By Lemma 4.3
choose m € Zfl|r such that m >n and x € By, \ Byy—s,. Since fi(x) =¢;(x) —x €
B, € B,, and x € By, we have ¢;(x) € B,. By Lemma 5.1, x € B,,_5,, which is a
contradiction. O

Analogously to the ¢;-decomposition we get a unique f;-decomposition in B.
More precisely, for all x € B there exist unique a, r € B such that x = fj(a) +r
where r has j-degree zero. The existence can be seen as follows. Say x =
[Wo(S"QS™)] € Ko(Ap) forn € Z4 (n; > 1) and g € Q by Lemma 4.3. Then

[Wo(S" QS™)] = f([Wo(S"~% Q8" ~%™)]) + [Wo(S" % Q8" ~%™)].

In the same way we further decompose [Wo(S"—% Q8§79 *)], and so on, until we end
at x = fj(a) + r. The uniqueness of a and r follows from Lemma 5.2.
Note that if x € B,(,N) for ny =0, that is, x has k-degree zero in BW ), and if i #k,

then f;(x) € Br(év-()s,-’ that is, f;(x) has k-degree zero in BW),
LEMMA 5.3. We have ' (Y;_1) C Yi_y foralli in {1, ..., d}.

PROOF. Take y € fi_l(Yl-_l), where 1 <i <d. Then there exist xi,...,x;_1 €
Ko(A) such that f;(y)= fix))+---+ fi—1(xi—1). We may suppose that
¥V, X1, ..., Xi—1 € Kg(Ay) for some N € Z4. Using the f;-decomposition in BWN) =
Ko(Ay) we may write x; = f;(ax) + rr for some ay, rp € Ko(Ay) such that r; has
i-degree zero in Ko(Ay). Hence,

fity = fita) == fici(@i—) = fir) + - - -+ fic1(riz1).

The right-hand side of this equality has i-degree zero and thus

y— fita) —---— fi—1(@i-1) =0,

by Lemma 5.2, and we obtain y € Y;_1 as claimed. d

LEMMA 5.4. We have Y; N By = 0.

PROOF. We want to prove the lemma by induction, so assume that k € {1, 2, ..., d}
and that Y31 N Bp =0. Now let z € Yx N By. Then z = f1(x1) 4+ - -+ fr(xx) € Bo
for some x; € Kg(Ay) and N > 0. Let x; = fi(a;) + r; be the fi-decomposition of x;
in BN) = Ko(Ay) fori =1, ...,k — 1. Then, since z € By, for some y € B(gN) we
have

k—1 k—1
Z:fk(z ﬁ(ai)-l‘xk)+Zfi(ri)=¢N(y)€Bo- (5)
i=1 i=1

Case 1. First we suppose that the kth coordinate Ny of N is zero. Then, since
fir)) +- -+ fr—1(rg—1) and ¢N(y) have k-degree zero in B®W) | the summand
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Jfr(...) in (5) has k-degree zero in B™) and must thus vanish by Lemma 5.2. Hence,
z= f1(r)) + - -+ fi—1(rk—1) € Yx—1 N By, and by the induction hypothesis, z = 0.
Case 2. If N; > 0 then ¢N(y) = ¢,in (w) for w = NN (). Now

Ni—1

P (w) = filgr ™ w)) + ¢k (w)
= i@ W) + i@ TP w) + -+ fi(w) + w.

If we substitute this in identity (5) and isolate w then we obtain

= fi )+ fiD) - fimi (o) = w =N TN () € BN,

By using the argument of Case 1 we obtain z/ = 0. (We remark that by the symmetric
configuration of A we also have Y;_1 N BéL) =0forall L € Z¢. This may be deduced
from Y;_1 N By =0 by using the bijections ¢; (Lemma 3.1).) Hence, z =¢" (y) =
¢Nk5k (Z/) —0. 0

COROLLARY 5.5. We have Ko(A x Z4) = By and K (A x Z) =0.

