GENERALIZED CONVEX BODIES OF REVOLUTION
WM. J. FIREY

To Professor H. S. M. Coxeter on his sixtieth birthday

Introduction. The figures studied in this paper are special convex bodies
in Euclidean three-dimensional space which we shall call generalized convex
bodies of revolution (GCBR). Such a set is obtained by the following procedure.
Let K; be a convex body of revolution and let x, y, 2 denote Cartesian coordi-
nates in a system for which the z-axis is the axis of K1. We map each point (x, y, z)
into a point (&, ¥, Z) by a transformation of the following sort:

(1) T =rx/f(x,y), §=ry/fl%,3), Z=3 r=~(+y7),

if # > 0. The points (0, 0, 2) remain fixed. The function f is required to satisfy
the characteristic conditions for the distance function of a plane convex body &,
thatis:

(i) f(x, v) > Owith equality ifand only ifx = y = 0;

(i1) f(\x, Ay) = N (x, y) for A > 0;

(i) f(x + %1, ¥ + y1) < f(x, ) + f(x1, 31) for any pairs (v, y) and (x1, y1).
Call the image of K;under this transformation K. A GCBR isany set K obtained
by such a construction. It will be shown that K is a convex body.

The principal results obtained concern the behaviour of the volume V,
surface area S, and total mean curvature or, to within a factor of 27, mean
width M under the process of Blaschke addition of certain pairs of GCBR.
To give a rough idea of this composition process, imagine two convex bodies
Co, C1 whose boundaries are of sufficient smoothness and regularity that they
have reciprocal Gauss curvatures Fy and F, defined as continuous functions
over the unit spherical surface Q of outer normal directions 4. It is a consequence
of a theorem of Minkowski that F, defined over Q by

F(@) = Fo(a) + Fi(a),

is the reciprocal Gauss curvature function of a convex body which we call the
Blaschke sum of Cpand C;. This sum is unique to within a translation.

Our conclusions regarding V, .S, and M under Blaschke addition take the form
of concavity and convexity theorems somewhat analogous to the Brunn—
Minkowski theorem. With the use of these theorems, we deduce certain
inequalities involving V, .S, and M for GCBR. These are generalizations of
inequalities, known for convex bodies of revolution, due to Hadwiger (3).
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1. Generalized convex bodies of revolution. In this section we show
that, in the notation of the Introduction, the set K constructed from K; is a
convex body. We also discuss the approximation of general GCBR by special
sorts of GCBR.

Consider a plane parallel to z = 0 which intersects K;. If (x, v, 2) is in this
intersection, then

x? + 3% < p*(2)

where p(2) is the radius of the intersection. With the aid of (1) and properties
(i), (ii), we see that the image point (&, 7, Z) satisfies

(2) f@ 5 < p(3).
Now £k is the set of points in an &, J-plane for which
f@ 5 <L

Hence the intersection of our plane with K is a plane convex body k(z). In
fact, if we imagine k drawn in the plane z = 0, we have to within a translation

k(z) = p(2)k.

We call the z-axis the axis of K and any one of the sets k(z) a directrix for
K. The largest directrix is called the equatorial directrix. We always assume k
to be non-degenerate, i.e. k is neither a segment nor a point.

Consider the half-plane 5 (), bounded by the z-axis, which makes an angle
of measure §,0 < 6 < 2n, with the half-plane

y =0, x> 0.

The intersection of 3£ () with K, is made up of points (7 cos 6, 7 sin 8, z) which
are characterized by

0<7<p(2),
and the convexity of this intersection is reflected in the property:
(iv) p(l — )20 +921) > (1 —F)p(20) + dp(31), 0<9 <1,

which holds for any 2y, 21 such that the planes z = gy, 2 = 2; intersect K.
Under the transformation (1), .52 (9) is transformed into itself and if

(Fcos 0, Fsin 0, Z)
is the image of (r cos 6, 7 sin 6, z), then
0 <7< p(2)/f(cos 0, sin 6),

with equality holding if and only if (7 cos 8,  sin 8, 2) is a boundary point of K.
For fixed 6, we call the set of such boundary points the meridian I'(9) of K;
I'(0) is called the prime meridian.

It is clear that the functions f and p are determined by K and, given any
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pair f, p which satisfy conditions (i) through (iv), we can construct a unique K
with

T =p()/f(1,0)
as the equation (in cylindrical coordinates) of its prime meridian and
f(z,5) < maxp(?)

as the description (in rectangular coordinates) of its equatorial directrix. More

generally, (&, #, Z) is in K if and only if (2) holds.
To demonstrate the convexity of K we consider the segment of points

x= (1 —®xo+dx1, y=10—Hyo+Iy1, 2= (1 —3)x, + 35
0<9<1,

whose end points are in K and so satisfy (2). We have from (ii), (iii), and (iv)

f,9) < (@ —=3)f (o, yo) +3f(x1, y1) < (1 —d)p(20) + (1) < p(2)

which shows that (x, v, 2) isin K.

Since we shall be concerned exclusively with rigid motion invariant properties
of GCBR, we shall always take the z-axis to be the axis of any GCBR or the
common axis of any collection of such figures which are coaxial. Further, we shall
often place the equatorial directrices in the plane z = 0. Thus when we speak of
two coaxial GCBR with similar directrices, we mean thata suitable magnification
of the plane z = 0, with centre of magnification at the origin, carries one equa-
torial directrix into the other when the two GCBR are located in this special
fashion.

Some examples of GCBR are these: convex bodies of revolution; right
truncated cylinders and cones (whose vertices project orthogonally into their
bases); the convex closure of the union of a plane convex body and a segment
perpendicular to and meeting that plane body. We call figures of this last sort
spindles. Of the five regular solids, only the tetrahedron, cube, and octahedron
are GCBR.

If one meridian of a GCBR K is polygonal, then so are all its meridians and
we say K is polygonal. Note that if K’ is that part of K which lies between two
planes, normal to the axis of K, which pass through successive meridian vertices,
then K’ is a truncated cone whose vertex lies on the axis of K. This follows
from the similarity, with respect to axial points, between the directrices of K
which lie in the truncating planes. K itself is the union of the finite set of such
K’. Consider two coaxial, polygonal GCBR. We say these two figures are
analogous if they have similar directrices, their prime meridians have the
same number of vertices, and the pairs of edges joining corresponding vertices
are parallel.

