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THE OHSAWA-TAKEGOSHI EXTENSION THEOREM
ON SOME UNBOUNDED SETS

ZYWOMIR DINEW

Abstract. We use a method of Berndtsson to obtain a simplification of Oh-
sawa’s result concerning extension of L?-holomorphic functions. We also study
versions of the Ohsawa-Takegoshi theorem for some unbounded pseudoconvex
domains, with an application to the theory of Bergman spaces. Using these
methods we improve some constants, that arise in related inequalities.

§0. Introduction

In [O-T] Ohsawa and Takegoshi obtained the following result:

THEOREM 1. Let v be a plurisubharmonic function on a bounded pseu-
doconvex domain D C C", let H C C™ be a complex hyperplane and let f
be a holomorphic function on D N H satisfying

/ |F(2)]2e v Eipnm gA?—2 < o,
DNH

(Here A\>"=2 stands for the 2n — 2-dimensional Lebesque measure). Then
there exists a holomorphic function F' on D, such that Fipng = f and

/ |F(Z)|2efu(z) A\ < |f(2)|267V(z)‘DﬁH d\2"—2.
D DNnH

Here Cy is a constant, that depends only on the diameter of D.

The proof used 0 methods and somehow complicated theory of Kihler
metrics. Because of the great importance of this result and the remarkable
applications (for example it yields interesting estimates of the Bergman
kernel), it motivated plenty of generalizations and new proofs. Most of the
research is carried in the direction of changing DN H to varieties, or stating
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the theorem in the setting of bundles. It seems that the case, when one keeps
H to be a hyperplane, but relaxes the condition of boundedness of D, is far
less studied, although in many papers Ohsawa-Takegoshi type theorems are
proved for unbounded D’s, with various restrictions on the domain (see e.g.,
[Be2], [D-H]). Since it is clear that one cannot expect an Ohsawa-Takegoshi
type estimate for any unbounded pseudoconvex D, it seems interesting to
characterize these, on which some version of the theorem holds. One possible
goal of such characterization is explained below.

Of course, when we deal with unbounded domains, Cy cannot depend
on the diameter of the domain, so we must look for another quantitative
characteristic of the set.

In [O1] the following generalization of Theorem 1 was established.

THEOREM 2. Let D, v and H be as in Theorem 1 and let d(z, H)
be the Fuclidean distance from z € C"™ to the hyperplane H. Then, for
any plurisubharmonic function ¢ on D, such that ¢(z) + 2logd(z, H) is
bounded from above, there exists a constant Cy, depending only on supp(p+
2logd(-, H)), such that for any holomorphic function f on D N H, satisfy-
ing

/ ’f(z)’26—V(Z)\DmH_<P(Z)\DmH d\2"—2 < o0,
DNH

there exists a holomorphic function F' on D, satisfying Fipng = [ and
/ \F(z)\Qe_”(Z) d 2" < C1/ ’f(z)’2€_V(z)\DﬁH_SO(Z)\DmH d\2n—2
D DNH

Although stated for bounded domains, Theorem 2 holds also for some
general ones (the approximation argument, which is by no means new, is
given in Section 1).

About a year later Berndtsson simplified the proof of Theorem 1. The
main advantage of his method is that it avoids the Kéahler metrics, as well
as the construction of local extensions.

The main goal of this paper is to show, that Berndtsson’s arguments,
with minor modifications, can be used to prove Theorem 2 with the con-
stant C; = 4mesiPp(@t2logd(-.H)) yyych better than in the original paper
of Ohsawa. An alternative proof of this theorem was given in [D-H|. The
author believes that the arguments contained in this paper are simpler.

Let Gq(z, -) be the negative Green function of a domain 2 C C, with
pole at z.
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Denote by

¢(Q,2) = exp <é1m Ga(z,¢) —log|z — C!)

the so called logarithmic capacity.

