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DISTANCE BETWEEN TWO RANDOM
k-OUT DIGRAPHS, WITH AND WITHOUT
PREFERENTIAL ATTACHMENT
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Abstract

A random k-out mapping (digraph) on [r] is generated by choosing k random images of
each vertex one at a time, subject to a ‘preferential attachment’ rule: the current vertex
selects an image i with probability proportional to a given parameter « = «(n) plus the
number of times i has already been selected. Intuitively, the larger « becomes, the closer
the resulting k-out mapping is to the uniformly random k-out mapping. We prove that
o = O(n'/?) is the threshold for o growing ‘fast enough’ to make the random digraph
approach the uniformly random digraph in terms of the total variation distance. We also
determine an exact limit for this distance for the & = Bn!/2 case.

Keywords: Random graphs; random digraphs; preferential attachment; uniform; k-out
digraphs; total variation distance; local limit theorem

2010 Mathematics Subject Classification: Primary 05C80
Secondary 60C05; 60F05

1. Introduction

In the study of random graph/digraph processes, preferential attachment (or the popularity
effect) refers broadly to processes in which edges or arcs are inserted one at a time, and vertices
chosen as endpoints previously are more likely to be chosen going forward. These processes
have become well known since Barabdsi and Albert [1] introduced the first such model to explain
a ‘scale-free’ vertex degree distribution observed empirically in various real-world networks. In
this scheme the vertex set grows in time, each new vertex attaching itself randomly to existing
vertices, with probabilities proportional to their current ‘popularity’ (degree). The Barabdsi—
Albert model was later formalized, and studied rigorously; see [4] and [6].

For a single host vertex, the resulting graph (a nonuniform recursive tree) was studied
some years earlier; see, for example, [2], [16], and [18]. Since then, a wealth of preferential
attachment graph models have been studied; see, for example, [7], [5], and [9].

Recently, Pittel [19] studied a graph process {Gq(n, M)}V, _o» Which is a ‘preferential
attachment’ counterpart of the Erd6s—Rényi process {G(n, M)}},_, on a fixed vertex set [n],
(N = (;)) Given the current graph G, (n, M), G,(n, M + 1) is obtained by adding a new
edge; we choose to connect currently nonadjacent vertices i and j with probability proportional
to (d; + a)(dj + o), where d;, d; are the degrees of vertices i and j in Gy (n, M). Clearly,
{G(n, M)}},_ s the limiting case @ = oo of {G4(n < M)}AN4:O' The main resultin [19] is that
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with high probability G, (n, M) develops a giant component when the average vertex degree
¢ :=2M/n exceeds o/ (o + 1), and the giant component has size asymptotic to

o[- (525

c c*

(Ot +c)2+a = (C( +C*)2+(x'

where ¢* < a/(a + 1) is a root of

Notably, formally letting &« = oo in this result recovers the result of Erdés and Renyi [11], that
the Erd6s—Renyi process {G (n, M)} develops a giant component when ¢ := 2M /n exceeds 1,
and that the giant component has size n(1 — ¢*/c), where ¢* < 1 satisfies c*e ¢ =ceC.

Another model of this type is a preferential attachment model for random mappings, defined
and studied by Hansen and Jaworski [13]-[15]. Let @ > 0, and say that each vertex in [n] has
initial weight «. The vertices take turns choosing their images, starting with 1; conditioned
on the previous steps in the process, vertex i chooses vertex j as its image with probability
proportional to the current weight of vertex j, which then increases by 1. Call the resulting
mapping M,/ ; (this is our notation, not that of Hansen and Jaworski). The constant & measures,
essentially, the ‘independent-mindedness’ of the vertices as they choose their images: the larger
« is, the less affect previous choices have on future ones. Letting @ — 00, we recover the
uniformly random mapping [rn] — [r]. Extending earlier results of Gertsbakh [12], Burtin [8],
and Pittel [17] for the uniform mapping, Hansen and Jaworski [13] obtained the distributions
of the sets of ultimate ‘successors’ and ‘predecessors’ of a given set in the random mapping
My ;. Given this heuristic connection in the @ = 00 case, it is natural to wonder: if we let
vary with n, and @ — oo ‘fast enough’ as n — oo, will M}’ behave asymptotically like the
uniform mapping? If so, how fast is fast enough? In [15], Hansen and Jaworski established
asymptotic properties of My | in the case where an — 00, and specializing their results for
the parameters studied in [8] [12], and [17] in the &« — oo case does reveal the ‘continuity at
o = oo’. At first glance, this might seem to indicate that « — oo, however slowly, is enough
to make M| asymptotically uniform. However, we shall see in Section 5 that this is not the
case. A rather simple parameter, the sum of squared in-degrees, is much more sensitive to the
behavior of «, and its asymptotic distribution is close to that for o = oo only if & >> n!/2.

In this paper we generalize Hansen and Jaworski’s preferential attachment random mapping
model to a new setting: k-valued mappings. Specifically, we study the collection of digraphs
on vertex set [n] in which each vertex has out-degree k, and the out-arcs belonging to each
vertex are labeled 1, 2, ..., k. (Equivalently, these can be thought of as functional digraphs for
mappings [n] — [n]k where [n]k denotes the set of k-long Vectors with coordinates in [n].) We
call our model Mff x> and the corresponding uniform model M, ; the k = 1 case corresponds
exactly to the model of Hansen and Jaworski.

