UNIQUE CONTINUATION PROPERTY OF NON-
POSITIVE WEAK SUBSOLUTIONS FOR
PARABOLIC EQUATIONS OF HIGHER ORDER

KAZUNARI HAYASHIDA

1. When L is a parabolic differential operator of second order, Niren-
berg [6] proved the maxinium principle for the function » which has second
order continuous derivatives and satisfies Luz =0. Recently Friedman [2] has
proved the maximum principle for the measurable function satisfying Lz =0 in
the wide sense. This function is named a weakly L-subparabolic function. On
the other hand, Littman [5] earlier than Friedman, has defined a weakly A-
subharmonic function for an elliptic differential operator A of second order
and has showed the maximum principle for it. When A is an elliptic operator of
higher order, we defined a weak A-subsolution which coincides with a weakly
A-subharmonic function if A is of second order and we proved in [4] that
if a weak A-subsolution # assumes its essential supremum M over a domain
D almost everywhere in an open set in ® then # = M almost everywhere in 9.
That is, unique continuation property holds for the non-positive weak A-
subsolution. In this note, we define similarly a weak L-subsolution for a para-
bolic differential operator L of higher order and prove a unique continuation
property for a non-positive weak L-subsolution under an assumption weaker
than that of [4].

Up to now the following assumption was necessary for such a unique
continuation property (see [1], [3] and [7]): Both « and its derivatives tend
to 0 at the origin (in general, at a fixed point) faster than the finite power of
the distance from the origin. However, in the present case, such an assumption
of the local behavior at the origin is superfluous for derivatives of %, that is,

it is sufficient to assume only for .

2. Let ® be a domain in (7 + 1)-dimensional Euclidean space with coordi-
nates (xi, ..., %x, ). For simplicity, we assume that the origin O is in D.

Denoting (%1, . . ., %) =xand (x;, . .., xs, ) = (%, t), we consider the follow-
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ing parabolic differential operator L,

L=4-2. A= 3 auzt)D},
t 0<|a|=2s
aldl
D= —9
( * axl"'l “ e e axn“n)

where A is an elliptic operator with coefficients a.(%, )€C'*(D). If a measura-

ble function « is essentially bounded above in ® and satisfies the inequality
{{ou(x DL (5 Hhardr z0

for all non-negative functions v=C*(®) with compact support in ®, where L*
is the adjoint operator of L, then we say that » is a weak L-subsolution in 9.
In the case when L is of second order, a weak L-subsolution is a weakly
subparabolic function in the sense of Friedman [2]. We denote by Sp(O) the
set of points (%, #)(€9D) which can be joined with the origin O by a curve A
in © such that the t-coordinate of a point on A4 is not decreasing when the
point varies from the point (x, ¢) to the origin along 4. We shall prove the
following

THEOREM. If u is a weak L-subsolution and mon-positive in D, then there
exists a number N depending only on L such that u vanishes identically in

So(0) provided that u/(r* + ) (P =xi+ - - - - +x%) is essentially bounded in
D.

From this theorem follows immediately

CoroLLARY. Let u be a weak L-subsolution in ® and essentially bounded
below in D. If w assumes its essential supremum M (over Sp(0)) in the inter-
section of the half-space t<0 and a neighborhood of the origin, then u=M
almost everywhere in Sp(0).

3. We denote be £2; the domain surrounded by the hyperplane t= —§
(6>0) and the hypersurface —7*° —¢=0, where ¢ is taken sufficiently small so
that the closure of 25 is contained in ®. Consider the function
(t+0)2(r* — k) (=t —#*)2* if (x,8)E 25,

G(x,t) = { )< 2
0 , if (x, t)EE.Qa,

where %, k> 0.

https://doi.org/10.1017/5S0027763000011429 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000011429

PARABOLIC EQUATIONS OF HIGHER ORDER 243
Clearly D3G (la| <2s) and oG/t are continuous except at the origin and they
have compact supports in ®. In addition we easily see
(1 [(DID2G) (#° — k)11 | < oo (121, |a] £25).
We can prove the following lemma.

LemMma. If 6 is sufficiently small and if k, ki, and ki/k are sufficiently large,
then it holds

L*G(x, t)>0 in 2.

We shall give the proof of this in the next section and here, using this
lemma, we prove our theorem. Let ¢(a) be an infinitely differentiable function

such that
¢(a) =0, fO0=sasl,
o(@) =0, ifa=1lor a=0,
S ¢la)da =1
and

¢(a) =0(e™*) (a-0).

