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On regular semigroups whose idempotents form
a subsemigroup

T. E. Hall

For brevity the semigroups in the title are called orthodox
semigroups. The finest inverse semigroup congruence on an orthodox
semigroup is shown to have a simple form and conversely, regular
semigroups whose finest inverse congruence has this simple form

are shown to be orthodox. Next ideal extensions of orthodox
semigroups by orthodox semigroups are shown to be also orthodox,
whence a finite semigroup is orthodox if and only if each

principal factor is orthodox and completely O-simple or simple.
Finally it is determined which completely O-simple semigroups

are orthodox.

1. Introduction and summary

An orthodox semigroup is a regular semigroup in which the set of
idempotents forms a subsemigroup. Results concerning orthodox semigroups
have been given by Fantham [2], Howie and Lallement [3], Meakin [é],

Reilly and Scheiblich [7], and Yamada [9]. Lemma 1.3 [7] shows that
orthodox semigroups are precisely those regular semigroups with the property
that b'a' is an inverse of ab whenever a', b' are inverses of a, b

respectively.

For each element g of an orthodox semigroup S§ define
Via) = {x€ 5§ : axa = a and zxaxr = x} , the set of inverses of g . We
consider (in Section 4) the relation VY = {(z,y) € § x § : V(x) = V(y)} and
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show that it is the finest inverse congruence on S . The natural converse
is also proved. In [9], Yamada has used this congruence on any generalized
inverse semigroup (a regular semigroup in which efgh = egfh , for any
idempotents e,f,g,h) to determine generalized inverse semigroups in terms

of inverse semigroups.

The proofs of the above results of Section 4 are made easy by the main
result of Section 3, namely that a fregular semigroup S is orthodox if and
only if, for any elements a, bin S, V¥(a) NV(b) $# O implies
V(a) = V(b) .

It is well known that if I 1is an ideal of a semigroup S , then I
and S/I are regular [inverse] if and only if S is regular [inverse].
The bracketed result is Corollary 7.37 [1], volume 2 p. 58. 1In Section
5 we prove the corresponding result for orthodox semigroups (Theorem 4).
Theorem 5 and Examples 1 and 2 deal with the sixteen similar statements in
which the two sets of the idempotents of the regular semigroups S/I and
I each satisfy any one of the following four permutation identities:

[1eft][right] normality and commutativity (for definitions, see Section 2).

A corollary to Theorem 4 is that a finite semigroup is orthodox if
and only if each of its principal factors is an orthodox completely
O-simple semigroup or an orthodox completely simple semigroup. In Section

6 we determine which completely O-simple semigroups are orthodox.

2. Preliminaries

We use whenever possible the notation of Clifford and Preston [71]. We

also use the following three results.

RESULT 1. (from Lemma 1.3, Reilly and Scheiblich [7]) For any

regular semigroup S , the following three conditions are equivalent.
() S 1<s orthodox.

(ii) For any elements a, b in S and any elements a' 1in V(a)

and b' in V(b) , the element b'a' <is an inverse of ab .

(iii1) If e is any idempotent of S5 and x € V(e) , then =z 1is also
an tdempotent.

RESULT 2. (from Lemma 2.2, Lallement [5]) Let p be a congruence

on a regular semigroup S . Then each p-class which is a subsemigroup
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contains an idempotent.
From this we easily obtain,
RESULT 3. On a regular semigroup S define
o={(ef,fe) €5 xS :e>=¢e and f2=71>}.

Then o* , the congruence generated by o , is the finest imverse congruence
on S . Moreover, if p is any congruence on S which contains ©* , then

S/p is also inverse.

The latter statement follows from the fact that any homomorphic image
of an inverse semigroup is also an inverse semigroup (Theorem T7.36, [1],

volume 2 p. 57).

We give now some results due to Kimura and Yamada, (see Section 5 of

[4] and Section 4 of [9]1). Let X = {xy, X9, «ves xn} be a set in which
each element z; is called a variable. By a permutation identity in the

variables Xj, Xp, ..., x, we mean a pair of words

(2122 «.. z,, xplxpz A xpn where (Pi1y P2s «+e» pn) is a nontrivial
permutation of (I, 2, ..., n) . The permutation identity above is commonly
written as 22y ... x =2 X ... X . The following is a list of

n P1 P2 p,

some permutation identities and their common names:
1Ly = XX, , commutativity,
XXy = X1XT3x, , left normality;
X1Xpx3 = XTpXxX3 , right normality;
and
XXX 3%y = X£1T3THX, , normality.