Measuring the distance between M}, and M, via the total variation distance, we prove
that « = ®(4y/n) (notably, much smaller than n) 1s the threshold for ‘fast enough’ growth to
ensure asymptotic uniformity of M}’ - We determine an exact limit for the distance in the
a = B./n case, where 8 > 0 is ﬁxed and show that it is asymptot1c to the distance between
the distributions of the sum of squared in-degrees for M,’; and M,
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2. Definition of the model and statement of results

Let n,k € Nand ¢ € (0,00). Let M"‘k be the directed multigraph on vertex set [n]
generated via insertion of a kn-long sequence of out-arcs, k arcs per vertex, starting with the
empty digraph and each vertex having initial weight «. At a generic step, choose (uniformly at
random) a vertex with out-degree below k, and select its target vertex (image) with probability
proportional to the target’s current weight; increase the weight of the chosen vertex by 1. After
kn steps, we arrive at a directed multigraph on vertex set [x], in which each vertex has out-degree
k and its k out-arcs are labeled chronologically 1,2, ..., k.

While this scheme is perhaps a natural digraph growth process, the distribution of the terminal
digraph is the same for any random ordering of the decision makers, provided that it depends
only on the current out-degrees. So, alternatively, we can consider the process consisting of
k rounds of the Hansen—Jaworski process [15], in which each round begins with the vertex
weights accumulated during the previous rounds. Think of this as a committee of n people
undergoing k rounds of voting for a chair, in which votes are made publicly and people are
swayed by the total votes in earlier rounds. Given any M : [n] — [n]¥, we find that

H?:l ol

— X i=x(x 4D (x+y—1), (D
(om)k"

P(MS, = M} =
where (dy, ..., d,) is the in-degree sequence of M, including multiplicity, and P{-} is the
probability measure.

Analogously to Hansen and Jaworski’s model, we can view the uniformly random mapping
[n] — [n]¥ as the limiting case of M,‘f’k in which o = oo. Keeping n fixed and allowing « to
grow without bound, the current in-degree of each vertex becomes negligible compared to «,
so that all of the weights are nearly identical. In light of this connection, we let M, °% denote
the uniformly random mapping [n] — [n]~.

Our main result is as follows.

Theorem 1. Letdry(M;, Ook) denote the total variation distance between the measures on
My, k (the collection of k- out maps on vertex set [n]) induced by M"‘k and M o, k’

drv(My g My5) == sup [P{My, € A} —P{M € A}
AgMnk

1
=3 2 IPIMy, = M} —P(M, = M}].
MeM, i

Leta = a(n) and n — 0.

(i) Ifa//n — oo then drv(My ., M7S) — 0.
(ii) Ifa — coanda//n — 0asn — oo, then drv(Myy , M75) — 1.

(iii) If « = B/n, B € (0, 00) being fixed, then dry(M k,Mook) — lIE|1 — exp[—N]|;
here N is a Gaussian random variable with expectation E[N] = k? /4,32 and var[N] =
k% /282
Note that Theorem 1 provides us with a very strong result in the case where o > \/n;

namely, that the difference in the probability assigned to any event 4 by the distributions
of My, and M . tends to 0 with n. The result for o < /n, on the other hand, is much
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less powerful, it simply tells us that there is an event A, such that IP’{M‘)‘1 € Ay} — 1,
while P{M | € A,} — 0. As the example of the number of connected components in My |
discussed in Sectlon 1 shows, there exist natural events whose probabilities under M7 ok and
M ‘X}( are nearly the same. Still, Theorem 1(ii) is rather revealing. It tells us that o = @(f )
is truly the threshold for every parameter of the k out mapping having the same distribution in
the limit for the random mappings M’ ok and M

Theorem 1 calls for finding a (hopefully natural) parameter X of the k-out mapping such that
the total variation distance drv (X (M) ), X (M, k)) is asymptotic to dTV(Mn o M), This X
is a parameter whose distribution is most sensitive to finiteness of «, allowed to be mﬁmte only
in the limit. We found such a parameter for the critical « = ® (n'/?).

Theorem 2. For a k-out mapping M, let D(M) = (D1(M), ..., D,(M)) denote the sequence
of its in-degrees, and let X (M) := ", (D; (M))2denote the sum of its squared in-degrees. Let
a = B/n, with B > 0 fixed. Then

Tim_ dry (X (M} ). X (M79)) = 3 E|1 —exp[=N]],

where N is as in Theorem 1(iii).

Theorems 1 and 2 open an avenue for further study. For instance, suppose that « = ®(n?),
o € (0, %]. In this case, by Theorem 1(ii), 1 — dTV(Mf,l,k, Mfl’f’k) — 0. The questions are
how fast, and which parameter of M is ‘in charge’ of the convergence rate? Suppose that
o € [1/s, %], s > 2 being an integer. Introduce

X=XM)={XOMY_,,  XOM):=) (Di(M)).

Is it true that 1 — dry (X (M2 ), X(M25)) ~ 1 — dry (M, M3S)?

3. Preliminary results

Definition 1. Let Dy = (D, ..., Dy ,) denote the in-degree sequence for M7, and let D;°
denote the in-degree sequence for M

Note that d = (dy, ..., d,) is an admissible in-degree sequence precisely when it satisfies
di,...,dy, > 0and d; + --- + d, = kn. (From now on, we use d to denote a generic
admissible sequence.) The number of mappings with in-degree sequence d is precisely (]Z’),
which is shorthand for the multinomial coefficient

(kD . (dl, knd)

The coordinates of DY are interdependent, as Z DY . = kn. However, there are inde-
pendent and identically dlstrlbuted (i.i.d.) random varlables that can be gainfully employed to
analyze these coordinates. For k = 1, it was proved in [14] that the in-degrees are (jointly)
distributed as i.i.d. negative binomial variables, conditioned on summing to n; likewise, the in-
degrees of the uniformly random mapping are distributed as i.i.d. Poisson variables, conditioned
on summing to n. These results generalize to M, and M5
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Lemma 1. (In-degree sequence distributions.) Letd = (dy, da, . .., d,) be given.