One defines the Bergman kernel as Kq(z) = sup %, feo ),
Q

f is not identically 0.
The following version of Theorem 2 seems to be more handy

THEOREM 3. Let D C Q x C*"1, where Q C C is a planar domain.
Let0€ D. Letv, f, F be as above. Then

/ ‘F(z)‘2eﬂ/(z) d)\2n
D

4m / N2, —v(z") - 2n—2( 1
<— = f(Z)|%e [DN{z1=0} g\ z).
@07 Sy T =)

One just needs to substitute 2(Gq(0,21) — log |21|) for ¢(z1,2"), which
is a harmonic function in the first variable and hence pluriharmonic, to
see that Theorem 3 follows directly from Theorem 2. This estimate is in
some sense optimal in terms of {2, because the capacity is nonzero exactly
when () has nonpolar complement in C, which in the one-dimensional situa-
tion is equivalent to the existence of nonzero square-integrable holomorphic
function.

As noted by many, the Ohsawa-Takegoshi estimate is some kind of
multidimensional estimate for the Bergman kernel. In dimension one we
have the following problem (still open).

CONJECTURE. (Suita) For @ C C-open and bounded (see [S], where
the problem is investigated in the setting of Riemann surfaces) nKq(z) >

(e(,2))%.

Applying Theorem 3 to the one dimensional case, with v = 0 (then
clearly the section {z; = 0} N D degenerates to a single point and instead
of the integral we have valuation on the right hand side), we get

4K (0) > (¢(,0))2.

To author’s knowledge the best constant so far (27) was obtained by
Z. Blocki (see [Bl]), by using slightly different methods.
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Instead of taking valuation, we could of course proceed as follows. We
choose D to be a Cartesian product 2 x H (H-is any bounded pseudoconvex
domain, Q-as above open and one-dimensional). In this case the minimal
(by norm) extension is of the form h(z1)f(z2’'), where f is the function to
be extended (which is independent of z1), h-is the function which realizes
the supremum in the definition of the Bergman kernel and h(0) = 1, which
is an easy consequence of Fubini’s theorem. We also immediately get the
above estimate.

It is worth mentioning, that if we apply Berndtsson’s argument (see
[Bel], [Be2]) directly, by passing to the infimum, we get the constant to be
(65(21)%))2, where ¢5(€2,0) is the analytic capacity.

In [W] Wiegerinck showed that it is possible to construct domains
in C2?, such that dim L? N O(Q) is any nonzero integer. The domains con-
structed are not pseudoconvex and any pseudoconvex domain that contains
such a domain has trivial L? N O space. In [J-P] the following problem is
set: does there exist a pseudoconvex domain whose L2NO space is finite di-
mensional and non-trivial. From the full characterization of plane domains
(this can be found in [W]) and Theorem 3 we easily deduce the following.

COROLLARY. IfQ is a pseudoconvex domain in C?, for which 3X € C?,
such that the projection pri\x \ecy §? has nonpolar complement in C, then
dim L2 N O(2) = 0 or co. Moreover if there erists a section orthogonal to
{AX,\ € C} with nonpolar complement, then dim L? N O(Q) = oo (and
hence almost all such sections have nonpolar complements).

This of course falls short of full characterization, since for example the
following pseudoconvex Reinhardt domain

{(z,w) € C*: Jw| < ef(l"|2|)}’

where
Fz) = {\/—23:, z <0

- 2
-5, x>0

has non-trivial Bergman space, but does not satisfy the conditions of the
corollary. The Corollary is particularily useful for Hartogs domains, since
all we have to check is that the base has nonpolar complement.

