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Abstract

We study DeLeeuw type theorems for certain multilinear operators on the Lebesgue spaces and on the
Hardy spaces. As applications, on the torus we obtain an analog of Lacey-Thiele’s theorem on the
bilinear Hilbert transform, as well as analogies of some recent theorems on muitilinear singular integrals
by Kenig-Stein and by Grafakos-Torres.

2000 Mathematics subject classification: primary 42B15, 42B20, 42B25.

1. Introduction

Let R” be the n-dimensional Euclidean space and R"™ = R” x R" x --- x R” be the
m-fold product space. Suppose that . (R") is the space of all Schwartz test functions
on R" and A(u, ... , u,) is any function on R*", where u; € R"forj =1,2,... ,m.
The multilinear operators T, ¢ > 0, associated with this A are defined by

(LY T faeon fu) @)

=/ [[fiwprtens, ..., cun)exp (2ni2<uj,x>)du,...dum,
=1 j=1

forall f; € #(R"),j =1,2,...,m, where f; is the Fourier transform of f;, x € R"
and (u;, x) is the inner product of u; and x. Wedenote T =T, ife = 1.

The significance of studying such kind of multilinear operators can be illustrated by
following two simple model cases. First, inthe case m = 1, T is the classical multiplier
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38 Dashan Fan and Shuichi Sato [2]

which plays very important roles in harmonic analysis and in partial differential
equations (see [S]). Secondly, the study of the case m > 1 is much more involved.
This topic can be dated back by the pioneering work of Coifman—Meyer started from
70’s [CM1, CM2, CM3, CM4], as well as some recent works by Lacey-Thiele, Kenig—
Stein and many others [KeS, CG, GK, GT, GW, LT]. Readers can see these references
for more details about the background and significance in this topic. Here we list a
simple example by letting n = 1, m = 2 and taking A(u,, u;) = A(u; — uy) with
A(t) = i sgn(r), where sgn(¢) is the sign function on R'. Then it is easy to check that

T(f,g)x)=pva~'| fx—-tgkx+nt'dt
Rl

is the bilinear Hilbert transform, which is related to a famous conjecture by Calderén
in studying certain problems of Cauchy integrals. Very recently, Lacey and Thiele
[LT, La] solved this conjecture by proving that

IT ol < Clfllgligl-

provided I/p =1/g+1/r,1 <g,r <o0and2/3 < p < 0.

Analogously, we can define multilinear operators on the torus. The n-torus T"
can be identified with R"/A, where A is the unit lattice which is an additive group
of points in R" having integer coordinates. Let T"" be the m-fold product space
T" x T" x --- x T". The multilinear operators ﬁ, £ > 0, on T"™ associated with the
function A are defined by

12 L(fi.. fu) @

= Z Z . Z Aeky, ..., ekp)agay, - - - ag, exp (2ni2(kj,x))
j=1

ki€eA ke kn€A

for all C*°(T") functions

fi) =Y ayexpritk;,x)), j=12,...,m.

kj €A

We denote T = f} ife =1.

As we mentioned before, in the case m = 1, T becomes the ordinary multiplier
operator. One of the well-known results in that case is a theorem by DeLeeuw {L] (see
also [SW, page 260]) which says that if A(u) is a continuous function on R" and if
p > 1,then T is bounded on L? (R") if and only if T, is uniformly bounded on L?(T")
for ¢ > 0. This theorem was later extended to many different settings. Readers can
see [K, KT, AC, F, T, KaS] for further details of these generalizations.

The main purpose of this paper is to extend DeLeeuw’s theorem to the case m > 2.
Letting 1/p = Z;’;l 1/p; , we will establish the following theorems.
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THEOREM 1. Suppose that X is an L*-function which is continuous on R™ except
on a countable set. Let T and T, be the multilinear operators associated with \. If

(13 12 folley < AT TG

j=1
uniformly for € > 0, where A is a constant independent of ¢ > 0 and f; ’s, then
(1.4) 1T frllo@n < AT IS5 e e

j=t

where A is a constant independent of f;’s and A < A.

For a set E, denote its Lebesgue measure by w(E). We have the following weak
type theorem.