The set of idempotents B of a regular semigroup S is said to satisfy the

ermutation identit 1Ly ... X=X X cee X if, for each mappin
p y Z1x) " 015, p, > T pping ¢

from X into B , we have

Slzy)d(xs) ... ¢(xn) = ¢(xpl)¢(xp2) . ¢(mpn)

From Lemma 3 of [9], <f the set of idempotents of a regular semigroup S

satisfies a permutation identity, then S 1is orthodox. Two permutation
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identities are equivalent if, for each regular semigroup S , the set of
idempotents of S satisfies both the permutation identities or neither.
We can now state the following result (see, for example, Section 4 [9],

. 389). The permutation identi = .
P p ty x1x, z, xplxpz xpn ie

equivalent to

(i) commutativity if p; $1 and p, $n
(i1) left normality if py =1 and p, +n
(iii) right normality if p1 % 1 and p,="n
(iv) normality if pr =1 and p,=n-
3. V(a)

Let S Ybe an orthodox semigroup and let B be its set of idempotents.
From Exercise 1, §4.2, [1], volume 1, p. 129, the band B is a semilattice
of rectangular bands. We may assume then that B = u Ea where

a€Y
(i) each Ea is a rectangular band,

(ii) Y 1is a semilattice, and for all a, 8 € ¥ , we have

(ii1) E NE, =0 if o+ B8 and

(iv) EQE'B'E EaB .
If e € Ea then we shall sometimes denote Ea by E(e) . Then for any

elements e,f € B , we have E(e)E(f) C E(ef) = E(fe) , and from result 1
it easily follows that V(e) = E(e)

LEMMA 1 PFor each element a € S there exist elements o,B € Y such
that aV(a) CE  and V(ala CEg .
Proof. Take any element a' € V(a) . Then of course there exist

elements «,B € Y such that aa' € Ea and a'a € EB . Take any other

element a* € V(a) . Then
(aa')(aa*) = (aa'a)a* = aa* and (aa*)(aa') = aa'
It follows that E(aa*) = E(aa') = Ea , whence aa* e Ea and so

aV(a) € Eoz . Dually, we infer that V(ala C_EB .
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DEFINITION 1. For each pair o,B € ¥ , define

Sy,8 = {z €5 :aV(x) CE and Viz)x CEy} .

From Lemma 1, the semigroup S 1is the disJoint. union of the sets

{ : 0,8 €Y} . Note that in general it is not true that each set §

S(!_,B O.,B

is non-void. (In fact Sa 8 $ 0 if and only if Eu and EB are contained
4

in the same D-class of S .)

LEMMA 2. For any elements o,BE€ Y, if a € S, then V(a) €S .
2

B

Bsa
Proof. We merely have to note that, from lemma 1, it follows that

s ={zx€8: for some z' € Vix), zx' € E and z'z € E,} .
a,B a 8

THEQREM 1. For any elements a,B €Y and a e S and any element

a' € Va) , if a€ S , then
a, B

Via) = E a'E .
B o

Proof. (i) Take any element ag* € V(a) . Then

a* = a*aa* = a*(aa'ala* = (a*a)a' (aa*) E'Ba'Ea .

Hence V(a) C E.a'E .
—_— B a

(ii) Take any elements f€ E, and e € E, . Then

B

(aa'a)f(a'aa'aa’ )e(aa'a)
= al(a'a)f(a'a)la'[(aa')elaa’')]la
al(a'a)(a'a)la’((aa')(aa')la

=aQa

a(fa'ela

(fa'e)a(fa'e)

fla'aa')e(aa'aa'a)fla'aa’ )e
= fa'((aa')e(aa')]al(a'a)f(a'a)]la’e
= fa'l(aa')(aa')]al(a'a)(a'a)]a’e

= fa'e .

Hence fa'e€ V(a) and thus E’Ba'E’aC_V(a) .