(1) Let Zya, ..., Znp be iid. random variables with the generalized negative binomial
distribution with shape parameter o and probability k /(« + k), then

E o k d
P{anzd}za— ‘ , d=0,1,2,....
’ d'\oa+k o+ k

LetZ, = (Zy1,...,2Zyy). Then

PDY =d}=P{Z, =d | Zy1 + -+ Zn, = kn}.

(1) Let Yu 1, ..., Yn.n bei.id. Poisson-distributed random variables with mean k. Let Y, =
(Yn,l» ey Yn,n)- Then

P{DX =d}=P{Y, =d | Yp1+ -+ Yy, = kn}.

Proof. The probability generating function for Z, ; is

. Zoj1 _ a ¢  kx —“
fz(x) = E{x }_<a+k> (1 a+k) . (2)

It follows by independence of the Z,, ; that

- e . (O[I’l)ﬁ o\ kK
p{;zn,,_kn}_[x e =S () ()

while independence and ) jdj = kn imply that

a no k kn n agTj
P{Z, = d} = o
(Zn =d} (a+k) <a+k> Hd,-!

Jj=1

Combining these yields

kn) 1_[;%:1 a?j

]P{Zn:dlZn,l+"'+Zn,n:kn}=< —_—.
d (Oll’l)kn

The multinomial coefficient is precisely the number of k-out mappings on [#], and so (1) implies
that

o kn n’}=1adij
rt == () g =F7 =4 D =)

proving (i). The proof of (ii) proceeds in the same fashion.

We will find that the total variation distance we seek can be computed by focusing on the
in-degree sequences of our mappings; to do so, we will need information about the moments
of the in-degrees, and some results about concentration. With Lemma 1 in hand, the moments
can be computed explicitly.
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Corollary 1. (Moments.) Letn, k € Nand o € (0, 00).
(1) The factorial moments and moments of Z,_ j (defined as in Lemma 1(i)) are
[ s i1t
ok s|atk
E((Zn ) =—r,  ElZn)') = ; {6}7
where { } is the Stirling partition number and (a)p = a(a — 1) ---(a — (b — 1)) is the

falling factorial.
(i1) The factorial moments of DO‘ and D,‘foj are, respectively,
ol (kn)g (kn)z
E((DE ey = 28 BUDE) ) = 2t
(an)*

(iii) The moments of D"‘ and D°° are, respectively,

s

' k N k
ow == EDE )} = 3 {Z}“ B =IO = Y|}

=1 (an)t =1

(iv) The mixed factorial moments for D and D° are, respectively,

€. m
o N _ata"(kn)eim _ (kn)oqm
BUDE (D] ) = — = EDID(Dn) = =
V) Ife =a(n) - oo asn — oo then
1
Hs,o = Ms,00 T 0<_)~
o
(vi) Asn — oo,
N
) 1
Proof. Let Z, = (Zy,1,...,Zpp) and Y, = (Yy1,..., Y, ) be as in Lemma 1, and let

fz (x) be the probability generating function for Z, ; as computed in (2). Then E{(Z, )¢} =
fZ (1), and the first equation in (i) follows. The proof of (i) is completed by the identity

S

X =Z{;}(m. 3)

=1
Note that because Z,, 1, ..., Z, , are i.i.d.,
kn

E{(D )e}—Z(d)e]P’{Dn/ d}

d={
]P{ijl Zn,j =kn}

xkn (xff‘“(x»(fz(x))"—l
K] fz ()
ol (kn)g

(an)t
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Arguing similarly for the uniform mapping yields

1l 0 Gy ()™ (ke

E{(D7)e) = Ry (o) =

9

where fy(x) = eX®~1 is the probability generating function for ¥, j- This completes the
proof of (ii). Claim (iii) follows from (ii) and (3). For (iv), arguing as in the proof of (ii) leads

to
el £0 ) G 9 () (Fz00)" 2 e (kn) gy
E{(D% . D¢ . mij = : = T
(D0 )e(Dn.im) Iz )" (o
while

LG Ay @) G A @) Fr )" k) eem
LR Cfy ()" ntEm

E{(D;)e(Dy)m} =

For (v), we need only note that if « — oo then

(5] o kn), { } ‘f(kn)g< (1)) (1)
s, = - = 1+ 0| - = ts,0o t O — ).
H ;{K} (an)t Z (an)t * o Heo0 o

Finally, (vi) is an immediate consequence of the expression for jts o in (iii). This completes
the proof.

The most important applications of Corollary 1 are listed in the following statement.

Corollary 2. (Concentration results.) Suppose that ® = w(n) — 00 as n — 00, however
slowly. Let s € N, ps.q == E{(Dg’j)s} and [bg o0 = E{(D;’f’j)x}.

(1) If ¢ = a(n) is bounded away from O then
Tim PI(D )" + -+ (DY) — pganl < o/ = 1.
(i1) For the uniform map,
Tim P(DE)" + -+ (D5 — g oon] < ox/n) = 1.
Proof. Let us first consider (i). Note that
E{(Dy )" + -+ (Dy ,)'} = nE{(Dy 1)°} = pag,an.

Furthermore, the moments in Corollary 1 imply that

n 2
E{ (Z(Dz{ pf) } — n2E{(DZ ) (D)} + O(n). )

j=1
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Write (Df:, 1)‘*(D;‘L"2)S in terms of falling factorials, to obtain

E{(DZ )* (DS,)* }=E{(Z \ (D:;il)e>(2 {m}(D%)mﬂ
=1

m=1
_ XS: XS: s { s }aﬁam(kn)€+m
il £ R UL ()t

©

B i i s azaﬁkf-i-m | Lo l
o 2] |m altm n))
=1 m=1
For « bounded away from 0, the summands here are bounded, so that

o s Kkl mkm 1
E((DE ) (DE )} = 3 Z{ H } .- +0<;>

=1 m=1

5 (s otzkl 2 1
- (%) <o)
(& (s @l k), 1\ 1
(XL o(n) +o()
_ 2 (l)
—(Ms,a) + O .

n

This, combined with (4), yields Var[Z?z 1(DZ‘,,~)S ] = O(n). Result (i) follows immediately
via Chebyshev’s inequality, and (ii) is proved similarly.