THEOREM 2. Let T, i, A be as in Theorem 1. If
m 4
15)  plx e T |L(fi, for o fa)®)] > @} < é{ [T/ ||L,,,(Tn,a“} ,
j=1
where B is independent of f; 's, € > 0and a > 0, then

m 14
(16)  wlx €R":T(f1, for - fu) @) > a) < B{ [Tl5 IIL»,-(M“} :
j=1

where B < B is independent of f ;’s,anda > 0.

Conversely, we have the following two theorems.

THEOREM 3. Suppose that X is an L®-function on R"™. For a fixed gy > 0 assume
that all multi-integers (ky, kz, ... . kn) € A X A X -+ X A are Lebesgue points of
M(eop). If (1.4) holds, then we have

(1.3) T, (fr. ... . f

i ~
LP(T") - I—[ "f, ” LPi (T7)

with A < A being independent of e > 0 and f; s

THEOREM 4. Let €y and A be the same as in Theorem 3. If (1.6) holds, then we
have

,u{xe?f":,i;,,(f],.-.,fm)(x)|>a’ = {H”fluwax» }’

where B < B is independent of 5 > 0, @ > 0 and f ;s
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As applications of Theorem 3, we will obtain an analog of Lacey-Thiele’s theorem
for bilinear conjugate Fourier series, as well as analogies of recent works on multilinear
singular integrals by Kenig-Stein and Grafakos-Torres. It is worth remarking that
recently Grafakos and Weiss studied an alternating definition of T in a more general
amenable group and obtained some other transference results similar to Theorem 3
and Theorem 4 (see [GW]). But it seems that, by their theorems, one is not able to
obtain Lacey-Thiele’s theorem on the torus. On the other hand, their method does
not work on the H”-spaces, which we will work on later in this paper. We also want
point out a few remarks.

REMARK 1. (1) IfAis L™ and continuous on R"™, clearly A satisfies the condition
in Theorem 3 and Theorem 4.
(2) Since the proofs for cases m = 2 and m > 2 are essentially the same, for
the sake of simplicity, we will prove theorems for the case m = 2. We denote
f1x) = £ (x), f2(x) = gx), f1(x) = f x), f2(x) = §(x), and p; = q, p, = r 50
that 1/p = 1/q + 1/r throughout this paper.
(3) The maximal operators are defined by

T*(fla e vfm)(x) = Supln(fl’ yfm)(x)l 3

>0
T*(f,, e ,fm)(x) = sug) ‘ﬁ(ﬂ e ,f~,,.)(x)|.
Noting

T*()x) = sup |[,()x), T*()x) = lim sup |T.()(x)|

lim li
R—00gce<R R—000 <R
for each x, without any changes in the proofs of Theorem 1-Theorem 4, we may use
a limit argument to obtain Theorem 1-Theorem 4 for the maximal operators.

(4) In this paper, we do not intend to pursue the study of boundedness of T as
those in the previous papers mentioned above. What we emphasize is to establish
certain Del.eeuw type theorem, which says that, under some very mild condition, the
boundedness of T on the Euclidean spaces is equivalent to the boundedness of its
corresponding family {7,) on the torus, so that one can easily obtain an analogous
theorem on T as soon as a new theorem of T is obtained.

(5) In the direction of generalization, one might expect to formulate a theorem that
transfers not only the bilinear Hilbert transform, but also the multilinear fractional
integrals in [KeS] and {GT]. It is known that, in general, DeLeeuw’s theorem fails
even in the one parameter case if p # g (for example see [KaS]). So one might need
some extra condition to establish such a theorem.

(6) Following the ideas in [AC] and [T], it is possible to establish transference
theorem of multilinear operators between R” and Z". The proof for this case is in a
different style, to avoid that this paper becomes too long, we will study this problem
in our future papers.
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The proofs of Theorem 1 and Theorem 2 use a standard argument involving the
definition of Riemann integrals (see [SW]). For completeness, we present them in
the second section. However, the duality argument used to prove Theorem 3 for the
case m = 1 (see [SW, page 260]) is difficult to adopt. We use an alternating method
to study Theorem 3 and Theorem 4 in Section 3. In Section 4, we study DeLeeuw’s
theorem on the Hardy spaces by using the atomic characterization of H”.

Finally, in this paper, we use letter ‘C’ to denote (possibly different) constants that
are independent of the essential variables in the argument.