PROOF. Since A is the inductively ordered union of finite-dimensional C*-algebras,
we have K1(A) =0. Combining Lemmas 3.4 and 5.3, we obtain that K{(A X 74
is trivial and Ko(A x Z4) = Ko(A)/Ys. Now let x € Kg(A). Using the fact that
¢i(x)=x mod Y; foralli=1,...,d, for each x € Kp(A) we find some y € By
such that x =y mod Y; by Lemma 4.3. Hence, the quotient map By — Ko(A)/ Yy
such that x — x + Yy, is a surjection. This yields By = By/(Yqy N Bp) = Ko(A)/ Yy
by Lemma 5.4. O

We denote by Ring(M) the subring generated by a subset M of a ring R.

THEOREM 5.6. Suppose that (A, F, ) induces a higher rank Exel-Laca algebra
(Definition 2.1) and satisfies the properties (I) and (Il). Let ¢ be the continuous
extension of the embedding m|, : ¢ — O AF 1.

Then Ko(p) is an isomorphism and Ki{(Oar1)=0. Hence, we have an
isomorphism of abelian groups

Ko(Oar1) ERing{Q, € A|a e A}

PROOF. Let ¢ : g — A be the continuous embedding mapping x € ¢ C A to Wy(x) €
Ag. Collecting various results in this paper we obtain the following diagram:

Ko(t) x—>x+Yy [al+Y > [a]

Ko(q) By Ko(A)/Ya Ko(A x Z9)
KO(T)T
Ko(x) d
Ko(Oar.D Ko(P(A x Z4)P)

Starting at the top-left corner, the first map Ko(¢) is an isomorphism by Lemma 4.5.
The second map is an isomorphism by the proof of Corollary 5.5. The third map is an
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isomorphism by the proof of Lemma 3.4. The fourth map Ko(t) is an isomorphism
by Lemma 3.3. The fifth map Ko (x) is an isomorphism by Proposition 3.2.

This sequence of isomorphisms maps an element [a] € Ko(g) to [m(a)] €
Ko(OaF1) for a projection a € My(q). Hence, Ko(p) is an isomorphism.
The isomorphism between Ko(g) and Ring{Q, € A | a € A} is well known. By
Proposition 3.2, Lemmas 3.3, 3.4, and 5.3, K1(O4,1F) is zero. O

If the ‘rank’, that is, card(V), is arbitrary then we may write O 4 1 as the direct
limit of higher rank Exel-Laca (sub)algebras, where V is restricted to finite subsets.
In this way the last theorem yields the following result.

COROLLARY 5.7. The last theorem holds for any rank.

6. Examples

EXAMPLE 6.1. Let O4 be an Exel-Laca algebra [13], where A denotes the transition
matrix. By [14], Ko(O4) may be regarded as the quotient R/— where R is the ring
R C A generated by Q,, Py for all a, b € A, now regarded as an abelian group, and
= is the equivalence relation Q, = P, for all a € A. It is clear that the quotient map

¢:R =Ring{Q,€Alac A} — R/,

is surjective. Using property (II) it is easy to compute that ¢ is also injective. Hence,
R’ = R/—. Moreover, the group

Ki(O4) Zker(I — A") = {(xa) € @ Z
acA

D xa(Pa— Q) = 0},

acA

(by [14]) is zero if property (II) holds. So, the K-theory result of Theorem 5.6 is
consistent with the K-theory result of Exel and Laca, as it should be. For the Cuntz-
algebra O, we get Ko(Ox) = Ring{l} =7Z and K1(O) = 0.

EXAMPLE 6.2. In this example we consider the rank-two Cuntz—Krieger algebras
defined in [5, Section 5]. These algebras are inspired by one-sided shifts J of finite
type in dimension two. More precisely, let 2 be a finite set and let s be a function
s :Q* — {0, 1}. Then let J be the shift space

2
J={xe QN | s(xn,mv Xn,m+1s Xn+1,m>» xn+l,m+1) =1
for all but finitely many pairs (n, m) € N2}

In other words, J is a one-sided shift of finite type with the modification that
finitely many failures with respect to the ‘test function’ s are allowed. Let A be the
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alphabet v| Ll v, with the partition V given by {vy, v2} and parts v = vy = QN Let
a=(a,a,as,...)€v(a; €R),xeJandput

Y=<x )eQNz.
aiaas . . .