The Blaschke deviation between two convex bodies Ky, K is defined by

8(Ko, K1) = maxgeq |Ho(d) — Hy(d)]
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where H, signifies the support function of K. This deviation is a metric in the
space of all convex bodies and we shall use the metric-induced topology in
what follows. The fundamental measures V, S, M are continuous in this
topology. For details see (1).

The following special approximation theorem will be of service.

THEOREM 1. Given two coaxial GCBR K, and K with directrices similar to a
plane convex body k: for each € > 0, we can determine two analogous polygonal
GCBR K(¢) and Ky (€), with directrices similar to k, such that

3) 3(KyKi(e)) <e  (=0,1).

Among the rays from the origin in the equatorial plane there is one whose
intersection with k has maximal length; for convenience we choose this as the
direction of the positive x-axis. This means that the passage from a prime
meridian of a GCBR with directrix k to any other meridian involves a reduction
of distances in the normal direction to the axis by a factor, fixed for each
meridian.

Let A4, signify the convex closure of the prime meridian of K;. In the plane
of the prime meridian we form the outer parallel 4; + (¢/2) U, where U is a
unit circular body in the x, z-plane, and discard that part of the set which lies
in the half-plane x < 0. Call this set B;. We next select a finite set of supporting
half-planes to B, including the half-plane y = 0, x > 0, whose intersection
determines a convex polygon C; such that

The existence of C;is assured by a standard polygonal approximation theorem;
cf. (1). Let 0, be the set of outer unit normal directions to the half-planes
whose intersection is C;. We form 6 = 6,\U 0, and let D, denote the inter-
section of the supporting half-planes to B; whose outer normal directions are in
0. Clearly

B, € D;C (;
and so, in the x, z-plane,

6(Dy, By) < ¢/2.
This, together with (4), gives
(5) 8(4, D) < e

Excepting the end points of that edge of B; which is on the z-axis, B; has
no vertices, since the outer parallel 4; 4+ (¢/2) U has none. Hence each of the
half-planes whose intersection forms D; contains an edge of D, and D, has as
many edges as there are directions in 6. From this it follows that Dy, and D,
have the same number of vertices and that edges joining corresponding pairs
of vertices are parallel.
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Let P; be the boundary of D; with the edge lying on the z-axis removed.
With P; as a prime meridian and with an equatorial directrix similar to k, we
form the polygonal GCBR K (¢). From the preceding comments, we see that
Ky(e), Ki(e) are coaxial, analogous GCBR. We must now prove (3). This
amounts to showing that the distance between support planes ITand Il () to K ;
and K;(¢), which have the same outer normal direction, cannot exceed e.
Let S# be a half-plane, bounded by the z-axis, which intersects I in a boundary
point of K ;. The similarity of the directrices of K;and K ;(e) and the parallelism
of II and TI(e) show that J# intersects II(¢) in a boundary point of K;(e).
Moreover, the lines

L=x#N1, L(e) = 2 N 1(e)

are parallel support lines to the meridians of K ;and K ;(¢) in 5.

If S is the half-plane of the prime meridians, i.e. y = 0, x > 0, then by (5)
the distance between L and L (€) does not exceed e. As we noted at the beginning
of the proof, if J# is any other meridional half-plane, the corresponding
meridians of K; and K ;(e) are obtained from the prime meridians by reducing
all distances in directions normal to the z-axis by a fixed factor. Therefore, in
this case too, the distance from L to L(e) cannot exceed e. Hence the distance
from II to II(¢) is no more than e. This completes the proof of the theorem.

Observe that the approximations Ko(e), Ki(e) can be chosen so that no
meridional edge is parallel to the z-axis; we simply exclude the direction of the
positive x-axis from the set © above. This will be of later use.

2. Blaschke sums. We next define Blaschke addition of convex bodies
with more precision and then consider Blaschke sums of coaxial GCBR with
similar directrices.

The area function S(K, ) of a non-degenerate convex body is the set func-
tion, totally additive over the Borel sets w of the surface @ of the unit sphere,
which is defined as follows. Let II(%@) be the support plane of K with outer
normal in the direction of the vector from the centre of E to % on Q. Then
S(K, w) is the area of

Uico (IL(@) M K).

The area function satisfies:

(a) S(K, w) > 0and is positive if w is an open hemisphere,

(b) [o(@, 5)S(K, dw) = 0forall %on Q.

Here (4, 7) is the inner product and the integration with respect to  is of the
Radon-Stieltjes type.

In (2), Fenchel and Jessen proved that any totally additive set function
over the Borel sets of @ which meets conditions (a), (b) is the area function of a
convex body which is unique to within a translation. In a less general and less
satisfactory form, the theorem is much older and we shall refer to it as Min-
kowski’s theorem.
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The linear combination
agS(Ko, w) + a1 S(Ky, w) (@; >0,72=0,1)

of area functions of convex bodies K; satisfies (a) and (b) and so, by Min-
kowski’s theorem, determines a convex body which we denote by

a0 X Kooy X K.
We call this set the weighted Blaschke sum of K, K;. If 0 < ¢ < 1and
oy = (1 _0)1‘11 =07

then we write K for the Blaschke sum. We note that A2 X K = AK for A > 0.

It is important for our purposes to remark that Ky is continuous (in the sense
of the Blaschke deviation) in the weights and in the summands by virtue of
Theorem VIII of (2).

Let Ky and K, be coaxial GCBR with similar directrices. We aim for a des-
cription of their weighted Blaschke sum Kjy. As usual, we take the common axis
of Ky and K, to be the z-axis and let the intersection of the boundary of K;
with the half-planey = 0, x > 0be the prime meridian I'; of K.