2. Proofs of Theorem 1 and Theorem 2

Let Z(R") = {f € S (R") : f has compact support}. The space Z(R") is dense
in the space L? (R"), so it is enough to show the theorem for functions f, g € 2(R").
In order to do so, define £, and g, , for & > 0, to be the dilated and periodized versions
of f and g, viz

(21) f;=€_"2f (x:-k>’ ge=£—nzg(x:l)

keA leA

Then by the Poisson summation formula we obtain

2.2) f; — ZfA(Ek)eZni(k,x), gs — Z§(€l)€2”i<l‘x).

keA leA

By the definition of the Riemann integral (see also [SW]), we know that
23) lim e T, (fe. &) (ex) = T(f, g)(x).
Let

O={xeR':=1/2<x;<1/2,j=1,2... ,n}

be the fundamental cube on which

/ fydx = f f () dx
T, Q

for all function f~ on T". We choose {¢} as a discrete sequence going to 0.
In order to prove Theorem 1, we choose n(x) > 0 to be a function in Z(R")
satisfying n(0) = 1and )", _, n(x + m) = 1. By Fatou’s lemma, we have

- "~ ot Ll p
1T M < liminf [ o0 [T 2o ax.
£ ®”

https://doi.org/10.1017/51446788700002263 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002263

42 Dashan Fan and Shuichi Sato [6]

By changing variables on x and using the fact 3 n(x + k) = 1, it is easy to see that

I/p
1T, Ollermny < limiélf [82"’—"/ ne)| T, ge)(x)lpdx}
£E— R?

= ligﬁig‘f ghnip ” Ts(f;, g:) ” Lr(Ty’

By the assumption, we have that
1T, eMerwn =< A lirgliglf ghnnle ”f:”uar")||§s”um)-
Finally, by [SW, page 266], we know that if ¢ is sufficiently small, then

Ifellocn = N f Nracms  NEellram = €77 lIgl rcuny-

Thus we obtain
T, Dllerwny < A“f lLocryllgllLrcuny-

Theorem 1 is proved. O

We now turn to prove Theorem 2. Let xo(x) be the characteristic function of Q.
By Fatou’s lemma, we have

24)  plx e R :TF@)| > a)
< liminf u [ € R, xo(ex) |sz"i;(f;, gg)(ex)t > a}
Lo b)) > af

T2 (fe &) @) > a7}

= Iimiglfs"'u x € R, xo(x)

= liminfe™"p {x €0,
e—>0
. . = — ~ ~ —_ p
< timinf Be™ {1 oo e lramoc ™6™
£—0
i -11P
= B{lIf locmllgllrame™)",

which proves Theorem 2. O

3. Proofs of Theorem 3 and Theorem 4

Let | T = sup{lI T:(f. &)l : If ll; = llgli, = 1}. Itiseasy tosee that | T.|| = || T|
for all ¢ > 0. So to prove Theorem 3, without loss of generality, we may assume
& = 1 (we may make the same assumption in proving Theorem 4, for the same
reason).
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Fix a positive integer K, define the set 2, by
Qx =[-1/2-1/K,1/2+ 1/K]".
Let ¥ be a function in #(R") satisfying supp¥ < Qf , 0 < ¥(x) < 1, and

W(x) = 1on Q. We denote ¥/¥(x) = W(x/N) for an integer N. For any C*®
functions f (x) = 3", axe*™** and g(x) = )., b, ™), we let

GO Ex(fL 8w = we/NT(FL8) ) - T (¥°F, 9 g) (o).

By checking the Fourier transform, it is easy to see that

—Ex(f, 8)0) =D > ah, i / / W ()W ) {A(k + u/N, v+ v/N)
keA veA R* JR»
_ A,(k, v)}e2ni(u.x/N)82ﬂi(v.x/N) du d'U.
Since {a;}, {b,} decay rapidly, A is L* and all (%, v) are Lebesgue points of A, clearly

Ex(f, g)(x) — Ouniformly forx € R"as N — oo.
Noting T'(f, g)(x) is a periodic function, we have

l/p
76 Dl = {5 [T D ax]
By the choice of W, we further obtain
oL e 1
TG Dl = {¥ [ 9wy 1. s