I would like to express my grattitude to Professor Zbigniew Blocki for
helpful discussions and encouragement.
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§1. Proof of Theorem 2

From now on we will assume, without loss of generality, that D N H is
identical with {21 = 0} N D. Then logd(z, H) reduces to log|z1|. In the
whole paper (% will stand for the formal adjoint operator to 9, that is

<8047 /8>L2 D) = = (qa, EZ@L%’O)(DM

in the notation of the Hilbert space of L2-functions (forms) with weight e ~%.
Then 5;; is easily explicitly calculated as

awa = —e¥ Z (92]

We do almost the same as in [Bel]. The following can be found there.
Let D be a smoothly bounded domain defined as the sublevel p < 0 of
a C* and strictly plurisubharmonic function p. Let the weight function
be plurisubharmonic and (temporarily) we will assume that it is smooth.
We also temporarily assume that ¢ is smooth and defined on some neigh-

bourhood of D.
Then:

() If g is a O-closed (0, 1)-current, defined in a neighbourhood of D and
wis a L' function in D, such that

/g-ae_w d)\Q”:/ u@lae—wd)\z"
D D

for all smooth, d-closed (0,1)-forms o on D, satisfying the d-Neumann
boundary conditions, then Ou = g in the sense of distributions.

(1) If g and D are as above and the inequality

'/ g - ae wd)\Qn

where % is an integrable, non-negative function, holds for all forms « of the

< c/ 0,0l )\2"

above type, then there exists an u, such that du = g (also in the sense of
distributions) and
/ |u|27'efw
D
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(t11) If D, ¢ and p are as above, a-fixed smooth (0, 1)-form, satisfying

the 0-Neumann boundary conditions and w be a function that is smooth on
some neighborhood of D (or can be approximated by such functions, with
control of the derivatives), then

/ w Z wjgajakefw A\ —/ Z wjgoz]@kefw A\
D D

J,k=1 J,k=1

n
+/ w@lapewd)\zn—i-/ w
D D G

Z”: de_Qn—l
+/ w PO Ope N ————
o A |0

2
({90@‘

— d)\2n
0z ¢

= 2Re/ w%;a ca@e VAN ¢ / w|dal?e™? d\?".
D D

Here -+ stands for the dot product in C" i.e., B-v = B1y1+Poye+- -+
Bnyn and O-Neumann boundary conditions for o means, that a10pjpp =0,
or equivalently Z;‘L:1 o (%jp = 0 on the boundary of D, where o = a1dz; +
st dZy,.

Note that the right hand side of the equality ({1f) can be written as

2Re<w%:004, 04>L%0’1)(D,¢) + Hmani?w)(l)ﬂﬁ)
= 2Awdyo, Tyaz | (py) — 2Re(@yadw,a)rz ()
+ Hmaui%o’Q)(D,zp)
= 2AVwdyals g+ IVwdallzy oy
—2 Re/D Fya(Qw - @)e ? dA™,

hence for closed a, nonnegative w and plurisubharmonic ¢, (1) turns into
the following inequality:

(1.1) —/ Z wjgoz]@kefwd)\%
D

jk=1

* N2 a* B = )20
§||\/@5wa||L%070)(D,w)—}—2/D|8¢a||8w ale” ¥ d ",
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Let
¢’ = sup{ip(2) + 2log|z1|}.
D

Let now w = =(p + 2log |21 — ¢). (Or like in [Bel] 2 log
Note, that clearly D C {w > 0}. Then

— )
ep+2log|zq|—c//*

_(PjE(Z)

. 84,101 kHyz =0} (2),

ij(z) =

where fi(;, —o} is the 2n — 2-dimensional Lebesgue measure concentrated on
{z1 = 0}. So for this choice of w and with ¢ - plurisubharmonic (1.1) turns
into

(1.2) / lag 2™ a2
{21:0}ﬁD

< / ((P+210g|21’ C)|aw06|2€_w d)\Zn
D s

(g +21 _
+2/ |8wa|‘3<gp+ ozl C> @
D s

Note that this w has singularity along the complex hyperplane, so we have
to use the approximation in (f17).