THEOREM 2. A regular semigroup S 1is orthodox if and only if, for
any elements a,b in S, V(a)n V(b) $0 dimplies V(a) = V(b) . In
fact a regular semigroup S 148 orthodox if for any idempotents e,f in
S, Vie)nV(f) $0 implies V(e) = V(f) .
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Proof. (i) Suppose S 1is orthodox, and let us adopt the notation

used above. Suppose x € V(a) N V(b) and that «x € S'6 . S From Lemma
3

2 we have that a, b € V(x) E_Sa 8 and from Theorem 1 it follows that
3

V(a) = ExE = V(b) .
B o

(ii) Suppose S is a regular semigroup such that, for any idempotents
e,f in S, V(e) NV(f) $0 implies V(e) = V(f) . Let g be any
idempotent of S and take any element x € V(g) . Then of course xg and

gx are ldempotents and one readily obtains that g € V(xg) N V(gx) . Hence

xg € V(xg) = V(gx)

and so
(xg)(gx) (xg) = xg .
Therefore
(xg) (gx) (xglx = xgx
and so
.’L‘z =& .

That is, x 1is an idempotent. From Result 1, it follows that S is

orthodox.

4. The finest inverse congruence

THEOREM 3. If S <is any orthodox semigroup, then the relation
Y = {(x,y) € S x § : Vix) = V(y)} <is the finest inverse congruence on S .
Conversely, if S <is a regular semigroup and the relation
Y = {(z,y) € S xS : V(zx) = V(y)} 1is an inverse congruence on S , then

S 1is an orthodox semigroup.

Proof. (i) Suppose § is orthodox. The relation Y is clearly an
equivalence relation. Take any pair (a,b) € Y and any element ¢ in S .
Take any elements x € V(a) N V(b) and ¢' € V(e) . From Result 1, we have
that ¢'x € V(ae) N V(be) and xe' € V(ea) N V(eb) . Hence V(aec) = V(be)
and V(ea) = V(eb) &and so (ac,be) and (ca,cb) are contained in Y .

Therefore Y is compatible.

To show that S5/Y 1is an inverse semigroup, consider any two
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idempotents e,f in S . Then V(ef) = E(ef) = E(fe) = V(fe) and so
(ef,fe) € Y . Thus the relation o = {(ef,fe) €S xS : e2 =¢e , f2 = f}
is contained in Y and so ¢* , the congruence generated by o0 , is also

contained in Y . From result 3, S/Y is inverse.

We have denoted the finest inverse congruence by o¢* . Take any pair
(a,b) in Y . Then V(a) = V(b) . Choose any element x from V(a) .
Then qo* and bo* are inverses of x0* in S/0*% , an inverse semigroup,
and so qC* = bo* . That is, (a,b) € 0* and so Y C o* . It follows that

Y is the finest inverse congruence on S .

(ii) Suppose S is a regular semigroup and that Y is an inverse
congruence on S . Take any elements a,b in S for which
V(a) 0 V(b) $ 0 . Take an element x in V(a) N V(b) . Then a¥ and bY
are both inverses of ¥ in S/Y , an inverse semigroup. Therefore
a¥ = bY , whence (a,b) €Y and V(a) = V(b) . From theorem 2, S is

orthodox.

REMARK 1. From theorem 2, it can easily be shown that a¥ = V(a') ,
for any element a in an orthodox semigroup S and any element a' in

V(a) . For =x € V(a') if and only if V(z) = V(a) , and so

a¥={x €8 : Viz) = V(ia)}
{x €8 :x€Via')}

via') .

Moreover, if e 1is any idempotent of S , then

e¥Y = Vie) = E(e) .

5. Ideal extensions

THEOREM 4. Let I be an ideal of a semigroup S . Then S is
orthodox if and only if S/I and I are orthodox.

Proof. (i) Suppose S/I and I are orthodox semigroups. Take any
idempotent ¢ in S and any element &« € V(e) . Then one readily obtains
that ¢ and g are contained in the same J-class of S and both are
contained in S\ I or both are contained in I . From Result 1, since
S/I and I are both orthodox, it is clear that x is an idempotent.
Again from Result 1, it follows that S 1is orthodox. A rather similar

proof uses Theorem 2.
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(ii) The "only if" statement is obvious. In fact, from Result 2, it
is obvious that any homomorphic image of an orthodox semigroup is also
orthodox, and clearly any regular subsemigroup of an orthodox semigroup is

also orthodox.

COROLLARY 1. (to the proof) A semigroup S is orthodox if and only
if each of its principal factors is orthodoz.

COROLLARY 2. A4 finite semigroup ig orthodox if and only if each of
its prineipal factors is an orthodox completely O-simple semigroup, or an
orthodox completely simple semigroup.