Thus by (3.1), we have that if p > 1, then

| < AN | |T(¥""f,w'"g) [ d "
Le(rn) = - ( f g) ¥
I/p

+[N'"f |E~(f",§)(x)|"dx] ,
NQ

I7(F.2)

and that the second integral on the right-hand side of the above inequality goes to zero
as N — o00. On the other hand, the first integral on the right-hand side of the above
inequality is equal to

N T, W)

LP(R™)"
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Thus by the assumption and the choice of W, it is bounded by

N4 ‘I’I/Nf~,|Lq(n~) w'e “L'(R")

1/q 1/r
SAN‘"/”[ / lf"(x)lqu} [ f lé(x)l’dx] ,
NQg NQx

where NQx = [-N/2—-N/K, N/2+N/K]". Choose N suchthat N/K are integers.
Then as N — oo we have, since f and g are periodic functions, that

' : 1/q
IT(f, &) ||M,) < AN~™P {(N +2N/K)" /Q f (x)lqu}

1/r
X {(N+2N/K)"/ |§(x)|'dx} +o(1)
Q

= A(1 +2/K)~Vary/n

flle(‘n'n) ||§||me) + 0(1)

Letting first N — oo, then K — oc, we prove Theorem 3 for p > 1.
For0 < p < 1, we have

176D < N7 [ 7@ 0P g s
+ N7 | |En(f,3) )| dx.
NQ
Thus the proof is the same as that for p > 1. O

To prove Theorem 4, fixing any o > 0, we have

plxe Q: lf’(f, )| >a)=N"u{xeNQ: \T(f, g) )| > a}
=N"u{x e NQ: [Wx/N)T(f,§)x)| > a}.

Thus by (3.1) and the fact that Ex(f, §)(x) > 0 uniformly in x as N — oo, for
any 8 € (0, @) we can choose N sufficiently large such that

pnixeQ: |T(f, g)™)|>a} < N "u{xeR": |T(¥'/Vf, W¥g)(x)| >a—B}.
Thus by the assumption we have

wlx € Q:|T(f, §)x)| > o}
< N B9 o [ 8]y = B

<B ["f"u(rn)llguu(m(a _ ﬂ)—llp (1 42/ K)"/a+1/mp,
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9] Transference on certain multilinear multiplier operators 45
Since 8 > 0 is arbitrary, letting K — oo, the theorem is proved. O

We now present some applications of Theorem 3. First we consider the bilinear
Hilbert transform on the one-dimensional torus

1/2
H(f,g)x) =p.v./ fx —t)cot(mn)g(t + x) dr.
—1/2

Then it is easy to check

oo 0

H(f, g)x) = Z Zakbui sgn(v — k)X ks,

-0 —00

By the known result of H(f, g) (see [LT, La]) and the proof of Theorem 3 we have

COROLLARY 1. H maps LY(T") x L"(T") into LP(T") for 1 < q,r < 00, 2/3 <
p<ooandl/p =1/q+1/r.

PROOF. Let A(u, v) = isgn(v — u) and Ey (f~, £) be as in the proof of Theorem 3.
Note that A(u, v) = —A(v, u). Therefore, by symmetry we have

/ f U )b (A + u/N, k + v/N)em“x/N gnitvxIN) gy gy = 0
RJR

forallk € A, x € R and N. So, though the points (k, k) € A are not the Lebesgue
points of A(u, v), we have Ey(f, g)(x) — O uniformly inx € R as N — 00. Thus,
by the proof of Theorem 3 and [LT, La], we get the corollary. a

Secondly, we recall the multilinear singular integrals Tx on R"™:

Tx(frs oo f)(x) = p.V./ S =y fu = ym) K1y ym) dyr - Ay,
!an

where K is the Calderén-Zygmund kernel (see [GT, KeS]). We define

m

(3.2 Tu(fi, - fu)®) =Z Kkiy ... kn)agay, - - - a, €Xp (2niZ(kj,x)),
kyyooo sk ji=1

where (ky, ... , k,) ranges over A"\{(0, ... ,0)}.