The last ingredients that we need before moving on to prove Theorem 1 are the following
bounds on the rising factorial.

Lemma 2. (Rising factorial bounds.) Suppose thata € (0, 00) andb € ZN[0, a+1). Then

() the rising factorial a® satisfies

3 b
—— ) < <1
eXp( 6a2> = expbb — D)2a) —

(ii) the rising factorial a® satisfies
8

_ _ _ _ -1 4
1§ab|:abexp<b(b D b(b—-1)Q2b 1))i| §exp( b )

2a 1242 1243

Proof. Write
b—1

ab = ab exp(210g<1+ )) (5)

For x € (0, 1), the power series for log(1 + x) has alternating terms which decrease in absolute
value, so that log(1 + x) is sandwiched between any two successive partial sums. From this,

we obtain the bounds . s . '
i—]—zilog<l+i>§i (6)
a 2a a a
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and

2 . . .2 .3
J J J J J .
—ﬁilog<l+;>§;—ﬁ+&7 for0<j<b-1<a. @)

It follows from (5) and (6) that

3 _ _ _ _ -1
exp<—6[i7> < exp(—%ﬁffn) < ab|:ab exp(%)] <1,

which proves part (i). Part (ii) follows similarly from (5) and (7).

Q| ~.

4. Proof of Theorem 1(i): the o« > ./n case

We are now ready to prove Theorem 1(i), that is, dTV(M,‘I’" . M;l’f’k) — Qasn — ooif
a/s/n — o00o. The first step is to write the total variation distance in terms of in-degree
sequences, using (1). Letting M, x(d) denote the collection of all k-out maps on [r] with
in-degree sequence d, we compute

1
drv (M M) =53 > IPIMy, = M} —P(M, = M|

d MeM, i (d)
N Moe® 1
2 Xd: Me%k(d) ()i ok
5% (kn) o ®)
2 & d (an)kn nkn |’
where the summation is over all valid in-degree sequences d = (dy, ..., d,): d;i > 0 for all

i,and di + - - - + d, = kn. Note that the right-hand side of (8) is precisely the total variation
distance between DY and D:°. We might have expected this, indeed, conditioned on the
in-degree sequence, M,’; and M, are both uniformly random.

Let us write o = wﬁ; note that w = w(n) — oo asn — oo. Let B,, denote the collection

of in-degree sequences d = (dy, ..., d,) such that
|d12 + - +d,% — U2.alt| < A/wn, Id? + .- +d3 — U3.ant| < A/on,
where, as before, s, = E{(Dfl‘, j)s}. We split the sum from (8) into major and minor
contributions:
L (k| ITiie® 1] 1 kn\[TTiz e 1
2 d d (C(”l)kn ntt 2 de3B, d (Q’n)kn ntt
For %, by the triangle inequality,
1 kn\ [TTiz e 1
2 igm, a1 @nyr - n
nogdi
)BT 2 ()
d¢B, (an) d¢B,
=P{D;; ¢ B,} +P{D;° ¢ B,}. )
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By Corollary 2(i), P{D3 ¢ 8B,} — 0as n — oo. By Corollary 1(v),

1 1
|Ms,a_ﬂs,w|:0<a>20<wﬁ)v s €1{2,3},

[0 — ks 0l = O(Lﬁ) = 0(@)

w

so that

It follows that P{D3° ¢ B,} — 0, since by Corollary 2(ii), with its » replaced by \/w, we have

A
So, by (9), ¥, — 0 asn — 00, and we can focus on the sum over d € B,,.
Applying the rising factorial estimate in Lemma 2(i), we obtain

o i kn(kn — 1) (kn)3
k() 1o 51)

et S 1 o() o))

Using the same bounds for each factor ai it follows that, uniformly over all d,

s " di(d;— 1) " d3
[]a? = exp<2#+o<za—’2>>. (10)

j=1 j=1 j=1

n

Z(ij)s — Ms,00M

j=1

< JJown fors=2,3} — 1 asn — oo.

Here, uniformly over d € 8B,,

n

Z didj —1) _ H2an —kn+ O(Jon)
2« B 2 '

Jj=1
Furthermore, Corollaries 1(v) and 1(vi) imply that
n ) n
H2,ah = U2,00n + O 5= k*+kn+01)+ 0 5 )

SO

n

B4 of L) sof) ol k) - ol )

j=1

Such d also satisfy

(oot

[\S]

i pzen+ O(Jon) 1
Y L= =0(=)
j=I1

o a?

So, returning to (10), we find that uniformly over d € 8B,
n 2
- k 1
l_[otdj :ock"exp< ﬁ>(1+0<—>>
i 2w Jo
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Therefore,

1 3 (kn) Mioed
2d€$n d (an)H nkn

This completes the proof.

o g (0)) ol o o

5. Proof of Theorem 1(ii): the o <« ./n case

Having seen that dTV(M,‘fk, M73) — 0asn — oo when a//n — oo, the natural
question to ask is this: is this the best we can do? We now prove that it is, in the sense
that drv (M, nk)—> lasn — oo, if & — oo buta/4/n — 0.

Note that for any event A, C M i,

drv(My . M) = sup [P{M € A} —P{M € A}
Jggrf"lnk
> |P{M, ;€ An} — P{MS % € Anll.
As such, itis enough to find an event +4,, such thatIP’{M"‘k € Ay} — landP{M, € A,} — 0.