(y arises by shifting x one step upwards and filling the arising blank line with
arazas . . ..) Then we define a partial isometry S, € B(£2(J)) by S, (8;) = dyifyeJ
and S,(8x) =0 otherwise. We similarly induce a partial isometry 7} for b € vy by
shifting x to the right (rather than upwards) and filling the arising gap with b.

Then one can show that the C*-algebra generated by {S, | a € vi} U{Tp | b € v2}
in B(¢%(J)) is a rank-two Exel-Laca algebra O 4 1 associated to a triple (A, I, )
satisfying Definition 2.1. The representation 7 : F/I — O 4 p 1 such that 7 (a) = S,
and 7 (b) =Ty for all a € v; and b € v, is an Agg-faithful saturating representation
with dense image (see [5]).

Next we prove property (I). If x € ¢ = Alg{Q, € A |a € A} is non-zero then
there exist a; € A and &; € {1, L} such that the carrier of x is larger than Q =

le - f{,’; # 0 where Qil, =1 — Q. There exist b; € v; such that 0 # Py, Pp, < Q
(by using the saturating representation 7 as in (2)). However, in fact there exist
infinitely many modifications b} € vy of by such that 0 # Pb/l Py, < Q. The reason
is that since we allow finitely many failures in J with respect to the test function s,
we may choose infinitely many modifications b} of by by modifying b € QN at single
entries. We skip the details. Consequently, for any finite subset BC vy, P =) ..z Pe
cannot be a unit for Q, and thus it cannot be a unit for x. This proves property (II).

If we fix some z € 2 and suppose that

s(x y>=1 and s(z x):l,
Z Z z Yy

forall x, y € @, then S¢; ; . yand T, ; . ) define commuting isometries as required
in property (I). Hence, we can use Theorem 5.6 to obtain the K -theory of O 4 1.

For example, consider the full shift J = Q™. Then all operators S, Tp are
isometries and we obtain Ko(O 4 F ) = Ring{l} =Z.

Another example is this. Let 2 = Qeq U {z} U Qgreen be a disjoint union; the red
letters, the blue letter z, and the green letters. Let

X111 X12
s =1,
X21  X22
if and only if all x;; € Qpeq, or if all x;j € Qgreen, Or if X217 = x22 =z and x11, x17 are
arbitrary, or if x;; = xo; = z and x11, x12 are arbitrary.
Leta = (ajas ...) € QN = v;. Note that 7(Q,) is the projection onto the Hilbert

space generated by {8, € £2(J) | x € J, S,(8;) # 0}. Thus, Q, # 0 if and only if there
exists no € N such that a, € Qyeq forall n > ng, or a, € Qgreen foralln > ng,ora, =z
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for all n > ng. We say that a is red, green or blue, respectively. Note that O, = Qp # 0
for a, b € v; for fixed i = 1, 2 if and only if the color of a coincides with the color of
b. Hence, there exist only five different source projections Q. for x € A. Namely
an (blue) isometry /, and Q,, Q,, Or, O Where r € v1, R € v, are any red letters,
and g € v;, G € vy are any green letters. Note that O, # Qg and Q. # Q¢, and
that 0,0, =0 when x is red and y is green. Hence, by Theorem 5.6 we have an
isomorphism as abelian groups

Ko(O 41 = Ring{Q, | x € A}
=Z(0r— QrQR) ®LQ, Qr ® ... =17,

We emphasize that in this example Ko(O 4 r 1) is different from
Ring{Q, | x e vi} ® Ring{Q, | y e v} = 37 =17°.
On the other hand, we have

Ko(C*((Sa)aev;) ® C*(Tp)peny)) = 27,

by Theorem 5.6. This shows that O 41 is different from the tensor product
C*((Sa)a) ® C*((Tp)p). This is not very surprising since S,7, =0 in O 41 for
certain a and b.

COROLLARY 6.3. The rank-two Cuntz—Krieger algebras associated to shifts of finite
type [5] satisfy Definition 2.1 and property (IlI). Hence, Theorem 5.6 gives their
K -theory if they also satisfy property ().
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