COROLLARY 2. Let K be a locally integrable function on R™" — {0} which satisfies
the size condition

(3.3) IK(uy, ..., un) < Cl(uy, oo )™,
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the cancellation condition

3.4) f Kuy,... ,up)duy---du,| < C < 00,
Ri<i{@r.. .um)l <R
forall0 < R, < R, < o0, and the smoothness condition
3.5) IK(u.,... JUjy ey Um) — K(uy, .. ,u},... ,u,,,)]
;=
[CTORN M [

for some § > 0 whenever |u; — u}| < {u;|/2. Suppose that for some monotonically
decreasing sequence €; convergent to zero, the limit
(3.6) lim / K(,... u,)du,---du,

T g <luy, .. .umdl<1
exists. Then Ty maps LP/(T") x --- x LP~(T") into L?(T") with 1 < p; < o0,
I/m <p <ooandl/p =37 1/p;.

PROOF. We prove the corollary for the case m = 2. The proofs for the other
cases are essentially the same as that for the case m = 2. From [GT], we know that
Il R loo < C < o0. Thus by (3.4)—(3.6) it is easy to see that K is a continuous function
on R?"\{0}. We write

f@)=a+) @™ =a+ filx),

k#0

g(x)=bo+ Z bkezni(k'x) =bo+ g, (x),
k3£0
Then,

Te(f &)%) = T (a0, 21)x) + T (F1, bo) ) + T (f1, 81) ()
Let Ex(f, §)(x) be defined as in (3.1) with Tx and Ty in place of T and T, re-
spectively. Since K is continuous on R*\{0}, we see that Ey(ao, &§)(x) — 0,
EN(f], by)(x) — 0, Ex(f1, £1)(x) — O uniformly in x € R" as N - o0. Thus by
the proof of Theorem 3 and Theorem 5 in [GT], we have
“ fK (f~’ g) “ Lran = Cllaoll 7 am | 81 ” LP2(Tr) + C“/;l

+ Cllfl ll LP1(T7) & H Lr2(Tny"

Lo 12ollLecny

This proves the corollary, since

“aOHL"l(T") =< ||f~||Lp|(1rn)’ ”ful anarn) = 2”f~l|1,m(1r")’
bollLraqrmy < Hg“uz(w)’ “gl“uzm) = 2“§uuzm)' O
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REMARK 2. Theorem 5 in [GT] was studied by Coifman—Meyer [CM1] if K is the
kernel in the following Corollary 3.

COROLLARY 3. Suppose that K is homogeneous of degree —nm, smooth away
from the origin, and has mean value O on the unit sphere in R™. Then Ty maps
LP(T") x --- x LP(T") into LF(T"), with 1/m < p < o0, | < p; < o0 and
l/p = Z}":l 1/p;.

PROOE. Clearly, X satisfies (3.3)-(3.6) so that by Corollary 2, we obtain Corollary 3.
Here we note that for the kernel considered in this corollary, the boundedness of T
used in the proof of Corollary 2 also comes from [KeS, Theorem §]. O

REMARK 3. Itis possible to extend Theorem 1 and Theorem 3 to the Lorentz spaces
so that we can obtain some weak-type estimates for Ty, which are analogous to those
in [GT, Theorem 5] and [KeS, Theorem §].

4. Bilinear operators in Hardy spaces

Forj =1,2,...,y,let A; and p; be bounded functions on [R" Let U; and f/
be multipliers associate to ; on R” and T", respectively; V; and V; be multipliers
associate to i; on R” and T", respectively.

The bilinear operators B, (f, g)(x) is defined by, for any f, g € S(R"),

14
4.1) OB 9® =) U () Vi (@)w).
j=1

Similarly, the operator B is defined by

“2 Z (T (E)
for all B
f~(x) = Zakehi(k,x) € Coo(]]-,.)’ g(x) = Z bvezﬂi(v-x) € Coo(-l]'"),
keA VeA
where
[]](f.)(X) = Zakkj (k)eZJri(k,x)’ f{’ (X) vall’j (U)e2ru(ux)
keA VeA

The boundedness of bilinear operator B, (f, g) on the Hardy spaces was studied by
Coifman and Grafakos in [CG] (actually, in their study, U;’s and V;’s can be general
Calder6n-Zygmund operators of non-convolution type). Since there is no essential
difference between y = 1 and y > 1, for simplicity, we study the case y = 1. By the
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definition, it is easy to see that if y = 1, then B,(f, g) is a special case of T(f, g) and
B, (f £) is a special case of T(f, £) with A(u, v) = A (W), (v). Therefore, naturally
we will study DeLeeuw’s theorem for T(f, g) on the Hardy spaces. Below we first
review the definition of the Hardy spaces.

