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LOCALIZATION OF RIGHT NOETHERIAN RINGS
AT SEMIPRIME IDEALS

J. LAMBEK AND G. MICHLER

In [11] and [12] we investigated the process of localization of right Noetherian
rings R at prime ideals. We shall now extend these investigations to semiprime
ideals N of R.

In Section 2 we show that localizing at the injective right R-module E(R/N)
is the same as localizing with respect to the multiplicative set

% (N) = {c € R| Vyer(cr € N=7r € N)}.

We say we are localizing at N and call the localization % : R — Ry the
ring of right quotients of R at N.

Extending a theorem of Heinicke [7] we show that the localization functor
Qy is right exact if and only if the N-closure N of 2(N) in Ry is such that
Ry/N is a finite direct sum of simple Ry-modules containing at least one
representative of each isomorphism class of simple Ry-modules. In Theorem 2.6
we prove that R satisfies the right Ore condition with respect to 4 () if and
only if N is the Jacobson radical of Ry and Ry/N is semisimple Artinian.
Another equivalent statement asserts that N is a two-sided ideal and Oy is
right exact.

In Section 3 we consider Small’s characterization of those right Noetherian
rings which are right orders in right Artinian rings. Our Theorem 3.3 asserts
that, if N is any semiprime ideal of the right Noetherian ring R, then Ry is a
right Artinian classical ring of right fractions of R with respect to & (V) if
and only if some power of N is N-torsion and

Vier(d cceancr = 0=3 peeanre’ = 0).

These two conditions are trivially satisfied when % (N) consists of regular
elements, hence one obtains Small’s Theorem as a corollary. We also show that,
when N is the prime radical of the right Noetherian ring R and Qy is right
exact, then Ry is right Artinian.

In Sections 4 and 5 we generalize the results of [12] to semiprime ideals. In
Proposition 4.3 we consider a right Noetherian ring R with a semiprime ideal N
such that R/N is semisimple Artinian. If I is the injective hull E(R/N), we
show that on any finitely generated right R-module the N-adic and I-adic
topologies coincide if and only if N has the Artin-Rees property: for every right
ideal E of R there is a natural number % such that E /M N* C EN. It then also
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follows if IV is the Jacobson radical then every right ideal of R is closed in the
N-adic topology, as in the commutative case. Such a ring is called a classical
semilocal ring.

Results of earlier sections are applied to establish Theorem 5.3: if N is a
semiprime ideal of the right Noetherian ring R then the ring Ry of right
quotients of R at NV is a classical semilocal ring if and only if N has the right
symbolic Artin-Rees property. This property was introduced by Goldie [4] for
prime ideals of right and left Noetherian rings and is here extended to semi-
prime ideals of right Noetherian rings. It follows from [10] that the N-adic
completion Ry of Ry is the bicommutator of E(R/N).

Throughout this paper, R will be an associative ring with 1. E(4) denotes
the injective hull of the right R-module 4.

The authors are endebted to Bill Schelter for his critical reading of the
manuscript and for several helpful suggestions, to Allan Heinicke for spotting
a false example and to one referee for his constructive criticism.

1. Localization at an injective. In this section we recall some definitions,
notations and results that depend on a given injective right R-module I. (For
details see [9].)

A right R-module 4 is called I-torsion if Homgz (4, I) = 0. We note that 4
is E(B)-torsion if and only if

(1) VeeaVorresd rer(ar = 0 & br = 0).

(See [9, Proposition 0.2].) 4 is called I-torsionfree if it is isomorphic to a
submodule of some power of I. 4 is called I-diwvisible if E(A)/A is I-torsionfree.
The I-torsion submodule of A is given by

T:;(4) = {a € A|[Homg(aR, I) = 0},
and the I-diwisible hull D ;(4) is given by
D (4)/A = T,(E(4)/4).

By the localization of A at I we mean the R-module homomorphism
h:A—>A;=Q;(4) =D;(A/T:(4)). One also calls 4; the module of
quotients of A at I and Q; the quotient functor. Q; is a left exact functor of
Mod R into itself.

It is well-known that R; is a ring, the ring of quotients of R at I, and that
h:R—R; is a ring homomorphism. Moreover, every I-torsionfree and
I-divisible R-module is an R;-module, and every R-homomorphism between
such is an R ;-homomorphism.