We consider some special cases. Let C be a cone with vertex at the origin
and with directrix % in a plane normal to the z-axis. We suppose that the z-axis
pierces & in an interior point and this point is on the positive half of the z-axis.
Let K, be the set of points (x, y, 2) in C for which

0<z<§‘iy ’i=0,1.
In this case Ky is that part of C for which
(6) 0<z< VA =9)(50)? +3(1)] = &

This is because the base areas of K; and Ks must be proportional to ¢;2 and
2 and, with the choice (6), the lateral areas swept out on K; and K3 by rays
from the origin passing through an arc of the boundary of & will also be pro-
portional to { ;% and {2. Note that, if & signifies the x-coordinate of the inter-
section of the prime meridian with the plane z = {3, then

() £ = V(1 — &) (£0)? + 8(£)%]
in virtue of (6) and the fact that
&s:§o = &0t $o=£1: 1= —cotf

where 8 is the angle between the positive half of the z-axis and the outer
normal to the prime meridian.
Next let K,/ be the set of points of C for which

0<§i’<z<§-11
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and let K/ be the set of points of C for which

0<z<¢/.
Then
K,=K/UK/.

From our discussion of K; we see that the Blaschke sum
Ky =(1—-9) XK 39 X KY
is that part of C for which
0 <2< VIA =)&) +3() = &'
From this and the description of Ky, it follows that
8) Ky = (1—-9) XK $9 X K"

is that part of C for which
&' <2< G

Moreover, if &’ is the x-coordinate of the intersection of the prime meridian of
Ky’ withz = f,;', then
9) & = V[ =)&) +3(E)2]

We observe that to specify Ky’ it is enough to specify &, £, &, and 3. We
shall always keep the same directrix and so we denote K"’ by K (¢, &, 8). The
distance {s — {5’ between the truncating planes of K (&', &, 8) can be found
from

(10) & — &' ¢y — & = —cotB.
All this has been stated in terms of sets K (&', &, 8) for which
&' <t and w/2<B <.
Clearly formulas (7), (9), and (10) also hold if
£ <& and 0<B < w/2

It should be remarked that the description of K (&', £, 8) furnished by (7),
(9), (10) makes no use of the fact that the z-coordinate of the vertex of C is
zero: in short K (&', &, B) is described only to within a translation in the
direction of the z-axis.

Next let K, and K; be analogous GCBR with directrices similar to k. We
denote the vertices of their prime meridians T'; by their x, z-coordinates:

(11) (Eioy g‘io)y (Silyg-il)r LR ) (giny g-in)r Eio = Ein = O,

where

(12)  &F — g1 fof — Eoftl = £F — &5 o — ¢FF = —cot B
(k=0,1,...,n — 1)
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because K, and K, are analogous. Here B, signifies the measure of the angle
between the outer normal to the edge joining (¢, %) to (51, (1) and the
positive z-axis. The indexing is so chosen that

g'z‘k < fikﬂy Br > Bry1;

of course the last inequalities are a consequence of the first, coupled with the
concavity of T'; with respect to the z-axis. We assume that none of the numbers

Bk 1s 71"/2.
The part of K; which lies in the set

fik<z<§'ik+1

is the GCBR which, in our earlier notation, is denoted by K(¢5, £/ 8,)
and so

n—1
Ki = kle(siky gik+1, Bk)'

Asin (10) wedefine, for0 < ¢ < 1,

(13) &* = VI —9)(&")? + 8(E")?],
and, in virtue of (12), we determine {s* from
(14) &L — EF M — F = —cot By,

and a choice of ¢s°. In this way, by (13), (14), and our choice of {;°, we deter-
mine points
(‘E"O! §0O)v (5011 {01)' sy (&’n’ .{‘0")’ E"O = ‘Et?n =0

in the prime meridian plane. These are the vertices of a polygon I's which is
concave with respect to the z-axis. This is a consequence of the inequalities

&t < G Br > Br1;

the second set of inequalities comes from the concavity of 'y and T';, and the
first set is an easy consequence of (13) and (14).

With Ty as a prime meridian and with a directrix similar to k, we form the
GCBR

n—1
Ky = UK &, 6.
k=
From the polygonal character of K; and the equation

K (&", &1 8:) = (1 —8) X K(&" &, Br) #¢ X K(&", &1, By),

which is (8) with altered notation, we conclude that Ky is the weighted Blaschke
sum of Kyand K;.

The general case is treated with the aid of Theorem 1. Thus if K, and K,
are coaxial GCBR with directrices similar to %, then we may simultaneously
approximate them by analogous polygonal bodies Ko, K; whose directrices
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are similar to k& and are such that their prime meridians have no edges parallel
to their common axis. The approximation can be made so that

5(K1, Kl) < e
for preassigned e > 0. Since
Ks = (1 —9) XKo$9 X K4

is continuous in K, and K, the weighted Blaschke sum K, of K¢ and K tends
to K as e tends to zero.

To determine the equations corresponding to (13) and (14) in the general
case, we let £,(8), {:(8) be the x, z-coordinates of that point on the prime
meridian T'; at which there is a support line in the x, z-plane with an outer
normal which makes an angle 8 with the positive z-axis. Then, in lieu of (13),
we conclude from our approximation argument that

(15) £(8) = VI —9)(5(8))* + 3 (8))%]

To deal with (14) we rewrite it for the polygonal case:

k
=00 — ZO tan B,(&"T" — &),
=

which gives in the limit the improper Stieltjes integral

ﬂ - —
(16) 5O = to(m) — | tan s,

The concavity of I's ensures that & is of bounded variation. Equations (15)
and (16) describe the prime meridian of K3, which, since its directrix is similar
to k&, suffices to determine Ky to within a translation, or else exactly for pre-
assigned £ (7).

One consequence of our description is that the Blaschke sum of coaxial
GCBR with similar directrices isa GCBR.

For our next theorem it is useful to note that (13) and (14) remain valid
even if we allow some of the vertices in (11) to coalesce; this follows from
equations (15) and (16). Thus we may use (13) and (14) to determine Ky in all
those cases in which K, and K; are coaxial polygonal GCBR with similar
directrices none of whose meridian edges are parallel to their common axis.

We close this section with a decomposition theorem and an approximation
result.

THEOREM 2. 4 polygonal GCBR K which has no meridian edges parallel to its
axts can be represented as a finite Blaschke sum of spindles, all coaxial with K and
having directrices similar to that of K.