If we put ¢.(a) = %gb(ﬁe) it is obvious that S de(a)da = 1. Setting p = * and

P =o' — kt, we define

2) Gilx, 1) = Gz, B gule)da,

Then we see that G.(%, t) = G(x, t) in 5 =¢ and that D;G. (|a| <2s) and 2G./ot
are continuous in ®. Hereafter, let the numbers d, ¥ and %, in G(x, ¢) satisfy
the condition of the lemma. By virtue of the form (2), it is clear that
A
L*G:(x, t) is the sum of the terms A. (%, t) D;DiG[é—Z‘;;,gbs(a)} - Ual +1
a=p

=2s, —1<h=<2s-1), where A, x(x t) are bounded functions and we use

d
da~

X ~
the notation 1pe(a) =fp ¢e(a)da. Noting that
0

a" 11 d" '
dah Pe(@) = ET-H[EB—};¢(B)J$=“/€

and Z;‘h%é_ﬁlrs for 5 <e¢ we get from (1)
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(3) lim S& uL*G:(x, t)dxdt =0,
€0 p=e

if we take N in our theorem such that N=~%k;+4s. Since » is a weak L-sub-

solution, it holds
{f __ uL*Gdxdt = i .
-\\._ ur*Garar= - | _ uL*Gedsat.

* _ ¥
uL*G.dxdt = | ) L Geddt

p=e
Let ¢ tend to 0 in this inequality. Then we have from (3)
|\ ur*Gadt=o.
Thus, our lemma implies that =0 in 2;. By the standard method in proving
unique continuation theorems (for example, see [2]), we arrive at the desired.

4. Now we prove our lemma. Let us put f = (¢*—kt) " and g= (—¢—¢°)*"!

Then, similarly as in [3], we have

la| dq
% f = | PR 10.@ (5 -k
(4) Dif = St - ant{ 50—k H|
% < 2 2”’1 xf‘ e xf;")-
|8+T1=q B1! <+« Bn! 71! Tal
B+2T=a
7R, we see

Further, setting F(p) =7

q
1 d (Ps—kt)_kl

(5) al a7
&« 1 d'Fse T\ s(s —1)p8 2\
_Emiﬂ---i{,!}iﬁ( 1!) ( 2! )

. (s(s—l) s (s—qg+ l)ps"’)"’
q! ’
-+,

, i) such that 7+ - -

where (7) means an arbitrary real vector (i,
+ @i, =q. In addition, it is easily seen that

=hand 51 +24+ - -
®) O = (=~ DBl +1) -+ (it b= 1)( = k)™
From (4), (5) and (6), we obtain

la q
> (Z A n( = 1) ky(Ry+ 1)

(7 Dif=a1l - - - an! ]
e (B =1 (= k) TR P, o,
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2!5!

m+1‘2(=q Bl! M Bn‘ Tl! D Tn!
B+2T=a

independént of £ and k,. Hereafter, if there is no explanation, we promise that

where P, = #ft - -« x5 and Aq, is a positive constant

the letters A, B, ... and these with indices are all positive constants inde-
pendent of %2 and k;.
On P, , we see, in general,

(8) | Pagl < Ca,go™ 1212,
and when |a|=g=2s,

2S
2 %1, . o 4%n

(9) Pa,q=“— X1 Xn .

ay! - ag!
If g+ ¢ =2s, we have

2$ o
Bl Ballan—P0)! - (an—Bm)1 ™

o

n
*Xn.

(10) B qPu-p, o' =
In the same manner as in the computation of D%f, we get
le] ¢
1) Dig=ai!" - an! B Bea(=D"(—t~ o) p, .
Frr e

The Leibniz formula yields

(12) Di(f-g) = %‘_uca,aDEfD;"’g,
where
(13) Ca,ﬂ=’B;!-%.—m<al(a1_1)' s (ay—=Bi+1)}

cec <dn(an—1) e (0(n"ﬁn+1)).
Since the operator A is elliptic, there is a positive number ¢ such that in £2s

(14) S au(x, )aft - - - 2 =cp’.

le|=2s

We denote by L; the principal part of A* which is identical with that of A
and by L, the other part. First we estimate L;(f +g) from below. Applying

(12), we can write

Li(f+g) = l};‘;saa(x, 1,‘)D}'§f'g+I ‘}:—_Esaa(x, B( Eca,gDﬂfDi'ﬁg).