To that end, let us write @ = /n/w, and let §,, denote the set of all valid in- degree sequences
=(d,...,d,) such that

|d12 4+ +d3 — U2.ant| < A/own.

Then the event {M : d(M) € §,} is precisely the event A, that we seek. Indeed, since w — oo
asn — oo, P{DY € §,} — 1asn — oo by Corollary 2(i). On the other hand, Corollary 2(ii)
states that

P{I(D°)? + -+ (D)? — pa,con| < Jon} — 1 asn — oo. (11)
Here, by Corollary 1(iii),

kin—Dkn—=1 Kk*n
2. — 2.00n| = ———————— ~ —— = k*w/n,
an + 1 o
whence |p2 ont — (2,00nt| > 24/wn for sufficiently large n, so that (11) implies that P{D° €
9n} — 0asn — oco. We conclude that

1 = lim [P{Dy] € G} — P(D;° € §n}| < drv(My ;, M) < 1,
n—oQ s B
thus completing the proof.

6. Proof of Theorem 1(iii): the o = 8./n case

‘We have now seen that dTV(M"‘ °°) — 0if a/4/n — 00, meaning that M""k is, in a
strong sense, asymptotically umform in this case. We have also seen that dpy (M by e k) -1
if a/\/n — 0, so that, in the limit, the supports of M% o and M ok 0 M, i are dls]01nt The
natural follow-up question, of course, is this: what happens in between‘7 We are now ready to
prove Theorem 1(iii), which covers exactly this case. Let us start by providing a basic outline
of the proof.
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From a slight manipulation of (8), we have
1 kn\ [Ty @7 ()"
dry (M), ,?f’k>=—2( ) — ‘1— | (12)
244\d ) (an)kn nkn TGy adi

Note that this expresses the total variation distance as the expectation, with respect to My, of
the following quantity:

1 ‘1 (an)k

nkn H;l‘:l o
As in the proof of Theorem 1(i), we begin by splitting the sum in (12) into major and minor
contributions of ‘good’ and ‘bad’ d, largely corresponding to two complementary ranges of
Z a’2 We will show that the contribution of bad d is negligible; so our focus will be on

good d A sharp asymptotic analysis will show that, uniformly over those d,

2

o " d? —nE{(Z,.1)%)
1= slan. 80 = Lo, 2 w3
nkn T2 L adi NG
here Z, = (Zn.1, ..., Zy.) is as in Lemma 1(i) and

k2 X
ool 5]

Since E{(Zn,l)z} and E{(Dy 1)2} are relatively close, (13) is a clear sign that a central limit
theorem (CLT) for (Dﬁ"l)2 + 4 (Dfl",,)2 might be the key for asymptotic analysis of the
contribution by good d. In this setting, a CLT is indeed plausible. We know that DY is
distributed as Z,, conditioned on Z, 1 + --- + Z, , = kn, a condition weak enough that any
fixed, bounded set of coordinates of D are asymptotically independent.

Still, the interdependence of D) o is too strong to count on standard techniques, such as
Fourier- and/or martingale-based approaches If workable at all, the method of moments would
have required sharp asymptotic estimates of the central moments of (D} 1)2 -+ Dy, )2,
obtained from an extension of Corollary 1(iv) to higher-order mixed factorial moments—an
exceedingly computational route which would hardly explain the intrinsic reasons for the CLT

to hold.
So, instead, we recall the result of Lemma 1(i): the in-degree sequence DY is distributed
as Z, = (Zn1, ..., Zy,,) conditioned on Z,, | + --- + Z, , = kn, where the Z,, ; are i.i.d.

negative binomial variables. In light of this, we consider a two-dimensional

1 1
Si=) :<_z,”-, —z,fgj),
j v v

the sum of independent 2-vectors, or, more specifically, the centered vector
— (0,80 = S Znj—nB{Zy1} Yo Zy; —nE{Z) ) .
? NG ’ ﬁ

Conditioned on S’?l =0, SSZ is distributed as JS(D,‘;‘), /S,(Z)(d) being defined in (13). Now we
should certainly expect that S,? is asymptotically Gaussian (normal). However, just a CLT
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for S,? would not be enough, since IF"{S,?1 =0} = ©(n~/?), making the conditioning event
{SS1 = 0} way too intrusive to extract the limiting distribution of 5,?(fo) from the limiting
cumulative distribution of S,(l). So, instead, we will have to prove a local central limit theorem

(LCLT) for S,?; this will immediately yield a LCLT (which in turn directly implies a CLT) for

89(D2).
Lemma 3. (LCLT for S,(l).) Suppose o = a(n) < oo for all n, but that «(n) — co asn — oo.
Then
lim  sup |=P{S0 =x} —n(x)| =0,
00 4 esupp(sY) | 2
where

exp(—xE_le/Z)
2m4/|det X|

is the density function of a Gaussian random vector in R* with mean 0 and the positive-definite
covariance matrix X and its inverse X~ given by

¥ [ k 2% +k ] soi_ [1@H3T 1) Gk k)
= 2 3 2 s = _ _ _ .

n(x) :=

Proof. As a template, we use the Fourier-based proof of the one-variable LCLT in [10, Sec-
tion 2.5, Theorem 5.2], modifying it for vector-valued summands, and dealing with dependence
on n (through dependence of « on n) of the distributions of the individual summands. Most of
the relevant facts about multi-dimensional characteristic functions, such as inversion formulas,
can be found in [3].

For ease of notation, define

Vaji=(Znj—BlZuj}. Zy ; —B{Z3 D, Va=)_ Va,
J

so V, j areii.d., and S,? =n"1/2 V.. Fort € R2, introduce the characteristic functions
() = BV}, @,(0) = BV} = (¢, (n 20"

Let us first show that .
lim ®,() =e % /2, t e R%; (14)
n—oo

see Lemma 3 for X. This will prove the CLT for S,(l) , hamely, S,? converges in distribution to a
Gaussian 2-vector with mean 0 and covariance matrix X.