Let H?(R"), 0 < p < 00, be the Hardy spaces defined by [ES]

HY (R ={f € SR, 19 f llrwny < 00},

where @tf (x) = sup, o |P, * f (x)|, ©,(x) = t7"®(x/1), and & € FL(R") is a
radial function satisfying [ ® = 1. The corresponding periodic Hardy spaces are
H () = {f € /T, [9*f |rmey < 00}, where ®*f (x) = sup,o |®, * f ()],
S(x) = 3 ,op PUK)ETED 4 Crn Y D((x + k)/1).

In this section we will establish the following theorem.

THEOREM 5. Let A be a continuous and bounded functions on R", and T(f, g) and
T(f, g) be the same as in Section 3. Suppose 1/p =1/q+ 1/r. Ifthereisa C > 0
such that ||IT(f, g)arwsy < CUf luswnliglar@e for dl f e HY(R™) N F(R")

and g € H'(R") N FR"), then |T(f, Dluwan < CIf luscnlign-n for all
f,g e C*(T.

To prove Theorem 5, we need to use the atomic characterization of the Hardy
space. A regular (p, 2, s) atom is a function «(x) supported in some ball B(xo, p)
satisfying:

() llall, < p~P+2

(i) frax)P(x)dx =0
for all polynomials P (x) of degree less than or equal to s.

The space HP*(R"), 0 < p < 1, is the space of all distributions f € S'(R")
having the form

(4.3) f=) am
and satisfying
(44) Y lal < oo,

where each ay is a (p,2,s) atom. The ‘norm’ ||f || yz* g~ is the infimum of all
expressions (Y |ci|?)!/? for which we have a representation (4.3) of f. A well-
known fact (see [FS]) is that || f || y7+®s) = IIf | v» &) and in particular, ||a|| gr@®-) < C,
with a constant C independent of the (p, 2, s) atom a(x) if s > [n(1/p — D].

We also have a similar decomposition theorem for any function f e H?(T"). In
particular, suppose f € C®(T") and its Fourier coefficient

ao(f) = /Qf(x)dx =0.
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Then we have the following lemma.

LEMMA 1. Suppose f e C®(T") with ao(f~) = 0. If we restrict x to Q, then for
any fixed positive integer s

f0) =) au),

where each ai(x) is a (p, 2, s} atom satisfying a,(x + 1) = ax(x) for 1 € A, and

I Wor my = 32 lel?

The proof can be found in [BF].
Now we are in a position to prove Theorem 5. For any f, § € C®(T"), we have

f~(x) = ZakeZni(k,x) and g(x) — Z bveZni(u,x)

keA veEA

with rapidly decaying coefficients. Recalling that0 < p < gand 0 < p < r and
a well-known fact H? = L? if p > 1, we can use the same argument as in proving
Theorem 3 to prove Theorem 5 in the case p > 1. It now suffices to show the
case 0 < p <land0O < gq,r <1l,thecase 0 < p < g <1 < r and the case
0 < p <1 < g <r. Weprove these three cases separately.

CASEL. 0 <p <1 < g <r. Inthiscase H? = L? and H’ = L’. By definition
and the Lebesgue dominated convergence theorem, we have

. R o 1/p
”T(f,g)”mm) = lim [/Q sup |<I>,* T(f,g)(x)lpa’x] )

R—o0 O<t<R

Thus it suffices to show

~ ~ -~ l/p ~
(4.5) {fg sup |¢>,*T(f,g)(x)l"dx] <C|f ||Lqm){g[

O<r<R Lram

with C being independent of R > O.
By definition, it is easy to check that, for each fixed ¢ > 0,

& x T(f, 8)0) = Y D abyrk, D@ (k + ),

k

&, % T(f, 9)x) = // f g, v)®(u + v)e™ “* " dudv.
R*xR"
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Let Q4 and W'/¥ (x) be the same as in Section 3. For each ¢t > 0, using &, * T and
@, x T instead of T and T in (3.1), respectively, we obtain