Let » 4+ 1 denote the number of vertices of the prime meridian T of K,
including the end points of I'. We have # > 2. The proof will be inductive on #;
since K is a spindle if # = 2, that case is settled.
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Suppose the theorem true for # < N, where N > 2, and assume that T has
N + 2 vertices. In accordance with our earlier notation, let the x, z-coordinates
of these points be

(EO, §-0)’ (Ely g-l)’ LI (EN_H: §-N+1)’ EO = SN-H = O,

and let B, (B = 0, 1, ..., N) signify the angle between the edge joining (¢, ¢*)
to (&1, ¢¥+1) and the positive z-axis. By assumption, no 8, equals =/2. Let us
assume that

(17) g >

if the reversed inequality holds, our argument will proceed along obviously

similar lines.
Let K, be the spindle
K(Or SNY 60) U K(EN) Oy ﬁN)

whose directrix is similar to that of K. We view the prime meridian of K, as
having vertices

(80, £0°), (ol §ob) = (&% §o®) = ... = (&Y, &), (&N, ¢V,

where
&Y =&, £00 = &N = 0.

That is to say we view (§07, (o) as the result of the coalescence of NV vertices.
Next we determine points in the prime meridian plane whose x, z-coordinates

are

(18) (210' K-IO), L] (ElNr g‘lN) = (EIN+1v §'1N+1)! Elo = lN = IN-‘-1 =V,
where

(19) 8§ = VI[E)? - & *=01...,N+1).

These numbers are well defined since (17) and the concavity of T' imply that
&> fork=1,2,...,N. Also

£° = Y1 = 0.
The numbers {;* are determined by preassigning ¢ = ¢°and using the rule
(20) g — ML P — M = —cotfy (R =0,1,...,N).

The concavity of T' and equations (20) allow us to conclude that (18) is a set
of vertices of a polygon TI';, concave with respect to the z-axis, in the prime
meridian plane. Take K; to be the GCBR with T'; as its prime meridian and
with directrix similar to that of K.

We claim that

K = K #K,.
Indeed, by (20),
£ = VIE"H)? + )]
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and, with the use of the angles S, we recover the numbers ¢, in the usual way.
We note that the prime meridian I'y has N 4 1 or NV distinct vertices depending
on whether inequality (17) is strict or not. In either case, we may apply our
induction hypothesis to K; and in this way the proof of the theorem is com-
pleted.

3. The mean width of Blaschke sums. In this section we shall first study
the behaviour of the total mean curvature M of the weighted Blaschke sum
K in the special case in which K, and K are coaxial convex bodies of revolu-
tion. We assume these figures all to be in standard position so that the directrices
of Ks, for 0 < & < 1, are circles centred on the z-axis in planes normal to that
axis.

First suppose K and K are analogous. We denote the x, z-coordinates of the
vertices of the prime meridian T'; as in (11) and we assume that equations (12)
hold. We also suppose that no B is v/2. Hence K; is polygonal with prime
meridian vertices given by (13) and (14).

Hadwiger in (3) gives a convenient representation for M in the case of
polygonal convex bodies of revolution:

n--1
MEKs) == A_Zzll £"[f(Br) — f(Br-1)],

where
f(B) = tan g — B.
We note that
f(0) =0, flx) = —=
and

df(B)/dB = sec’8 — 1> 0 for0 < B < B =7/2.

Thus, if m(0 < m < n — 1) is such that, in the decreasing sequence {8;} of
angular measures, we have

Bm—1 > 71'/2, Bm < 77/2»
then

fBx) — f(Br—1) <O for & # m,
Consequently, if we define the positive numbers ps* by

po" = w&|f(Br) — f(Bi-1)] (B=1,2,...,n—1),

we have
(21) ps" — M(Ks) = Xiom Ds"

From the definition of ps* and equations (13) and (14) we have
(22) po" = V[(A =) (po")? + 8 (1)
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and, by Minkowski's inequality,
2izm P > VI =) (X £6°)* + 3 (X noem 17)%]-
Consequently, using (21), we get
[ps™ — M(Kg)]* > (1 =) [po" — M(Ko)]* + 9[p1™ — M(Ky)]>
In view of (22), this may be written
(23) M*(Ks) — (1 —9)M*(Ko) — 9 M*(Ky)
> 2ps"{ M (Ks) — [(1 = 8) (po"/ps™) M (Ko) + ¢ (p1"/ps™) M(K1)]}.

To the expression in square brackets on the right we apply Cauchy’s inequality
and obtain, with the aid of (22),

(24) M(Ks) — (1 —9)M*(Ko) — 9M* (K1) > 2ps™
{M(Ks) — V[(1 = 8)M*(Ko) +¢M*(Ky)]] .

We shall prove in a moment that the convex bodies of revolution K, and K,
can be simultaneously altered in such a way as to make p,™ arbitrarily large
without altering the numbers M (Ky), M (K,), and M (K;) by more than an
arbitrarily small preassigned positive quantity. From this it follows that

(25) M2 (Ky) < (1 =) M*(Ko) + 0M*(Ky).
Let e be a positive number less than any of the positive differences
£ — &M, & — &7 L™ — s " — &L
For< = 0, 1 we consider, in the prime meridian plane, the line L;:
x=E&" — ¢

parallel to the z-axis. The prime meridians T'; of K, cut off equal segments on
I';. With these as bases we construct isosceles triangles 7°; of altitude \e,
0 < X < 1, lying in the half-plane

(26) x> E"— e

Clearly T, T are translates of each other. Let 8',,_1, 8’ denote the measures
of the angles between the outer normals to the legs of these triangles and the
positive z-axis. We restrict A to be small enough so that

.Bm—l > ﬁlm—l > 7"/2 > Bml > ﬁm

We replace that part of T'; which lies in (26) by the legs of 7°;; this yields con-
cave polygons I'; which can serve as prime meridians of new convex bodies of
revolution K. Since T'y/, Ty’ have the same number of vertices and since sides
joining corresponding pairs of vertices are parallel, Ky’ and K," are analogous.
Of course K/, K’ depend on eand .
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Regardless of the choice of ), as e tends to zero the bodies K/, K’ tend to
K, K; and the Blaschke sums

K,), = (]. _0) X Kol #’l? X KI,

tend to K in virtue of the continuity of Ky’ in its summands which we men-
tioned earlier. Finally we recall that M (K) is continuous in K. Consequently,
we can choose € small enough so that in (24) the left side and the expression in
curly brackets on the right side, when evaluated at K/, K/, Ky, differ from
their values for K, K1, Ky by less than a preassigned positive number whatever
the choice of \.