Each V,, ; has mean 0, and the same covariance matrix, X,,. By Corollary 1(iii), E{|| V,_; || =
O(1) as n — oo. So, uniformly in n,

yEuyT

on(y) =1— +0(yP), y—o. (15)

Using Corollary 1(i) to compute X,, we obtain |, — Z|| = O(@”!) - Oasa = Onl/?).
Thus, for every ¢,

nlexeT

n
+ O(n_3/2)> N e—tzﬁ/z
2 b

B, (t) = ($u(n™20))" = (1 _

which proves (14).
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The CLT is a key ingredient in the proof of the LCLT for S,? .

The minimum additive subgroup £ < R? such that P{V,, j € x9 + L} = 1 for some
xo € R? is generated by a = (1, 1) and b = (1, —1); supp(Z,,;, Zrzl j) must be contained
in the span of @ and b because m> = m (mod 2) for all nonnegati{/e integers m, and a,
b are necessary because (0, 0), (1, 1), (2,4) € supp(Z, ;, Z,ZLJ.). Since the random V,, ; are
independent, the minimum subgroup for S is &£ //7, the lattice generated by a/+/n and b/\/n.

So, by the inversion formula for lattice-distributed variables (c.f. [3, Equation (21.28), p. 230]),

12 .
P(S0 = x} = HZ/ e X @, (1) dt, x € supp(SY), (16)

where
Frni={t=(t1,0): |th + ] < w/nand |t] — 1| < w/n}.

Since the characteristic function e %' /2 ¢ L (R?), we also have
1 —i(t,x) .—tXt" /2
n(x) = —— e \tle dt. (17)
4 R2

The triangle inequality, (16), and (17) imply that

SIS = x) = n(x)

5/ |c1>n(t)—e*‘2”/f|dt+/ e!Z 248 (18)
F R2\F,

The right-hand side of (18) does not depend on x. So, in order to establish uniform convergence,
it suffices to show that the right-hand side of (18) tends to 0 as n — oo. That the integral over
R2 \ ¥, tends to 0 is immediate: e"th/ 2is integrable, and ¥, increases to R2asn — oo.
Consider the integral over R \ %,. Note that, by the CLT already proved, the integrand
converges to 0 pointwise. To prove that the integral goes to 0 as well, we consider # with small
n~1/2|t| and the remaining ¢ separately.

We know that X, — X, and X is positive-definite. So, there is a constant y > 0 such that,
for large enough n, yX,y" > y|y|? for all y € R?. Consequently, by the uniform estimate in
(15), there is a constant ' > 0 such that, for large enough n and |y| < &',

a0 < 1= dylyP < e 7P/
Choose 6 € (0, r) sothatt € T,,(l) implies |t| < 8 /n, where
FV = (t: |1 + 1| <s/nand |1 — ] < 8/n}.
Then, for t € .77,1(1),
|, (£) _e—t):tT/2| < |®,(1)] +e—t):tT/2 < (e—y|t|2/4n)n +e—t2tT/2 _ e—ylt\2/4 _I_e—t):tT/Z’

which is integrable. So, by the dominated convergence theorem,
T
/ o @n(®) —eE 214t — 0 asn — oo.
Fa

For T,,(z) = Fu\ ?n(l), note that V, ; converges in distribution to (¥ — k, Y% — (k*> +k)) as

n — oo, where Y is Poisson-distributed with parameter k. Therefore, ¢, (f) converges to the
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characteristic function ¢*(¢) of (¥, Y2), uniformly on compact sets in R?. By [3, Lemma 21.6],
lp*(y)| = 1 ifand only if y = (y1, y2) has |y1 + y2[, |y1 — y2| € 2w Z. We note that, uniformly
fort e fF , t//n is bounded away from all such points. So, by umform continuity of ¢* on
every compact set, there ex1sts e € (0, 1) sothat, foralln and all ¢ € fn |¢* (t//n)| <e/2.
Using again the fact that J-,, / /1 is contained in a compact set, we know that ¢, (£) converges
uniformly to ¢*(¢) on F, //n. Thus, |n(t//n)| < & and |, (t)| < &" for t € F2 and
sufficiently large n. It then follows that, for sufficiently large n,

/(2)|<1> (t) — e "= /2|dt < ¢"vol (3?,,(2>)+/ N e 248 50 asn — oo,
7

completing the proof.
With Lemma 3 in hand, we are ready to prove the desired CLT for the sum of squared in-

degrees. In fact, the LCLT for SS is strong enough to prove the corresponding LCLT for that
sum, which directly implies the desired convergence in distribution.

Corollary 3. (LCLT for Zj(sz"j)z.) Suppose that « = a(n) < oo for all n, but a(n) — oo
as n — 00. Define

YDy ) = nE((ZY )%

§0 =
n ﬁ
Then
lim  sup ﬁP{SS —x}—y)| =0
"% xesupp(s) 2

where ¥ (x) := (e_)‘z/ 4kz) /2k/T is the density of a Gaussian random variable with mean 0
and variance 2k>.