A right ideal D of R is called I-dense if R/D is I-torsion. The I-dense right
ideals of R form an idempotent filter & ; in the sense of Gabriel [2]. Conversely

every idempotent filter & of right ideals may be obtained from an injective
R-module I such that & = Z ;. (See [9].)
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Let 7 : A — A; be the localization of 4 at I. Assume that N is an I-closed
submodule of 4, that is, that 4/N is I-torsionfree. Let

N ={g € 4)gh(N) € D4}
Then N is called the I-closure of k(N) in A ;. We note that
N/h(N) = T1(4:/h(N)), NNh(4) =k(N), N =h'(N).

ProrosiTiON 1.1. Let I be any injective right R-module, and N an I-closed
submodule of the right R-module A. Then there exist canonical monomorphisms

A/N = 4,/N— (4/N),.
Moreover, A ;/N — (A/N) 1 is an isomorphism if and only if A ;/N is I-divisible.

Proof. Let p be the canonical projection A4;— A4 ;/N and consider the
composite homomorphism

Al 4,2 4,8
Its kernel is =1 (V) = N, and therefore the induced mapping 4’ : A/N — 4 ;/N
is a monomorphism.
Next, consider the following diagram with two exact rows and two com-
mutative squares:

0 > N > A4 > A/N > 0

Lo

O N AI P)A[/N ,O.

Suppose f: A;/N—1T and fi' = 0. Then fp: A4;— I and fph = 0. Since
A;/h(4) is I-torsion, it follows that fp = 0. Since p is an epimorphism, we
have f = 0. Thus

cok ' = (4,;/N)/im '

is I-torsion. If K is any submodule of 4 ;/N such that K N\im #’ = 0, then K
is both I-torsion and I-torsionfree, hence zero. Thus A4 ;/N is an essential
extension of 4/N, and we may regard 4 ;/N as an R-submodule of (4/N);.

Finally, if 4;/N is I-divisible, the monomorphism 4;/N — (4/N); is
clearly an isomorphism.

Remark 1.2. The hypothesis that 4 ;/N is I-divisible is fulfilled whenever
Q; is exact. (See [10] for examples.) When R is right Noetherian, Q; is exact
if and only if it preserves all colimits, or equivalently, all R;-modules are
I-torsionfree. Walker and Walker [20] have shown that Q; preserves all
colimits if and only if DR; = R; for all D € & ;. When this is the case, it also
follows that R; is flat as a left R-module and that R; is right Noetherian.
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From this remark one easily deduces the following:

LeEmMA 1.3. If N is any I-closed submodule of A, then NR; C N, with equality
holding when Q; preserves all colimats.

2. Localization at a semiprime ideal. Following Goldie [5], we associate
with any two-sided ideal N of R the multiplicatively closed set

% (N) = {c € RV encr € N}.

This set (called €’ (V) in [5]) determines the idempotent filter & of right
ideals D such that

Vrerr™D N € (N) # 0.

For convenience, we collect here some results by Goldie which will be
referred to frequently.

LeEmMA 2.1. Let N be a semiprime ideal of the right Noetherian ring R. Then

(1) (¢ (N) 4+ N)/N is the set of regular elements of R/N;

(2) a right ideal D of R containing N meets € (N) if and only if D/N is an
essential right ideal of R/N;

(3) R/N satisfies the right Ore condition with respect to (¢ (N) + N)/N;

(4) R/N has a classical ring of right quotients Q. (R/N);

(5) for each ¢ € € (N), cR + N € Dy.

Proof. (1) follows from the definition of % (N) and [3, Lemma 3.8]. (2) is [3,
Theorem 3.9]. (3) and (4) are [3, Theorem 4.1]. (5) is an immediate conse-
quence of (3) and appears in [4, Lemma 3.1].

ProPOSITION 2.2. If N is a semiprime ideal of the right Noetherian ring R, then
gE’(R/N) = QN'

Proof. Assume that D € Dy. To show that D € D gy, We require that
R/D be E(R/N)-torsion, that is, by §1 (1), that

VcrV send ccr(rc € D & sc ¢ N).

By assumption, we may pick ¢ € € (N) such that rc € D, then sc ¢ N, by
definition of %€ (V).

Conversely, assume that D € Dgrw. Let 7, ¥ € R and r ¢ N. Again,
by §1 (1),

J cr(rr't € D &rt ¢ N).

This means that (»~'D 4 N)/N is an essential right ideal of R/N. By Lemma
2.1, 771D + N meets € (N),say ¢ = d + n,forc € € (N),d € r'D, n € N.
Then d € D M € (N), hence D ¢ Dy.