Consider the quantity ps’, defined for Ky’ as ps™ is defined for Ky, viz.

pz?, = Wgﬂlm(f<6m,) —f(ﬁlm—l)) = 7‘50”"(2 tan B, + 28, — 7T)

in view of the isosceles character of 7'y and T';. Clearly the equatorial radius
&'™ is bounded away from zero as \ tends to zero. On the other hand, the
remaining factor in py’ grows large without bound as \ tends to zero since this
causes 8, to tend to 7/2 from below. Hence we can alter K, K;, Ky in the
fashion originally asserted, and the proof of (25) is complete.

Let us return to (23). From (25) and the positivity of ps™, we see that the
expression in curly brackets is non-positive. Since p¢", p1™, and ps™ are pro-
portional to the equatorial radii

£0" = a(K,y), &" = a(Ky), &" = a(Ky)

of the analogous convex bodies of revolution K, K;, Ky, we get

(27) a(Kg) M(Ky) < (1 —8)a(Ko) M (K,) + da(K1)M(K,).

In particular, when a(X,) = a(K;), then a(Ks) has the same value and (27)
becomes

(28) M(K;) < 1 —9)M(K,) +3M(K,).

This is an improvement on (25), for the special case considered, because the
arithmetic mean is less than the root mean square.

Theorem 1 and the remark immediately following it show that any convex
bodies of revolution can be arbitrarily well approximated by convex bodies
of revolution of the special type which, up to this point, we have allowed for
K,y and K;. Consequently, from the continuity of K in the summands K,
and K; and the continuity of ¢ (K), M (K) in K, we deduce our next theorem.

TurorEM 3. If K¢ and K are coaxial convex bodies of revolution and Ky is
their weighted Blaschke sum, then inequalities (25) and (27) hold where M (K)
and a(K) signify the total mean curvature and equatorial radius of K. When
Ko and K, have equal equatorial radii, then (28) 1is true.

In preparation for the extension of (25) and (28) to a more general case let
us consider a GCBR K whose axis is, as usual, the z-axis and whose equatorial
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directrix % is in the plane z = 0. We introduce geographic coordinates (8, ¢)
on the unit spherical surface Q centred at (0, 0, 0) so that (0, 0, 1) is the north
pole and the points of longitude § = 0 lie in the half-planey = 0,x > 0, that is,
the prime meridian half-plane. Let H (6, ¢) signify the distance from the origin
to the support plane II(§, ¢) of K whose outer unit normal has geographic
coordinates (8, ¢). The total mean curvature of K is—cf. (1)

(29) M(K) = fo - J; "H @, ¢) sin ¢ dodo.

In the special case in which K is a convex body of revolution, H is independent
of 8 and we have, for any choice of 6,

(30) MK) = 27rf H(6, ¢) sin ¢ do.
0

For fixed 6, the planes II(4, ¢), 0 < ¢ < m, envelope a cylindrical surface
C(8) which is tangential to K. The generators of C(8) are perpendicular to the
half-plane 5 (8), bounded by the z-axis, which forms an angle of measure 6
with the prime meridian half-plane. Suppose 1I(4, 0), II (8, =/2), and II(0, =)
touch K in single points. Simple similarity considerations, applied in the planes
2z = const. which contain directrices similar to %, show that C(6) touches K
along a meridian I'. Let ¢ be the angle between #°(9) and the half-plane
containing I and denote the intersection of C(#) with 5 (6) by Q(6).

The curve Q(f) satisfies the requirements for a curve to be a meridian of a
convex body of revolution K (f) with axis along the z-axis. If we set

u(0) = M(K(9)),
then by (30)
(1) w0)/2x = [ H, 9)sin 9o
and so, from (29), we have

(32) MK) = fo " 4 (6) do /2.

Notice that if ¢ is the distance from a point in I to the z-axis, then the corre-
sponding point on Q(f) is at a distance £ cos ¢ from the z-axis. In particular,
for such points in the equatorial plane of K, we find that

(33) fcosy = H(0,7/2) = h(6)

is the equatorial radius of K (#), where %(6) is the distance from the origin to
that support line of &, in the equatorial plane, whose outer normal makes an
angle § with the positive x-axis.

The restriction that II(6, 0), I1(8, v/2), and II(6, =) touch K in single points
is inessential; if this is not so, it is still possible to find at least one meridian I
and associated angle y for which the foregoing discussion is valid.
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Let K; (z+ = 0, 1) be coaxial GCBR with identical equatorial directrices k.
Their weighted Blaschke sum K3 has equatorial directrix \k. However, A = 1.
This is because the similarity ratio of the directrices of Koand K, is

1 = &(n/2): £1(m/2)

in the notation of (15). From that same equation it follows that
E(m/2): £1(n/2) = N = 1.

Thus if Hy (8, ¢) is the support distance for Ky, we have

(34) Hy(6, 7/2) = k() for0 <9 < 1.

Let Qs(6), Ks(6) be the figures associated with Ky in the same way in which
Q(0), K (8) were associated with K above. Thus, from (31), we obtain

M(K3(0)) = ns(6) = 27rf0 Hy(0, ¢) d¢.
We shall prove that

(35) Ks(0) = (1 —9) X Ko(8) #9 X Ki(0).

When this has been done, we deduce for the total mean curvature us(6) of
K,,(G):

(36) us(0) < (1 — )uo(6) + du1(6)

from (28) and the fact that K((8) and K;(8) have equal equatorial radii by (34).
In turn, because of (32), we have from integration of (36) with respect to 6

M(Ks) < (1 =) M(K,) + M (Ky).

That is to say (28) holds when K, and K; are GCBR with identical equatorial
directrices.

It remains to prove (35).

In keeping with earlier notation, let Ty’ be the meridian along which the
tangential cylinder with generators perpendicular to J£(8) touches Ky; thus
Qs(0) is the result of projecting Ts’ orthogonally onto S#(). As before, ¥
denotes the measure of the dihedral angle formed by () and the half-plane
of Ts’. In turn Ty’ is obtained from the prime meridian Ty of K3 by multiplying
all the distances from T's to the z-axis by a fixed factor > 0, and then rotating
the resulting figure about the z-axis into the half-plane of T's’. Hence Qs(8) can
be constructed from I'y by multiplying all the distances from Iy to the z-axis
by 7 cos ¢ so as to obtain a curve Gy and then rotating G, about the z-axis into
J£(0). The quantities 7 and ¥ depend on 6 and the directrix of K. Since this
directrix is & for all 8, the factor 7 cos ¢ is independent of ¢#. Of course, Gy is the
prime meridian of the convex body of revolution K;(6).