Proof. Let S,? be defined as in Lemma 3. Then, for any x € supp (S,?),

ZZ,LJ' =kn}

]P’{SO (0, x), Z Zy j = kn}
B P Zy,j = kn}
_ P{S) = (0, x)}
P Znj = kn)’

since the condition »_ j Zn,j = kn means precisely that the first coordinate of S¥is 0. As in
the proof of Lemma 1,

o B (OH’L)H o an k kn
P{;Z’”_k"}_ (kn)! (cx+k> <a+k> '

We apply the identity ab = I'(a + b)/ ' (a) and Stirling’s approximation to obtain

D L (a0
= (1 o(5)+o(3)
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So, using (19) and Lemma 3, uniformly over x € supp(S,?),

?P{S,? —x}=(+ O(a_l))x/an(g)IP’{S,? — (0, x)}
= (1 + O(a""YNV2rk (0, x) + 0(1))
=Y (x) +o(1),
where
_ . V2mk x2 _1 . e_)‘z/Zk2
Y(x) =+2mkn0,x) = mﬁp(—?(z )1,1> RETSV
So
lim  sup ﬁ]P’{S,? =x}—vy&)| =0,
"= csupp(sY) | 2

which completes the proof.

Finally, we are ready to carry out the proof of Theorem 1(iii). We proceed via a series of
claims, after making some initial definitions.

Define
— | k2 X
)

Let w = w(n) be such that w — oo asn — cobutw/+/n — 0. For A > 0, define the function
fa by

fx) ifx=—A,

falx) = f(=A) otherwise,

so fa(x) is bounded and continuous for any fixed A. Furthermore, define

A = An(A) = {d: > di —nE(DE )] < Aﬁ},

Jj=1

where d ranges over all valid in-degree sequences of k-out digraphs on [n], and

> _dj —nE{(D} )}

< wi/nfors = 3,4}.
Jj=1

A= AL(A) = {d € Ay

As in the proof of Theorem 1(i), we start from

AN § T
v (Mo M) =5 2 (d) T n|
r (an)

Proposition 1. The error committed in restricting dry(My ., M%) to in-degree sequences
. iy ’ P .

d € A, can be made small by choosing A large. In particular, for A > 2k=/B, there is a

constant C > 0, independent of A, such that

, kn\ | TTj= 0¥ 1 c
hmsupZ(d)W—W

<—.
T (A—KY/B)?
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Proof. By the triangle inequality,

= (o)
d (Oti’l)a nkn

dgA,

<P{Dy ¢ A,} + P{D;° ¢ A, ).

By Corollary 2(i),

n
7
j=1

for s = 3 and s = 4, while a similar application of Chebyshev’s inequality yields

n
§
j=1

D¢ )* —nE{(D%,))’)

zwﬁ}—>0 asn — oo

var[3}_y (Dgs | 2]

= = 0(A7?).

> (DY ) —nE{(DY )

zAﬁ}

The last two estimates combine to imply the existence of a constant C; > 0, independent of A,
so that
lim sup P{DY ¢ A,

n—oo

b= (20)
For sufficiently large n, Corollary 1(ii) and « = ,Bnl/ 2 imply that, for s = 2, 3, 4,
IE{(DZ )*} = B{(D)*H < esn™ /2,

¢, being constants, with ¢c; = 2k?/f. By Chebyshev’s inequality, for s = 3 and s = 4, we have

{ var[3 i (D°)°]

— 0 asn — oo,

> (D) —nE(DY )*)
j=1

> wf}

(@ = ¢5)*n
while for some constant C; independent of A,
)2
B0 -srvon o ] < IR
This bound and (20) combined imply that
hr?iS;pP{Doo ¢ ALY < %

completing the proof.

Proposition 2. We havelt holds that

1 kn\ [Tl e 1 1 o a)
E Z (d) —7_’1% ZEE{f(Sn)l{DgeA;}}"—O(ﬁ) asn — oQ,

kn
deA, (an)

where 1., is the indicator function.
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Proof. As in the proof of Theorem 1(i), we write

(kn) Moie® 1 <kn>ﬂ )
d “\d (an)kn

By Lemma 2(ii),

(an)k?

k n d
n [Ty

o in k*n k3 1
(an)™ = (an)"" exp YN —@4—0 ﬁ))

Applying Lemma 2(ii) to each a?i and using p o from Corollary 1(iii), we obtain, uniformly
overalld € A

n’

~ di(dj —1) dj(dj —1)Qd; —1
Hadj =Olknexp Z( (za ) ( 1215 )) (Z )]
j=1 P
(47 d;  2d)—3d;+d;
— o S_4_
se e Z(Z(x 2a 122 ) < ]

- n 2
=O[kneXp Zj:]dj _ kﬁ_ 2/13,0[—3#2,0[4—](_’_0( w ):|
\/—
k

| 280 28 1282

= o ex _Z?ZI djz_nE{Zrzl‘l}+ Kn K + : 5+ <i>i|
TP 280 280 6p? Jn

Combining these results yields

(an)H . k2 Z] 1d12 nIE{Z2 1} w
e ali eXp[_m - 2B/n - 0(%)} @b

Thus, denoting x(d) = n~"/2(3_; d7 — n E{Z, ,}) and recalling the definition of f,

'1 (an)kn

knl_[

uniformly over d € ), because |x(d)| is bounded over such d. It follows that

= f(x(d) + O K14 =@ 4y =112y — £(x(d)) + O(wn™ /),

kn l_[ 1O£d! (an)k" ( )
b= =E S Iipecay} + O ,
d;; (d) (an)kn nkn 1—[ {f(SDipzen,)} NG
as claimed.

Proposition 3. There is a constant C (independent of A) such that

(1+ eA/Zﬁ)e—A2/4k2
2 .

1 0 1 0
3 E{f(Sy) Lipeeay} — 7 E{fa(S;)}

lim sup
n—od

<C
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Proof. Consider the expectations as sums over d and match the summands for the same d.