THEOREM 5. Let I be an ideal of a semigroup S and suppose I 1is
an inverse semigroup. Then S <is a regular semigroup whose idempotents
satisfy a permutation identity if and only if S/I <is a regular semigroup
whoge idempotents satisfy the same permutation identity.

Proof. (i) Suppose S/I is a regular semigroup whose idempotents
satisfy a permutation identity. By Lemma 3 [9] (see Section 2) and Theorenm
L, S 1is an orthodox semigroup. Its set of idempotents B say, is a

semilattice of rectangular bands. As in Section 3, let B = U Ea and for
a€Y

e € E denote E by E(e)
For each o €Y , Ea €CS\I or E’a C I . (For suppose there is an
element f € E, such that f&€I. Then E =EfE CI .) Thus for any

idempotent e € I , we have that E(e) = {e} (since E(e) is a commutative
rectangular band).

Let the permutation identity be x12 ... x and

= xplxpz xpn
take any idempotents e;, €2, ..., e, belonging to S .
Case 1. Suppose e1€s ... e, € S\ I . Then
eplep2 epn € E(eyep ... ¢,)) ¢ S\ I and clearly
eez ... e, = eplep2 epn .

Case 2. Suppose eje; ... eneI . Then

5%, ** epne Eleje; ... e,) = {eje; ... e}
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and so

e1ez ... e, = eplepz eee epn

Thus the set of idempotents of S also satisfies the permutation
identity xj29 ... £ =2x_ & vee X .
12 n = Py P2 P,
(ii) The "only if" statement is obvious. In fact, from Result 2 it
is obvious that if S is any regular semigroup whose idempotents satisfy a
permutation identity, then any homomorphic image of S 1is also a regular

semigroup whose idempotents satisfy the same permutation identity.

The following examples show that no similar result holds if we assume
only that I 1is regular and its set of idempotents satisfies left

normality, right normality or normality.

EXAMPLES 1 and 2. Let I = {a,b} be a left zero semigroup and put
S = Il | the semigroup obtained from I by adjoining an identity element.
Then S/I 1is a semilattice (and hence satisfies every permutation identity)
and I is a left normal (and hence also a normal) band, but S satisfies
no permutation identity, since it is not normal (Iabl = a and 1bal = b ).
The semigroups S and S* (the semigroup dual to S ) are the two orthodox

semigroups of least order which are not generalized inverse semigroups.

6. Completely O-simple semigroups

Our main aim in this section is to determine which completely O-simple
semigroups are orthodox. (Exercise 2(b) for §3.2 of [1], volume 1, gives a
determination of which completely simple semigroups are orthodox). Such a
semigroup has of course a O-restricted inverse homomorphic image. (Y of
Theorem 3 is O-restricted.) At first we shall assume only that our

completely O-simple semigroup has a O-restricted inverse homomorphic image.

Let S = S8° be a completely O-simple semigroup. Because of Theorem
3.5 [1] volume 1, p. 94, we may assume that S = M° (G ; I,A ; P) , the
Rees I x A matrix semigroup over a group with zero G° , and with sandwich

matrix P = (p,.) . Let the identity element of G be e

LEMMA 3. If the completely O-simple semigroup S = M°(G ; I,A ; P)

has a O-restricted inverse homomorphic image then for some index set J ,
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there exist partitions P(I) = {Ij :j€JY and PN = {Aj :JedJr of I
and M\ respectively, such that, for any elements 1 € I and A € A,

p,; =0 if ite and )\eAk say, and J 4 k

and
pM:#O if i€ and A€ N, say, and j =k .
Proof. Let © %be a O-restricted homomorphism such that SO is an

inverse semigroup (S0 is of course a Brandt semigroup) and, for some index

set J , let {ej : J €J} be the set of distinct, non-zero idempotents of

S0 . For each j € J , define

]

e.} ,

I.={{ €I : for some )\GA,pM:+O and (p;i)ﬂ@ 7

J

A,
d

. ; -1 =
{xeAN: for some i€, p,, 4 0 and (P30 = ej} .