In the x, z-plane Ty is the set of points (£5(8), ¢s(8)), where 8 is the angle
between the positive z-axis and the outer normal in the x, z-plane to T’y at that
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point. From the preceding discussion, the plane z = {3(8) cuts Gy in a point
whose distance £ (8) to the z-axis satisfies

(37) £(8) = &(8)7 cos .
By (15), followed by (37), we have
(38) £(8) = VI — 9)(&(B))*r? cos® ¢ + & (£1(8))%r? cos? Y]

= VI =)&) +3E(B)]

Thus the prime meridian of K;(8) is the set of points (£ (8), ¢5(8)) for 0B <.

In general 8 does not have the significance of the measure of the angle between
the positive z-axis and the outer normal in the x, z-plane to Gs. However, simple
similarity considerations show that at (£(8), ¢s(8)) this angle has measure ¢
given by

(39) tan ¢ = (tan B8)/r cos ¢, if B = x/2.

¢ =m/2, ifB=x/2.
Thus if we let g be defined by g(¢) = B, then

(40) glr) ==
Moreover, the functions xs, 23, defined by
(41) xs(p) = &(g(8)),  2:(0) = £o(g(e)),

give a parametric representation of Gy such that the outer normal to G; at
(x5(9), 20(¢)) forms an angle of measure ¢ with the positive z-axis.
From (38) we obtain

(42) x9(¢) = V[(L — ) (x0(9))? + 8 (x1(¢))?].
Since {5 (B) is described by (16), 25(¢) is given by

) g() -
() = G — [ nddb).
By the use of (37), (39), and (40) we deduce that

)S B
(43) 5(#) = 2(n) — [ tan 56

s
= z5(mw) — J:r tan ¢ dxs (&)

in virtue of the first equation in (41). The comparison of (42), (43) with (15)
and (16) and the fact that K(0), K.(6) have circular directrices shows that
(35) is true.

We can now prove that (25) holds for the Blaschke sum K; of any pair Ky, K;
of coaxial GCBR with similar directrices. In this case the equatorial directrices
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of Ko, Ky are Ny k, Ay % for some plane convex body % and some positive numbers
No, M. The convex bodies

Kil = (1/)\1‘)K1’ = (1/)\1)2 X K; (1 = 0, 1),
have identical equatorial directrices. Set

19/ = 0)\12/[(1 - 19))\02 + ’0)\12] (0 < 0 < ].)

and

Ky =(1—-¢)X K¢ #¢ X K{.
Then, by (28),

MKs) < (1 —¢)MKY) +3MEKY).

Since

MM X K) = MOK) = \M(K)
and

K’y = (1/[(1 = )N? +9N2]) X [(1 —3) X Ko #3 X K],
we deduce that
(44) M(Ks) < [(1 — $)NM (Ko) + INM(K1)]/V[(1 — F)Ne? + INi2].

Cauchy's inequality, applied to the numerator on the right side of this last
inequality, proves (25).

Suppose a to be a set function, defined over all non-degenerate plane convex
bodies k, which is rigid motion invariant, positive, and homogeneous of degree
one, i.e.

(45) a(Mk) = (k) (A >0).

For example, we may take a(k) to be the perimeter of k. In turn define the
set function @ over all GCBR by

(46) a(K) = a(k),

where k is the equatorial directrix of K. Clearly a is homogeneous of degree
one. In the notation of the preceding paragraphs

N = a(K,)/a(K).
It follows from equation (15) that
b= V[ —d)Ne* + I\,
where Ay & is the directrix of K. This and (44) yield
(47) a(Ks) M(Ks) < (1 —d)a(Ko)M(Ko) + da(K1)M(Ky).
We summarize our results.

TuEOREM 4. If K, K; are coaxial GCBR with similar directrices and Ky
1s their weighted Blaschke sum, then inequalities (25) and (47) hold where M (K)
is the total mean curvature of K and a(K) is a set function of the type described by
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(45) and (46). When K, and K, have identical equatorial directrices, then (28) s
true.

4. Blaschke sums of cylinders. If K, K; are not coaxial GCBR with
similar directrices, then inequality (25) need not be true.

Let ko, k1 be two convex bodies in the x, y-plane. We form the cylinders K
and K; with k¢ and k; as directrices and with generators parallel to the z-axis.
We suppose both these cylinders to be truncated by the planes z2 = 0, 2 = ¢
where ¢ > 0.

We first describe the construction of the Blaschke sum Kjs. Denote by o (k)
the area of the plane convex body k. Form the weighted vector sum

(48) ky = .Uz?[(l - 0)}30 + 0731]
where

_ (1 =)o (ko) + o (k1)
(49) ha = 4/[ o (L = 0)ko -+ 9hr) ]
Also set
(50) $o = ¢/ws

and define K to be the cylinder with directrix ks, having generators parallel
to the z-axis and which is truncated by the planesz = 0,2 = .

Let w be a Borel set on the spherical surface Q; we write o’ for the intersection
of w with the plane z = 0. Denote by dss(¢) (0 <& < 1) the arc element at
the boundary point of ks at which the outer normal makes an angle ¢

(0 <o <2n)

with the positive x-axis. Then

S @) = 5 | dso(@) + r()o (k)

where v(w) is 0, 1, or 2 according to the number of points in the intersection of w
with the z-axis.