In view of Proposition 2.2, we write N-torsion, N-torsionfree, N-divisible,
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N-dense and N-closed instead of E(R/N)-torsion, etc. We also write Ty (4),
Dy(A4), Ax, Ry and Qy in place of Tgrw (4) etc.

The following could be deduced from Proposition 1.1, but it seems more
instructive to prove it directly.

LemMA 2.3. Let N be a semiprime ideal of the right Noetherian ring R, and
assume that its N-closure N in Ry is an ideal in Ry. Then there exists a ring
monomorphism 7 : Ry/N — Q. (R/N), where Q.;(R/N) is the classical ring of
quotients of R/N.

We may write
R/N C Ry/N C Qa(R/N) S Qn(R/N).

Proof. We may assume that R is N-torsionfree. Hence for every ¢ € Ry
there exists ¢ € % (N) such that gc € R. Define 7 : Ry/N — Q.,(R/N) by
7([q]) = [gcl[c]™*. To check that 7 is a mapping, suppose ¢ € N, then
g¢c €¢ NN R = N. To see that r is one-to-one, suppose gc € N; then
g(cR + N) C N, hence ¢ is in the N-closure of N, by Lemma 2.1, and there-
fore ¢ € N. If ¢; and ¢, € Ry, we may pick a single ¢ € ¥ (V) such that
gic € R and ¢:¢ € R, and from this it follows that 7 is additive.

Finally, we will show that 7 preserves multiplication. Let ¢1, g2 € Ry be
given, then there exist ¢;, c; € % (N) such that ¢ic; and gacs € R. Now R/N
satisfies the right Ore condition with respect to % (V) modulo N (see Lemma
2.1), hence we can find ¢ € ¥ (V) and 7 € R so that ¢, — gococ € N. Then
qi61r — q1gscsc € N, since N is an ideal. Pick ¢/ € € (N) such that gicyre’ —
q1g9acscc’ € N. Then

7([q1g2]) = [q1gzcacc’][cacc]?
= [qic1rc’[cacc’ !
= [gied][r][c] " [ce] !
[g1¢1][e1] 7 [gace]lc2] !
7([q:]) 7 ([g=])-
PROPOSITION 2.4. Let N be a semiprime ideal of the right Noetherian ring R.
Then a right ideal A of R containing N is N-closed if and only if A/N is a right

complement. Moreover a right ideal A is maximal among right ideals not meeting
@ (N) if and only if A/N is a maximal right complement.

II

Proof. Suppose 4 contains N, B is the N-closure of A and » € B. Then
7D C A for some N-dense right ideal D. Now D meets % (IV), and so r¢c € A for
some ¢ € € (N).If r ¢ N then rc ¢ N, hence B/N is an essential extension of
A/N. If A/N is a right complement, B/N = A/N, hence B = 4.

Conversely, suppose B/N is an essential extension of 4/N. Then, for any
r € B, r~14 is an essential right ideal of R, hence meets % (N), by Lemma 2.1.
Therefore B/A is N-torsion. If 4 is N-closed, it follows that B = A, hence
A/N is a right complement.
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Suppose 4 is maximal among right ideals not meeting € (N). Then 4 + N
does not meet € (N), hence N C A. Suppose rD C A, where D is N-dense
and 7 ¢ A. Then A + 7R meets € (N), say ¢ = a + rs, where a € 4, s € R.
Now s~!D meets % (N), say s¢’ € D for some ¢’ € € (N). Therefore cc’ =
ac’ +rs¢’ € A + rD C A, a contradiction. Thus 4 is N-closed. If B properly
contains 4, B meets % (N), hence B is N-dense, by Lemma 2.1. Thus 4 is
maximal among proper N-closed right ideals containing NV.

Conversely, let 4 be maximal among proper N-closed right ideals containing
N.Then 4 is not N-dense, hence 4 does not meet % (V). Suppose B contains 4,
then the N-closure of B is R, hence B is N-dense, and so B meets % (N). Thus
A is maximal among right ideals not meeting % (V).

The following generalizes a result by Heinicke [7, Theorem 4.3].

ProPosITION 2.5. Let N be a semiprime ideal of the right Noetherian ring R.
Then the localization functor Qy is right exact if and only if the N-closure N of N
in Ry 1s such that

(1) Ry/N is a direct sum of a finite number of simple Ry-modules, and

(2) every simple Ry-module is isomorphic to one of these.

If furthermore A is an R/N-module, then Qy(A) is a direct sum of simple
Ry-modutles.

Proof. We may assume that R is N-torsionfree.
First, suppose Q is right exact. Then it follows from Proposition 1.1 and
Remark 1.2 that

R/N S Ry/N = (R/N)y.