4.6)  En,(f,2)x) = Wx/N)?®, x T(f,§)(x) — &, T(W/Vf, ¥'Vg)(x)

=- Y X apne e [ dwio

ke veA

x {A(k +u/N,v+v/N)dGk + u/N + v + v/N))
— &tk + V)M, v)} i ux /M) 2R INY gy gy

Since {a;}, {b,} decay rapidly, A and & are L™ and continuous, it is clear that
En.(f, g)(x) — O uniformly forx € R” and ¢ € [0, R] as N — o0o. Thus we can
obtain (4.5) by emulating the proof of Theorem 3.

CASE2. 0<p<landO0O<gq,r <1.
We note that, for a C* function f (x) = }_ a;(f )e*™ ),

Jaol My = Claal)] = [ Fonr
and ¢
suop |‘i>, *f~(x)| > '1_122 |(f>, *f(x)| = Iao(f~)|.
Thus
Jeo Wz = [ Neol o = € [ saplx FP i = U

Because we can write
f&) =a0+ ) ae™* = a, + fi(x)

k40

F) = bo+ Y b = by + 1(x),
v#Q

and

we treat T (ao, bo), T (ao, &), T(fl, by) and T(ﬂ, £1) separately. The first one is easily
estimated by the above observation. To estimate the last one, we write f and g for f;
and gy, respectively, for the sake of simplicity. Then we have |, of dx = S 0 gdx =0

so that by Lemma 1, we can write f and g in the forms of their atomic decompositions

fO) =) amx),  Fx)=)Y_ B0,x),

where each o, is a (q, 2, [n(1/q — 1)] + 2n) atom and each O, is a (r, 2, [n(1/r —
1)] 4+ 2n) atom, and

DCAUESE Vil A TN = -1 [
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We take

n

-  4x2 _Jf&x) iffx) =0,
W) =[](1-4x}),.,  where f+(x)_[0 o <0

For positive integers M and N, we denote the cube [-N/2M, N/2M)" by NQ/M.
For large N, by (4.6) and the assumption of the theorem, we have

sup ]5), * T(f~, £)|

O<t<R

i=1

Lr(T™)

1/p
x> [N"'/ W2(x/N) sup |®, * T(f, §) )| dx}
NQ/2

0<t<R

1/p
< C[N"’f sup |®, * T(F¥'Y, g¥'/™)(x)|” dx} + o(1).
R

" O<t<R

This shows that

4.7 sup |<i>, * T(f §)|
O<t<R LP(T)
< CN~P| fw'/N lveen 1Y oo ory + 01, as N — oo.
Therefore, it suffices to show that
@8)  liminf NSO o NEYY] gy < I oy 1B D ey

We note that

"f~\I/1/N ”Ze(w) <C Z [cel? ||ak\1u/~ ”q
k

HIR")®

”g\yl/N

e < C OB O

r
Hr(R")*

Thus we only need to prove that for any (g, 2, s) periodic atom o (x) with support in
B(x()a P) C Qv

(4.9) lew ™|

where C is a constant independent of ¢ (x) and N. By the definition, we have

n/q
H4(R") < CN™,

9

”all/l/zv“‘llmw) ;/; sup / Yx/N)ax)P,(y —x)dx| dy

n 0<t<oo

q

=/ sup /l_[(l—4sz/N2)+a(x)d>,(y—x)dx dy
R R" )

» 0<t<00

q

dy.

=/ sup/ {H(l—4xj2/N2)a(x)]d>,(y—x)dx
R |xjl<N/2

n 0<t<00 j=1
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Now if we let N = 2m + 1, then, up to a set of measure 0, the set {x € R" :
xjil < m+1/2, j =1,2,...,n} is the union of the disjoint sets {Q + k : k =
ki, ... ky),—m < k; <m, j =1,2,...,n} = {Qy}, where the k;’s are integers.
Now the last integral above is bounded by

I,.=C Z fk sup /Qk

—m<k; <m n O<t<00
Noting that ¢ (x) is a periodic function, we easily see that x o, (x)ax(x) is an atom with
support in Q. Also since on Q, ]_[;'=1(1 - 4xj2 /N?) is a polynomial of degree 2n
which is bounded by 1, clearly

q

dy.