Now we apply formula (111) to the function w = 1 — ed(#+2loglz1|=¢)
with 0 < § < 1 arbitrary.

e ¥ dr\?",

o 5 ,
1 — eSlet2log |z |—<)
02:0%; ( ¢ >

9 [_eé(w log 21 |—</) <5% L 9150 )}

1
__Slp+2logla|—<) [

0pzz; + 03101 jOsz —0)

s 520) (5, + 2%)]

J

Note, that the term with the concentrated measure in fact disappears, since
eSlpt2loglz|=c) — ( op {z1=0}NnD.

/ 6—6(<p+210g|21|—c/)|5w . a,QG—w d\2"
D

:/ 65(¢+2log|z1|fc/)|55((p_|_21Og|zl| _ C/) _a|267w d>\2n
D
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= /D i oO(p+2log |z1]—c) (580% n 525> (5802]~ . 6;7‘6)0(2‘6]'6_1& e

ij=1 J

(pr2toglaal—¢) N [0 Gia8y\ (s 010
S/DezS p+21log |21 N,Zl[&ozizj_{—(&pzi_i— o >(590Z].+ 2; )}

X a0 eV d\?"

n
= _/ Z ijaja_ke_¢ dr?n
D

Jh=1
now we apply (1.1) to get
< / w|5:2a|267w dN*" + 2/ |5:20z||5w -ale” dA?
D D

= / (1 — edlet2 1°g|zl‘_cl))]52a]26_w AN+ 2/ ]52@\]5@0 -ale”? dA?
D D

We use the elementary inequality zy < 22 + %yz within the second integral

<x = V2edder2loglal=<) (Gt oy = /2 bOleH2Ioslal=) gy, -a|)

and by rearranging we get
(1.3) / 0w - @?e™" d\* < / e~dlet2loglzil=) gy, q2e ™Y dAZ
D ~Jp
2 -
< ﬁ D(l_|_65(<p+210g|21\fc))|awa|267w d)\2n

T .

2

Applying the inequality xy < L y lorzlonlale )y2 to (1.2) and

o (pr2loglz1—) 1

using (1.3), we get

(1.4)
/ |a1|267wd)\2n72
{leo}ﬂD
= 1 1 2 2
* 12f = R P 2n
< /D |aw0‘| <7T log ep+2log|z1|—¢ + med(p+2log|z1]|—c) + 71-52)6 dA™,
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which is (again by elementary inequality i.e., log mll/é + % + 5% <(2+ 5%)%,
for  <1) dominated by

1 2 =% 12 1 Y dN?
; <2 + 5_2> /D |awa| ed(p+2log|z1|—c’) e AN

As noted in [Bel] ¢ assures, that the last integral is finite (note that ¢ is

smooth, hence locally bounded and by the assumption, that it is defined on

a neighbourhood of D it does not tend to infinity near the boundary).
Now let g = fgi If v is as stated in () we get

'/ g-ae ¥ da
D

< 7T2/ [t =01D g\2n=2
{21:0}ﬁD

2 2
2

=7

/ fale_¢\{z1:0}ﬁD A\2n—2
{21:0}ﬁD

% / |f|26—¢\{z1:0}mp d\2n—2
{21:0}ﬁD

9 —x 9 1 —p 2n
< (2 + ?)W/D |awa| ed(p+2log|z1|—c’) ¢ dx

> / |f|26—¢\{z1:0}mD AN\2—2 .
{leo}ﬂD

Hence by (11), there is an ug, such that dus = g and

/ g |2 (o2 1oB 1| =) =16 320
D

2
AT P
{z1=0}nD

By taking the weak limit of a subsequence of us when § — 1, we obtain an
u, Ou = g and

/ |u|2|21|26¢_0/6_w d)\Qn < 47‘(‘/ |f|26_w\{21:0}ﬁD d>\2n—2.
D {z1=0}nD

Note that uz; is holomorphic (and uz; = f on {z; = 0}N D), since I(uz1) =
210U = Zlfgi =0 and uz; = 2z1(u — %) + f, where u — Z—fl is holomorphic.