Take any element < € I and any elements A,u € A such that Py # 0 and

pui + 0 . Then

-1 -1, _ -1 -1 -1, -1
Prilin Pyl iy = Purlsy #08 Pud (Pl = Pridin -
) ) ) ) ) -1 -1
Since S0 1is an inverse semigroup it follows that (p)‘i)i}‘e = (pui)iue

Thus if J§ + k , we have I,j NI, =0 . Hence {Ij : j€J}Y =P(I), say, is
a partition of I and similarly {Aj : g€ J} = P(A)s, say, is a partition
of A .

Now take any elements j,k€ J and take any elements < € Ij and

AE A Then there exist elements W€ A and I € I such that Pui $0

r

-1 _ -1 _
and (pui)iue = ej , and I12%) +0 and (pAZ)ZAO = e - It follows that

-1 -1 _
[(pkl)lx(pui)iule = e -
Now if j + k , we have that ekej = 0 and, since © 1is O-restricted,

that p,, =0 . If j =k, then ee; $0 and p,, 40 . The statement

of the lemma now follows.
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REMARK 2. Using Theorem 1 [§], we can also prove the converse. For
suppose such partitions P(I) and P(A) exist and suppose P 1is in normal
form (see §2 [§]). Let N be the smallest normal subgroup containing the

sets
-1 .
{p)\ipui :1€I, Lu€ANM and p,. $04% pui}
and
-1 . -
{pkipxj :i,je€l, X€N and p,, $04 pxj} s

or equivalently, the set {pki ;1€ ,2€ A and Py + 0} . Then the
congruence on S given by the triple consisting of P(I) , P(A) and the
congruence on G induced by N , is O-restricted and is the finest inverse

congruence on S .

For completeness, instead of applying the statement of Lemma 1 [§], we
shall specialize its proof to treat the simple case in which the sandwich

matrix P has the diagonal block form described in Lemma 3.

For each j € J , choose a representative element ij € Ij and a
representative element Aj &€ Aj . Define a function ¢ from I into A as
follows. For each element < € I , put <¢ = Aj , where < € Ij . Define

a function ¢ from A into I similarly by putting, for each element

AE AN, MW= ij , where X € Aj . Define A x A and I x I diagonal

matrices U= (u, ) and V = (viZ) respectively, as follows:

Au
0 it AFu,
u =
> Al -1 . _
pA,AdI if A—-]J,
0 ir 241,
v., =4 ~1 . .
zl pi¢,ipi¢,i¢w if 2 =1 .

Set UPV = P' = (pii), say. Then for each ©Z € I ,
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. « = U . . e .
Pio,1 L¢,t¢p1¢,tvt,$

-1 -1
Pio,i0WP10,7P19,Pi0, 100
e,

and for each A €A ,
L —
Pa,ap T B 0P aelap, ay
_ -1 -1
P AP AP ave, WP ADS, Avsw

-1 -1
= Pay P a, AP ave, AP ave, Ay

since AyPpYP = ij = AP, where A€ Aj . Thus e . More informally,

pi,xw =
each diagonal block of P' contains at least one row and one column in which
each element is e . Let us nov assume that S = M°(G ; I,A ; P) is
orthodox and that we have obtained P' as above. Set

S' = M°(¢ ; I,A ; P') . By Corollary 3.12, [1] volume 1 p. 106, the
semigroups S and S' are isomorphic. Take any elements < € I and

A € A such that pj. 4 0 . Then since, for some J € J , we have ) € Aj

and 7 € Ij » it follows that i¢yP = ij = Ay . Hence

! = ' = ’. . ) '. - -
Pig,2 = Paaw = Pig,ipw T Pigap = ¢
. ' .
Hence (e)i,i¢ and (e)xw,k are idempotents of S' and their product
. . -1
= ' = .
(e)i,i¢(e)xw,x = (e)ix is also an idempotent. Thus (pAi )ix (e)tx and

so pii = e . The following theorem is now obvious.

THEOREM 6. The completely O-simple semigroup S = M°(G ; I,A ; P)
ig orthodox if and only if there exist diagonal A x A and I x I matrices
U and V respectively, over G° , such that the matrix P' = (pii) = UPV

has the following form (with a suitable ordering of I and M)
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ee
e .
0
ee.
ee
ee
ee
0

More formally, for some index set J , there exist partitions
P(I) = {Ij :J e€d}t and P(N) = {Aj :Jedl of I and A respectively,

such that

O if i€l and A€My, say, and § $ k,
1]
Py, i

e 1f 1 € Iﬁ and A €A, say, and J =k .
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