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Abstract

If G is an elementary amenable group of finite Hirsch length h , then the quotient of G by
its maximal locally finite normal subgroup has a maximal solvable normal subgroup, of derived
length and index bounded in terms of h .

1991 Mathematics subject classification (Amer. Math. Soc.): Primary 20 F 19; Secondary
20 F 38.
Keywords and phrases: cohomological dimension, elementary amenable, group, Hirsch length,
solvable.

The class of elementary amenable groups is the class of groups generated from
the finite groups and Z by the operations of extension and increasing union.
This class arose first in connection with the Banach-Tarski paradox [6] and
more recently has been of interest to topologists as the largest class of groups
over which topological surgery techniques are known to work in dimension 4
[2]. It clearly contains all locally finite groups and solvable groups, and hence
contains all locally finite by virtually solvable groups. In [3] the notion of
Hirsch length (as a measure of the size of a solvable group) was extended to
this class and it was shown that elementary amenable groups of Hirsch length
at most 3 are locally finite by solvable while in general the Hirsch length
is bounded above by the rational cohomological dimension. Here we shall
show that every elementary amenable group of finite Hirsch length is locally
finite by virtually solvable. In particular, if a group of finite cohomological
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dimension has a nontrivial elementary amenable normal subgroup then it has
a nontrivial abelian normal subgroup. (This answers a question raised in [5]
in connection with extending a theorem of Gottlieb).

We recall briefly the description of the class of elementary amenable groups
given in [4] and the definition of Hirsch length given in [3]. If 3? and y are
classes of groups let 3^ denote the class of (3? by JO groups G which
have a normal subgroup H in 3? such that the quotient G/H is in ^ , and
let L3f denote the class of groups such that each finitely generated subgroup
is contained in some ^-subgroup. Let 3fQ = {1} and let 3f{ be the class
of finitely generated abelian by finite groups. If 3fa has been defined for
some ordinal a let «^+1 = {L3?a)3?x and if 3?a has been defined for all
ordinals a less than some limit ordinal P let 3fp = \Ja<fi %?a • Then the
class of elementary amenable groups is \J3fa , where the union is taken over
all ordinals. (In fact, it is not hard to show by transfinite induction on a
that if K is the first uncountable ordinal then every countable group in 3?a

is in 3?K . Hence every elementary amenable group is in 3fK+l).
The Hirsch length function h takes values in Z> 0 U {oo} , where Z>0 is

the set of nonnegative integers. If G is in 3fx let h{G) be the rank of an
abelian subgroup of finite index in G. If h(G) has been defined for all
groups G in 3fa and H is in L3fa let h{H) = l.u.b. {h(F)\F is an 3fa-
subgroup of H) . Finally, if G is in 3fa+l, so has a normal subgroup H in
L3fa with quotient in 3fx, let h(G) = h(H) + h(G/H). Transfinite induction
on a(G) = min{a|G is in 3fa) may be used to prove (simultaneously) that
h(G) is well defined, that if H is a subgroup of G then h{H) < h(G), that
if H is a normal subgroup of G then h{G) = h(H) + h(G/H) and that
h{G) — l.u.b. {h(F)\F is a finitely generated subgroup of G} .

Let SF be the class of finite groups and S" the class of solvable groups;
U? is then the class of locally finite groups and S&~ is the class of virtually
solvable groups. Every group G has a unique maximal normal Z-^-subgroup
A((7). Although in general an infinite group need not have a maximal solv-
able normal subgroup this is so if it is an J/ST'-group. Similarly if a group
has a normal (.L^J/^-subgroup of finite index then it has a maximal nor-
mal (LJ^J^-subgroup, necessarily of finite index. (This follows from the
facts that the product of two normal subgroups is again a normal subgroup,
and that if the subgroups are each in (L^)S^ so is their product). Our
main result shall follow by induction on h after making careful estimates of
the index and derived length modulo A of such maximal normal (L9~)<¥'-
subgroups, as functions of h .

THEOREM. There are functions d and M from Z> 0 to Z>0 such that if
G is an elementary amenable group of Hirsch length at most h and A(G)
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is it maximal locally finite normal subgroup then G/A(G) has a maximal
solvable normal subgroup of derived length at most d(h) and index at most
M(h).

PROOF. We argue by induction on h . Since an elementary amenable group
has Hirsch length 0 if and only if it is locally finite we may set d(0) = 0
and M(0) = 1. Assume that the result is true for all such groups with
Hirsch length at most h and that G is an elementary amenable group with
h(G) = h+l.