{ H(l —4xf/N2)a(x)}<D,(y —x)dx

i=1

n

Aw) =[] (1 - 4x2/N?) x0,(x)a(x)
j=1
isa(q, 2, [n(1/q — 1)]) atom on R". So by a well-known estimate, the above integral
I, is bounded by

C Y AN, < CN,
—m<k; <m
which shows || W/ || yogey < CN™4.
Finally we treat T(f, by). Let I be a C* function supported in Qx = [—1/2 —~
1/K,1/2 + 1/k] for some fixed positive constant K. Suppose that I'(x) = 1 on Q
and [TYV| @ < CN™r. (We assume a suitable cancellation condition to get the

last property of I'.) Let W be as above. Put
En.(f, &)x) = Wx/NTx/N)® * T(f,2)(x) = &, » T(W/Nf, 0™ g)(x)

= — Z Z akb,,€2"i(k+v'x) / / \i”(u)f(v)
R* JR"

keA veA

x {A(k +u/N,v+v/NYSEK + u/N +v +v/N))
a(u, )&k + u))} 2wk IN) 2Tt INY gy oy

Then, for any fixed R > 0, Ey,(f, 2)(x) — O uniformly inx € R” and € [0, R] as
N — 00. Therefore, arguing as in (4.7), we have

(4.10) sup |®, * T(f1, bo)|

O<t<R

Lp(T")y

S CNT| U e BT g +0(1),  as N — o

HI(R™) H™(R")

By (4.10) and the estimates on (4.8), we see that the left-hand side is bounded by
CI\f a1l grcyay- Clearly, we have the same estimate for T(ay, £1).
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CASE3. 0 < p < 1,0 < g <1 < r. The proof for this case is an easy combination
of those for Cases 1 and 2, we leave the proof to the reader. O

The following theorem is the converse of Theorem 5.

THEOREM 6. Let A and p, q, r be as in Theorem 5, and T(f, g) and T.(f,8) beas
in Section 3. If there is a C > O such that

1%(5 ) anary = M N acon 180 oy Sor all .8 € €27
uniformly for ¢ > 0, then

T, ey < CUSf Haemnligl i@
forall f € HY(R") N #(R") and g € H'(R") N S (R").

To prove Theorem 6, we need the following lemma.

LEMMA 2. Let f € H?(R") N #(R"), and define f, as in (2.1). Then

lim &"-VP ”f: ”

£=>0

HP(T") — IS Wl 2te ey

See [LL, Lemma 3] for a proof.

Now we return to prove Theorem 6. Let f € HY(R")N.#(R")and g € H(R") N
& (R™). As in the proof of Theorem 1, we have

lime* &, + T,(f., g:)(ex) = .+ T(f, )(x)

by the definition of the Riemann integral. Let n be as in the proof of Theorem 1. By
Fatou’s lemma we see that

ITCF s )1 ey = ] sup |, + T(f, )1 d

R 1>

< timinf e [ e sup |8, % T (7, o) el d
£ R? >0

-0

< liminfez"”‘"/ sup |, * T.(fe, &) x)|” dx.
Q >0

By the assumption and Lemma 2, we have

P

p . . 2 —_ o
1T, g)”m(nv) < hrﬂ}glfs e 8¢ ”H'(‘ﬂ"‘)

el brern

<cC* ”f”:mm M”:'(R")’
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This completes the proof of Theorem 6. O

Fmally, we point out an application of Theorem 5. Suppose that B,(f, g) and

Bl(f g) are defined as in (4.1) and (4.2), with U; and V, being standard Calderén-
Zygmund operators. Also assume

OHW = fwhw,  (Gg)o) = g @),

where both A; and u, are continuous and bounded. By results in [CG] and [G] and
Theorem 5, we have

THEOREM 7. Let 0 < q,r < 1 and 1/p = 1/r + 1/q. Assume that for some
non-negative integer «, there is an s such that

f x*B\(f,g)dx =0

Jfor all multi-indices B with |B| < «, anii all (r,2,s) atoms g and (q,2, s) atoms f.
Then forn/(n+«x + 1) < p < 1, B\(f, g§) can extend to a bounded operator from
HI(T") x H"(T") into H? (T").
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