From well-known properties of vector addition and from (48), (49), and (50),
we have:

Sodss(¢p) = ¢[(1 — D)dso(¢) + ddsi(e)],
a(ks) = w20 ((1 — ko + 0k1) = (1 — &)a (ko) + Fo(k1).
From these last three equations we deduce that
S(K,w) = (1 —9)S(Ko, w) +3S(K;, w)

and so K = K.
For figures of this type we have

M(K3) = w[s(ks)/2 + o,
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where s (k) signifies the perimeter of k. Equations (48), (49), (50) yield
(51) M(Ks) = alps((1 — 9)s(ko) + I5(k1))/2 + ¢/uol.
Set
D@) = [M*(Ks) — (1 — ) M*(K,) — o M*(Ky)]/n%

our goal is to show that we have D (@) > 0 when 0 < ¢ < 1 for some choices of
ko, k1, (—that is to say for some choices of K, and K. For this purpose, we
write o (ko, k1) for the mixed area of kyand %; and define 4 (#) and B (&) by

AW@) = 28(1 —3)[o(ko, k1) — (o(ko) + o(k1))/2]/[(1 — ) (ko) + Fo(k1)],

B@) = [(1 —9)s(ko) +9s(k)]?/(1 + A@)) — [(1 — 9)s2(ko) + Is*(k1)].
Using (49) and (51), we find by direct computation that

D) = A®)i*+ BO).
The quantities 4 (@), B(#) depend on &, k, k; only. Moreover, given three
positive numbers oy, 01, 001 Subject to
g > o0,
there are plane convex bodies kg, k1 such that
oo = a(ko), o1 = o(ky), oo = o (ko, k1).

From this we see that we can make 4 (#) > 0 by any choice of kq, k; for which
(52) o (ko, k1) > [o (ko) + o (k1)]/2.

With such a choice of ko, k; and with a suitably large choice of ¢, we have
D @) > 0asasserted.

In connection with choosing &y, %1 so that (52) holds, we attach the following
remark. If kg, k1 have the same width in some direction, then it is known that

(53) o((1 — ko 4 k1) > (I =)o (ko) + Fo(ky);

cf. (1, p. 94). Steiner’s formula shows that there is equality if and only if the
inequality sign in (52) is replaced by equality. The cases of equality in (53)
occur when one of the bodies ko, k1 is obtained from the other by the vector
addition of a segment lying in a direction perpendicular to their common direc-
tion of equal width. So, for example, if &, fails to have a centre of symmetry, we
may take k1 to be the reflection of %, in a point and (52) will be satisfied. From
this it is seen that, by taking kg sufficiently near to being circular, we can con-
struct convex bodies Ky, K1 which are as close as we please to convex bodies of
revolution and for which (25) is false.

5. The volume of Blaschke sums. The study of the behaviour of the

volume V and the surface area .S of weighted Blaschke sums is much simpler
than is the case for M.
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According to the definition of Blaschke addition, the area function Sy of
the Blaschke sum K; of any two convex bodies K, K satisfies
(54) Ss(w) = (1 —9)So(w) + 951(w)
for any Borel set w on Q. In particular, with the choice w = Q, we have
(55) S(Ks) = (1 —9)S(Ky) +3S(Ky1).
H. Kneser and W. Siiss (4) and, even earlier, Minkowski (5) showed that
(56) VE3(Ks) > (1 — ) VH3(Ko) + 9 V23(Ky),

for any pair of convex bodies Ky, K;. Their method of proof can be adapted to
give a modified result when K, K; are coaxial GCBR with similar directrices.
First suppose the equatorial directrices of the coaxial GCBR K,, K; are
identical. Their Blaschke sum has the same equatorial directrix. In this case, a
modified form of the Brunn—Minkowski theorem reads—cf. (1, p. 94)—

V(1 —HK; +tKs) > (1 — ) V(K;) + tV(Ks) 0<t<1L,2=0,1).
It is a direct consequence of this concavity theorem that
(57) 3V(K;, Ky, Ko) > 2V(Ky) + V(Ks)

where the expression on the left is a mixed volume. Consider the volume V(Kj;)
given by
V(Ka) = fﬂHo Ss (dw)/3

where H; is the support function of Ky. By (54) and the integral representations
of the mixed volumes V(K ;, K;, K3) we deduce:

V(Ks) = (1 —9) V(K()y K,, Ko) + 17V(K1, K, Ky).
In virtue of inequalities (57) we obtain
(58) V(Ks) > (1 = 9)V(Ko) +3V(K).
If Ky, K; are coaxial GCBR with equatorial directrices \¢ &, M &, then K
has equatorial directrix \s £ where \; is given by
N = V[(A — )N + IN2].
Hence, by applying (58) to the sets Ky’ = (1/)\s)Ks, we have

V(K's) > 1 =9¢)V(KY) + 3 V(KY)
where
& = N2/ N2

It follows from V(AK) = MV(K) that
V(Ks)/ N > (1 — ) V(Ko)/No + 3V (K1)/Ar

In this inequality we may replace \s by a(Ks) where a is defined by (45) and
(46); the argument is the same as that which led to (47).
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For later reference we gather together those results pertinent to the Blaschke
addition of GCBR.

TueoreM 5. If K, K are coaxial GCBR with similar directrices and Ky s
their weighted Blaschke sum, then (55) and (56) are true as well as

(59) V(Ks)/a(Kg) > (1 =)V (Ko)/a(Ko) +9V(K1)/a(Ky),

where a(K) 1s a set function of the type described by (45) and (46). When K, and
K have identical equatorial directrices then (58) holds.

6. Generalized inequalities of Hadwiger. This section is devoted to
some consequences of the theorems developed so far. These will take the form
of inequalities involving V(K), S(K), and M (K) where K is a GCBR. The
general method for obtaining these inequalities is this. We construct a finite-
valued set function F, defined over all those GCBR with directrices similar to
some fixed k, and such that F has the following properties:

(I) F is continuous over non-degenerate GCBR in the sense that, if { K}
is a sequence of such figures which converges to the non-degenerate GCBR,
then { F(K;)} converges to F(K);

(I1) FOAK) = F(K) forx > 0;

(II1) F(K) > min {F(K,), F(K1)} whenever K is the Blaschke sum of K,
and Ky;

(IV) Fis bounded below in its values over the set of spindles with directrix k.

Let m be the greatest lower bound of F over spindles with directrix k. By
(IT) and (III) Fsatisfies

(60) F(K) >m

over the set of all polygonal GCBR with directrices similar to & because these
latter are finite sums of spindles by virtue of Theorem 2. Finally, condition (I)
and Theorem 1 show that (60) holds for any GCBR with directrix similar to k.
Since F will be formed from the set functions V, S, M and functions of the type
a, described in (45) and (46), which depend only on &, (60) will be an inequality
of the sort we seek.