Suppose first that G is finitely generated. Then by [3, Lemma 1] there are
normal subgroups K < H in G such that G/H is finite, H/K is free abelian
of rank r > 1 and the action of G/H on H/K by conjugation is effective.
(Note that r = h(G/K) < h(G) = h+l). Since the kernel of the natural map
from GL(r, Z) to GL(r, Z/3Z) is torsion free, we see that G/H embeds in

GL(r, Z/3Z) and so has order at most ^ . Since h{K) = h{G) -r<h the
inductive hypothesis applies for K, so it has a normal subgroup L containing
A(K) and of index at most M(h) such that L/A(K) has derived length at
most d{h) and is the maximal solvable normal subgroup of K/A{K). As
A(K) and L are characteristic in K they are normal in G. (In particular,
A{K) = K n A{G)). The centralizer of K/L in H/L is a normal solvable
subgroup of G/L with index at most [K : L]\ [G : H] and derived length at

most 2. Set M' = M{h)\ 3(A+1)2 and d! = M1 + 2 + d{h). Then M' and d!
depend only on h, and G/A(G) has a maximal solvable normal subgroup
of index at most M' and derived length at most d' (since it contains the
preimage of the centralizer of K/L in H/L).

In general let {G(\i in /} be the set of finitely generated subgroups of
G. Since Gt is a finitely generated elementary amenable group with Hirsch
length at most h + 1 we see from the previous paragraph that Gt has a
normal subgroup 77( containing A{Gt) such that Hi/A{Gi) is the maximal
solvable normal subgroup of Gj/A(Gi) and has derived length at most d! and
index at most M'. Clearly Ht is the maximal normal (ZJF'^-subgroup
of Gr Write iV = max{[G( : //Jli in /} and choose a in / such that
[Ga : Ha] = N. Now if G, > Ga then Ht n Ga is a normal {L^)^-
subgroup of Ga and so Ht nGa<Ha. Therefore

N = [Ga : Ha] < [Ga : Ht n GJ = [HtGa : Ht] < [<?, : H,] < N,

and so [Gi: Ht] = N and Hi >Ha.It is now easy to see that if G, > G} > Ga

then Ht >H}.
Set / = {/ in I\Ht > HJ and H = U , 6 / # , - If x and y are in H

and g is in G then there are indices /, j and k in J such that x is in
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Hi, y is in H. and g is in Gk. Choose / in J such that G, contains

Gi U Gj U Gk . Then x and y are in Hl by the previous paragraph, so xy- l

- iand gxg are in Hl. Hence H is a normal subgroup of G. Moreover, if
Xj, . . . , xN is a set of coset representatives for Ha in Ga then xx, ... , xN

is also a set of coset representatives for H in G, and so [G : H] = N.
Write Dt for the d' derived subgroup of Hi. Then Dt is a locally finite

normal subgroup of Gf, and so by an argument similar to that of the previous
paragraph \JieJ Dt is a locally finite normal subgroup of G. Since it is easily
seen that the d' derived subgroup of H is contained in \JieJ Di (as each
iterated commutator involves only finitely many elements of H) it follows
that HA(G)/A(G) « H/H n A(G) is solvable and of derived length at most
d'. Thus the proof is completed by setting d(h+1) = d' and M(h+1) = M'.

COROLLARY 1. If G is an elementary amenable group such that h{G) is
finite and which has no nontrivial locally finite normal subgroup then G is
virtually solvable, and hence is countable.

PROOF. The virtual solvability follows immediately from the theorem, and
the countability then follows from [1, Lemma 7.9].

COROLLARY 2. A group G of finite cohomological dimension which has
a nontrivial elementary amenable normal subgroup has a nontrivial (torsion
free) abelian normal subgroup.

PROOF. If H is such an elementary amenable normal subgroup then it
has finite cohomological dimension and so h{H) < oo by [3, Lemma 2].
Moreover H is torsion free, so by the theorem it is virtually solvable. The
lowest nontrivial member of the derived series for the maximal solvable nor-
mal subgroup of H is abelian, and as it is characteristic in H it is normal
in G.

The second corollary implies that the apparent increase in generality of [5,
Theorem 3] over Rosset's version of Gottlieb's theorem (that if X is an as-
pherical finite complex and nx(X) has a nontrivial abelian normal subgroup
then x{X) = 0) is illusory. However the main result of [5] is needed to prove
the converse, stated in [3], that if X is a [G, m]-complex with x(X) — 0
and G = nx(X) has a nontrivial torsion free elementary amenable normal
subgroup then X is aspherical.

We conclude with a question. Is every group of finite cohomological di-
mension and which has no noncyclic free subgroup virtually solvable?
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