The matched summands are identical for d € +),, and the summand from the first sum is O

ford ¢ 4. So we only need to bound ]E{fA(Sg)l{DgGMQ}}, where {D% ¢ A} € {DY €
An \ ALY U DY ¢ Ay} Since | fa(x)] <1+ e4/%8,

1)
E{fa(SDpecana} < (1 +eP)P(DY ¢ A} = 0<ﬁ), (22)
and, since SO = W (0, 2k?) as n — oo by Corollary 3 and A is fixed,
E{fa(SO1pegan} < (1 +ePYPYSI| > A} —> (1 +eP)P{N (0, 2k7)| = A} (23)
Here, by the tail inequality for normal variables (c.f. [10, Theorem 1.1.4]),
2 efA2/4k2

P{|V (0, 2k%)| > A} < . amrant (24)

Combining (22), (23), and (24) proves the claim.
Proposition 4. It holds that
3 E(fa(S)) — FE(fa(N(0,24%)} asn — oo.

Proof. This is an immediate consequence of two facts: that f4 is bounded and continuous,
and the CLT for S0.

We are now ready to put the pieces together.

Proof of Theorem 1(iii). Combining Propositions 1-4, we find that, for A > 2k2/8,

. 1
lim sup | drv (M, M5S) — 5 ELAAN O, 2k%))}

n—o0
1 (1+ eA/2ﬂ)e—A2/4k2
=b
(A —2k2/p) A
where ‘<y’ means that the left-hand side is bounded by a constant (independent of A) multiple of

the right-hand side. Now, letting A — oo, the right-hand side of (25) tends to 0. Furthermore,
the nonnegative f4(x) increases pointwise to f(x) for all x, so that

, (25)

1 5 1 ) 1 Kk
5 ELAWN 0,267} — SE(f(N (0,26} = S E 1—exp<—J\f ALY

as A — oo, proving the result.

7. Proof of Theorem 2

We begin by noting that the total variation distance we seek is
k2n?

n 3 n o k l—lrgz (X‘TJ' 1
drv <2;(Dn,j)2, X;(Dn,j)2> = Z Z (;) (W - W)‘
J= J=

s=k2n d12+~-+d3:s
k2n?

|,z I

s=k*n " d?+-+d2=s
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This differs from the distance between M,‘Z‘y  and Mffk only in the placement of the absolute
values; were the absolute values inside the inner sum, the two distances would be exactly the
same. So, our task is to show that the triangle inequality is asymprotically sharp. This requires
that we find analogs for Propositions 1 and 2; however, the rest of the proof of Theorem 1(iii)
will transfer over directly from there.

Let 4, = #4,(A) and 4, = #, (A) be as in Section 6; let A;, | be the set of all d € #,, with
d?+ .- +d? = 5. If B, denotes the set of all valid d with d? + --- +d? = s butd ¢ A,
then the minor contribution to the total variation distance is

2 Z <kd> goii(l—,f“ n)];d)‘f Z( )(Ez[a)k

s 'des, d¢ A,

(om)ﬁ

nkn Ho{a ’

thus, by Proposition 1,

lim sup Z

—
n—oo 7

Z (kn> ]_[a”Tf (1 B (om)H )‘ - C
P d ) (an)kn nk”]_[ot‘TJ’ T (A—Kk/B)*

To handle the major contribution, note that as in the proof of Proposition 2, and (21) in
particular,

kn
1— L =1- exp(—m - —) + O(wn~'7%) (26)

k n dj
L I

uniformly over d € A, where x(d) = n_l/z(z d2 —n IE{Z2 ]2}) Notably, x(d)—and
therefore the major contr1but10n in (26)—is determlned entlrely by d -+ d,%. This allows
us to write the major contribution as

) TTa®s K s—nE(Z]) 172
Z Z (d ) (ozn)k”<1 B eXp(—m 28N ))‘ + O(wn ), 27

s dedA)

where the outer summation is over |s — n]E{Zi1 }| < A/n. Note that the signs of the terms in
the inner summation have no dependence on d other than through dependence on s. So, for a
given s, either all terms are positive or all terms are negative. So, there is no cancellation in this
new form of the sum, and the triangle inequality is actually equality. This allows us to write

(27) as
kn K> s —”E{Zzl} -1/2
; deZA; ( )(an)k” B p<_W 2Bn >‘ +Oton )
kn\ []edi ( k2 x(d))’ ~1/2
2 (d ) wnirl P\ Tagr T )| T OO

=E{f(S) Lipzeay)} + 0(%)

This is precisely the expression in the conclusion of Proposition 2. From here, the rest of the
proof of Theorem 1(iii) applies directly.
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8. Afterword

At the start of Section 2 we introduced two one-arc-at-a-time processes that terminate in the
random k-out mapping My, after kn steps; in one, we place a fixed order on the out-arcs to
be chosen, and choose their images in this order; in the other, at each step we choose a vertex
uniformly at random from the currently unsaturated vertices, and choose its image. In this
paper our focus was on the total variation distance between the terminal snapshots Mf;, ¢ and

,‘;Ok; a natural follow-up question is: how does the total variation distance between the two
processes, for « = a(n) < oo and o = o0, depend on «(n)? What is a threshold behavior for
uniformity?

In the fixed-order case it is unsurprising that the total variation distance between the processes
exactly matches that between the terminal snapshots; if we know the throwing order and the
terminal snapshot, then we know the entire process. We might suspect that the threshold for
the randomly-ordered process is actually higher than @« = ®(/n), as this process contains
more information than the terminal snapshot; however, this is not the case, as can be seen as a
consequence of the fact that the terminal snapshot is independent of the throwing order.

Analysis of the total variation distance from a uniform distribution, between two terminal
snapshots and/or two processes, could prove an interesting challenge for other preferential
attachment models, such as the process { G, (rn, M)} studied by Pittel [19]. Since the distribution
of G4 (n, M) isnotaccessible directly, a good first step might be the relaxed (multigraph) process
MGy (n, M). Our suspicion is that there are different thresholds for uniformity of the terminal
snapshot and the entire process, with the threshold for uniformity of the entire process being
the greater.
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