Now observe, that from the only beginning we could have chosen v =
v+@—c, which by no means spoils the plurisubharmonicity nor the smooth-
ness. Then on the left hand side we obtain [}, [u[?|21|?¢™” dA?" and on the

https://doi.org/10.1017/50027763000009430 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009430

28 7. DINEW

right
4re’ / |f(2)|2eVItz1=03nD = PI{z1=030D \2n=2
{z1=0}nD

For general domains we carry out standard exhaustion procedure (like in
[H], Theorem 4.4.2). It is well known, that for every pseudoconvex domain
there exists a strictly plurisubharmonic and smooth exhaustion function 7.
By Sard’s theorem the sublevels D, = {n < x} of n are smoothly-bounded
for almost every z (we just take p = n — x). We choose an increasing
sequence {z,}>°; of x’s such that D,, is smoothly-bounded and exhaust
D. Let veg, -z be the e-regularizations of v|p, and ¢|p,, defined as
convolutions with smoothing kernel. For every x: ve» \ V|p,, Pex "\ @Dy
as € \, 0. So by diagonal methods we can choose {€,}>%,, &, \, 0, such
that ve, = Ve, 2y Pen = Pen,an, are smooth on D" = (Dy, )., = {z €
D, :dist(z,0D,,) > ey} and D,, , C D (it is clear that D, , C D,,,
we impose the last condition in order to carry out the argument on D,, .,
which is pseudoconvex and smoothly bounded, rather than on D®").

Are’ / ’f’Qe_V\{zlzo}mD_‘P\{zlzo}mD d)\2n—2
{21:0}ﬁD

> 47recn/ ‘f‘ze_y\{zI:O}ODfn —|{z;=0}NDEn d)\2n—27
{z1=0}NDsn
where ¢’ < ¢ is the supremum of ¢(-) + 2log|z1| on D"

> 47’[‘66"/ ‘f‘zefl/an‘{zlzo}men71*‘Psn\{zlzo}ﬁDxn71 d)\Qn—Z.
{21:0}0Dxn71

Now we can find an extension for D, ,, v, and ¢,

Agec”

> 7/// |F.,, [Pe™ e dA*",
dmen Jp,,
where ¢ is the supremum of ¢, (-) 4+ 2log|z1] on Dy, _,.
Hence F;, has a subsequence, weakly convergent on every D, , to a
limit F in L?(D,v., ), for every n and this limit is holomorphic, since 5‘ Den
of it is zero for every n. Clearly 4%~ — 1. Now by by passing to the limit

4meen
when n — 0o, we obtain Theorem 2.

We derived C < 4rrec .
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§2. Final remarks

Note that if we impose severe restrictions on v, we can get an es-
timate with arbitrarily small constant (which of course makes the situ-
ation more distant from the setting of Suita’s conjecture). If instead of

2 s(p+2log|z1|—¢) o .
Ty < eg(wmfg‘zl‘_cg + € T y® in (1.2), we apply
_ 72 1 d(p+2log|z1|—c') )
TY SV sor2loglal—) T 1 v

then (1.4) becomes

/ ’a1‘26—¢ d)\Qn—Q
{21:0}ﬁD

< 2<_ ) — g\2n
— A ’8¢a’ T log ept2log|zi|—c + med(pt2log|z1]|—c) + 7-‘-52,7 e " dA

Now
2y 2 2y + ¢

1
log- ~ + +%_ xe*A‘Z”Q’

o1/ o
for x < 1, by choosing A substantially big. At the end we get
/]u\zlzl\ze‘p_cle_AZl|2e_¢d)\2”

D

<(2v+ 5)7T/ |f|26_w\{21=0}mD d)\2n—2
{z1=0}nD

and we can choose 1(z) = v(z) + ¢(z) — ¢/ — A|z1|?, for every v, such that
v;7 > A in order to keep 1 plurisubharmonic. Then we get

/ |F(2)Pe™ ) dx®
D

DNH

for arbitrarily small v and e (but with the mentioned dependence of v on
A, hence on v and ¢).
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