For the right hand side of this equality, let us denote by I the first sum and

by I, the second sum. Substituting (7) into I;, we have
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= 3 au(x, Day! +  + an! EQJAQ (= 1) k(B +1)

la|=28 a=1 h=1
< (=1 = k) BT P, (== ")
We use (8), (9) and (14) to find

(15) Ix>( E am(x, t)zzs e x:")(Azs,zskl(kl'f'l)

| =28

. (Bt 2s — 1)(ps—kt)—k‘_2’ s-zs-'zs( —f— S)st.

+'%2sa¢(x,t)a1!-- an'E( > Aqh(—l)hk1

g=1 h=1,
h*Zs
(Bi+1)- - (et b =10~ kt)'k‘ PO Pyo(— - )
> MkZS(ps_ kt)—kl—zs s(2s—1)( — 5)25+1

2s-1

- EM'k;(p — ki) krh s(th- 1)( p$)23+1.

Next we estimate I,. From (7) and (11), we can see

(16) L= [ [Z a.(x, t)( 2 o, s D% D)

Bl le=Bl ¢
- Sarn S nn S
a| =28 q= =1 h=1 =

(_1)h+h'Aq,th',h'kl(k1+1) e (kl"f’h—l)(ps—-kt)—kl_h
ps(h+hl)—(q+q')( —t—ps)zsﬂ—h/ﬂ][ e Bn!

"'191)' ct “‘Bn)' By, oPs- ﬁ,q')
+ 2 aulx, t)(E LBQ,;.( D=t =)=t

g=1 h=1

07 ) e gl P, o) (0 — BE) TR

If h+h'=2s, then h=qg =8| and h'—q' |a — B|. Hence, from (10), (13) and
(14), we obtain

(17) 2 2 aa(x, t)Ca,aﬁx! st ﬁn! ((11"‘51)! cce (“n—ﬁn)!Pp,q‘Pa—p,q'

a|=28 |B|=h

g23(25~—1) . h! (2$—h+1)223

On the other hand, we see, in general,
(18) | Ps, ¢Punp,q | < Cp,qCanp,grp® 07117,

In the right hand side of (16), we collect all the terms satisfying z+ h' =
into a part and the remaining terms into the other part. Inequalities (17) and
(18) give the following :
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(19) L > 2 Bk{t (ps _ kt)_kl_h( — = ps)zs+1—h'ps(2s—1)
h+h’ =128
_ 2 B'k{(ps - kt)—k,—j( —t— pS)2S+1—j'pS(j+j’—l)
J+ =S ’

where 0S5 h <25, 057<2s, 1<h'<2s and 1<j <2s respectively. It is easy
to see that ¢°< — &kt in 25 for k=1. Hence it holds in 2

(20) O —kt=Z2kp°+28(~t - o°).
We represent each term of the right hand side of (19) by the next symbol
I, §') = K;,jki(o° — k) 77 (= ¢ — )35+ S0+ =D),

where Kj ;=B for j+j =2s and Kj; ; =B for j+j%2s. When s+ %25,
we apply this inequality (20) to I(j, /) repeatedly. Then I(j, j/) is finally ab-
sorbed in I(j;, /) (ji+/1=2s) or I(j, 0) (j»=<2s) provided that k/k is suf-
ficiently small. That is, the second sum in the right hand side of (19) is ab-
sorbed. in the first sum or in the right hand side of (15). In the same manner

as above, we have

IL(f0) = , P Ko, j K05 — Rkt) TH (= ¢ — o) F1T s lel

+2'Zlel, Jaj<2s

from (7), (8), (11) and (12). Let us take & sufficiently small. Then p*Y*/-1¢!
+p°9777% is sufficiently small. Thus, from (15) and (19), we see that L.(f+g)
is absorbed in Li(f+g). Computing %G(x, t), we have

%G(x, 1) = 2(¢ 4+ 8) (0" — BE) (= ¢ — o)1

+ Bkt + 8)4( o — kt) HI (== p5)BH
— (25 + 1)+ ) — kD) TR =t = 5.

If we apply (20) to the last term of the right hand side of this expression, this
term is again absorbed in the second term and the right hand side of (19).
Since L*=L,+ L, + gf we finally obtain
L*G _Z_ {Mkis( ps — kt)_k‘_zsps(zs_n( —— pS)Zs+1
25—1
_ E:;M;k:t(ps _ kt)—kfhps(h—i)( —f— ps)st)
=
(t48)" + kik(t+ 8)*(0° ~ kt) T 7H(— £ = °)H g *i0 1o

If we set X=Fkio°(¢°— kt)™, the above inequality becomes
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28~-1

LG =kt +0)2(0* — kt) 71—t = o) M X" = SIMIX" 4+ B}
h=1

This shows that L*G>0 in s for sufficiently large %.
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