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All sets considered will be finite, and | A'l will denote the cardinal number of the set X.
Let 21 = {At: is I) be a family of subsets of a set E. A subset £ ' £ £ is called a trans-

versal of It if there exists a bijection a:E'-> / such that e e Aa(e) (e e £')• According to a well-
known theorem of P. Hall [2], the family 21 to a transversal if and only if\ {[] At: ie/ '} | ^ | / ' |
for every subset I' of I. Ford and Fulkerson [1] obtained (as a special case of a more general
theorem) an analogous criterion for the existence of a common transversal (CT) of two
families. We may state their result in the following terms.

The families 21 = (At: iel), & = (By.jeJ) of subsets of E, where \ l\ = \ J\ = n, have a CT
if and only if

whenever / ' £ / , / ' £ / .
The original proof of this depended on the max-flow min-cut theorem from the theory of

flows in networks. This theorem is intimately connected with Menger's graph theorem [3],
and it is therefore not surprising that a direct deduction of the Ford-Fulkerson criterion can
be made from Menger's theorem. Another treatment [4] depends on the theory of transversal
independence. Our purpose here is to indicate a simple argument which relies solely on Hall's
theorem.

Assume that Er\l' = £ n / = 0; and consider the family 3£ = (Xk:keIvE) of subsets of
EKJJ defined by the requirements:

= Ak(keI), Xk = {k}u{j:jeJ,keBj} (fce£).

We assert that 21 and 23 have a CT if and only ifX has a transversal.
Write £ = { e 1 , . . . , e m } ) / = / = {l, . . . ,n}. Suppose that X has a transversal (which

must be the whole of EuJ). This implies, after appropriately ordering the e's, /4's and B's,
that n ̂  m and

The last line is equivalent to

eleXl Alt

ieXei,

the statements

eteBlt

.... eaeXn =

..., neXen.

•••,eneBn;

and therefore 21 and B possess the CT {eu...,en}.
The converse is also easy to prove.
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Now, by Hall's theorem, X has a transversal if and only if

| U . | | |
Her

whenever A"' £ IKJE. Write AT' = / ' u£ ' , where / ' £ /, £" £ £; then this is equivalent to the
condition

KlU/MU **)|£|/'| + |£'|, (2)
i e / ' * e £'

whenever / ' £ / , £ ' £ £. Further,

and
\JXk = E ' K j { j j , j } ;

kefC'

and so, after a simple rearrangement of terms, we may write (2) in the form

\(\J AdniE-E^ + liJ-.jeJ.BjnE' ±Q}\£\I'\, (3)
tel'

whenever / ' £ / , £ " £ E.
It remains to establish the equivalence of (1) and (3). To prove the implication (3) => (1),

it suffices to define, for each / ' £ / , the set E' by the equation E-E' = \J{Bj-.jeJ'}. The
reverse implication (1) => (3) is proved if, for each E' £ E, we take / ' ={j:jeJ,BinE' =0}.
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