Further refinement of (60) is then possible depending on the choice of the
functions of the type a. Roughly, we replace the occurrences of those functions
of the type @ which arise in the definition of the functions « in one of two ways.
If we make a specific choice of k, we get an inequality for a class of GCBR;
for example, we shall take & to be a circle, and get inequalities of type (60)
which hold for convex bodies of revolution. The ones we obtain will be those
found by Hadwiger (3) using other methods. Alternatively, one may replace
the a by appropriate extreme values so as to give inequalities valid for all
GCBR.

For Fwe choose

(61) F(K) = [20S(K) — c2a(K)YM(K) + 3¢c3 V(K)/b(K)]/c2(K),
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where a, b, ¢ are positive functions of the type described in (45) and (46) and
¢1, C2, C3 are constants as yet not chosen. We let «, 8, v be set functions of plane
convex bodies such that, if K has equatorial directrix k, then

(62) a(k) = a(K), B(k) = b(K), v(k) = ¢(K).

Thus the positive functions e, 8, v satisfy (45), are rigid motion invariant, and
vanish only for degenerate k. Clearly Fsatisfies conditions (I) and (II).

Next, if we restrict ¢; and ¢; to be non-negative, the numerator of Fis concave
in virtue of Theorems 4 and 5. As to the denominator, if Ky, K; have equatorial
directrices \o &, A1 k, then the equatorial directrix of the Blaschke sum Ky has
equatorial directrix Ay k£ where

)\,92 = (1 - 0))\02 + 0)\12.
If we multiply this equation by v2(k) and use (45), we obtain from (62)
A(Ks) = (1 — 3)c2(Ky) + 9¢2(K,).

Hence, denoting the numerator of Fby N, we have
(L= 9N (Ky) +ONEKy) .n{{v;(Ko) NE
1 —0)F(Ko) + 0Ky = ™NE(K)  F (&S
which shows that Fsatisfies (I1I).

It remains to examine (IV). Let C be a spindle with equatorial directrix & in
the plane z = 0 and denote the area and perimeter of k by v(k) and (k).
Further, let ! be the length of the segment on the z-axis whose convex closure

with % gives C. We denote the end points of this segment by (0, 0, — /;) and
(0, 0, 1) so that

F(Ky) >

(62) Iy > 0, L >0, b+ 6L =1
Clearly
(63) Vic) = lv(k)/3.

In the plane z = 0, let Q be the boundary point of & such that the segment from
the origin to Q makes an angle of measure 6 with the positive x-axis. Suppose
g () to be the length of this segment and ds(f) to be the arc element of the
boundary of k at Q. For the surface area of C we have

S = | IVEE+ a0 + v+ 0)ds0)/2
From (62) and the inequalities

we get
(64) lu(k)/2 < S(C) < u(k)/2 + 20(k).

https://doi.org/10.4153/CJM-1967-089-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1967-089-x

994 WM. J. FIREY

Finally we turn to an estimate of M (C). The cylinder C’ with directrix £ and
generators parallel to the z-axis which is truncated by planes perpendicular to
this axis through the vertices of C contains C. The monotonicity of M as a set
function gives

(65) M(C) < M(C") = nl + mu(k)/2.
To estimate F(C) from below we use (63), (64), and (65) to obtain
v (k)F(C) > lexu(k) — camalk) + csv(k)/B (k)]
— [4]ci|v(B) + c2 a(k)u(k)/2].
This shows that, for fixed &, F(C) will be bounded below if the coefficient of /

is non-negative.
Since F satisfies conditions (I) through (IV) for the choices of ¢y, ¢, c;
indicated, we have the following theorem.

THEOREM 6. Suppose c1, 2, ¢3 are constants which satisfy
66) ¢2>0, ¢>0, cru(k)— cama(k)+ csv(k)/B(k) > 0,

where u and v are the perimeter and area of the plane convex set k and a, B are
positive rigid-motion invariants of k which are positively homogeneous of degree
one. 1T'he number m, defined by

m = glb. 120 S(C) — c2a(®)M(C) + 36 V(CO)/B®I/v (&),
where v is a function of the same type as a, B and {C} s the set of all spindles with
directrices stmilar to k, exists and we have
(67) 2c0S(K) — c2a(k) M(K) + 3cs V(K)/B(k) > my?*(k)
for all GCBR with directrices similar to k.

To give some specimen cases of this theorem, let & be a circle of radius R and
choose
a(k) = B(k) = R,  v(k) = RV/=.
Then (66) reads

(68) 2¢1 — ¢cs + ¢3 > 0.

We fix our attention on convex bodies of revolution and consider three cases:
1) aa=1/2, ¢o=1, ¢;3=0;
2) aa=0, ¢c2=1, ¢ =1,
@) aa=—1/2, ¢2=0, ¢ =1,

all of which satisfy (68).
The functions F in these three cases will be written Fy, Fs, F3 and the
corresponding lower bounds 7 will be denoted by m1, ms, m;. Here {C} is the
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class of all spindles of rotation or double cones. For such figures we find, in
terms of earlier notation,

V(C) = wlR?/3, S(C) = mR{+/(l* + R?) + +/ (L2 + R2)},
M(C) = nR{lo/R + arccot l,/R + I1/R + arccot I;/R}.

The last equation comes from the general formula for M given at the beginning
of the third section.

Set
t; = 1;/R, Gi(t) = /(1 + ) — t — arccot ¢.
Then
Fi1(C) = Gi(to) + Gi(th)
and so

glb. Fi(C) = 2min G1(t) = 2 — 7 = m,.

{c} >0

Thus, in case (1), (67) reads
S(K) — RM(K) +n(n —2)R2 >0

for all convex bodies of revolution K with equatorial radius R. This is inequality
(5a) of (3).
In the second case, set

G2(t) = — arccot ¢.
Then
Fo(C) = Galte) + Ga(tr)
and so
glb FQ(C) = 2min Gz(t) = — T = M.
>0
Thus, in case (2), (67) can be written
TR — RPM(K) + 3V(K) > 0

for the same K as in case (1). This is (6a) of (3).
Finally, set

Gi(t) =t — /(1 + 3.
Then

F3(C) = Gi(ty) + Gs(t)
and

g'é}b F3(C) = Q:Q‘i)n G:(t) = —2 = ma.
Here (67) takes the form, for the same K as before,
21R? — RS(K) +3V(K) >0

which is (7a) of (3).
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