Let U;/N @ Uy/N @ ... ® Uy/N be a maximal direct sum of uniform sub-
modules of R/N, hence an essential right ideal of R/N. By Lemma 2.1,
U, + ...+ Us contains an element of 4 (IV), hence is N-dense in R, as it
contains N. Therefore

Ry/N =Qx(R/N)
=Qy(Ui/N®...® Uy/N)
=~ Oy(Uy/N) ® ... ® Qy(Uyz/N).

We shall prove that the direct summands are simple Ry-modules.

Let U/N be a uniform submodule of R/N, we may as well assume it to be
N-closed, and B any nonzero Ry-submodule of Qx(U/N). Since Qy is exact, by
Remark 1.2, B is torsionfree and divisible as an R-module, hence N-closed,
and therefore B M (U/N) = V/N is a nonzero N-closed submodule of U/N.
By Proposition 2.4, V/N is a complement right ideal, hence V = U. There-
fore, B contains U/N, and so B = Qy(B) = Qy(U/N).

Now suppose 4 is any simple Ry-module. Since Qy is exact, 4 is N-torsion-
free as an R-module, hence Homz (4, E(R/N)) # 0. But both 4 and E(R/N)
are N-torsionfree and N-divisible, hence we may write this Homg, (4, E(R/N))
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# (. Since
E(R/N) = E(U,/N) X ... X E(Us/N),
there exists 7 € {1,...,d} such that Homg, (4, E(U;/N)) # 0. Since 4 is

simple, we may write A € E(U,/N), hence 4 meets Qy(U;/N) C E(U,/N).
Since Qn(U;/N) is simple, A = Qy(U,/N).

We have thus shown that right exactness of Qy implies (1) and (2). Con-
versely, assume (1) and (2). By (2), the injective hull of the Ry-module
Ry/N is a cogenerator of Mod Ry. If we can show it is N-torsionfree, it will
follow that every Ry-module is N-torsionfree, hence that Q is exact.

In view of (1), it suffices to show that the injective hull of every simple
Ry-module A is N-torsionfree as an R-module. Let 7" be its N-torsion sub-
module, we shall show that 7" = 0, using an argument due to Heinicke (7,
p. 710].

Suppose 1" # 0, then A & TRy. Therefore any element a of 4 could be
written as @ = £ig1 + ... + £,g,, where t; € T and ¢; € Ry, and so we could
find D € Dy such that aD C T. But then the element a would be N-torsion,
whereas we know from (2) that 4 is N-torsionfree.

Finally, to prove the last assertion of the proposition, let 4 be an R/N-
module. Since Qy(4) = Qn(4/Tx(4)), we may assume that 4 is N-torsion-
free. Then every nonzero submodule of 4 contains a uniform R/N-module. U
which is isomorphic to a uniform right ideal of R/N. (For, if 0 ## a € A4,
aR being N-torsionfree, it easily follows from Lemma 2.1 that ¢—!0/N is not
an essential right ideal of R/N. Pick a uniform right ideal V/N of R/N such
that a='0/N M V/N = 0, then U = a(V/N) is isomorphic to V/N.) By
Zorn's Lemma, there is a maximal direct sum S of such uniform R/N-sub-
modules U of 4. Thus 4 is an essential extension of S, hence 4 /S is N-torsion.
Since Qy is exact, Qn(4)/0On(S) = Qx(4/S) = 0, hence Qy(4) = Ox(S).
Since Qy commutes with direct sums, Qy(S) is the direct sum of the Qy(U),
and these are simple Ry-modules, as above.

According to Gabriel [2, p. 415], a ring homomorphism % : R — Rs is called
a (classical) ring of right fractions with respect to the multiplicative set X if
and only if

(a) for all r € R, h(r) = 0= there exists ¢ € Z such that r¢ = 0,

(b) for all ¢ € Z, k(s) is invertible,

(c) for all ¢ € Ry there exists ¢ € 2 such that gk(s) € L(R).
He showed thatsuch an Ry exists (and is unique up to isomorphism) if and only if

*)  VierVoerd rerd orezre’ = o7/,

the so-called right Ore condition with respect to Z, and
**) Vier@oezor = 0= Fsresre’ = 0).

The following is well-known.
Remark 2.6. When R is right Noetherian, (*) implies (**).
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Proof. Suppose or = 0. Pick the natural number # such that the right
annihilator of ¢" is maximal. By (*), there exist ¥ € R and ¢’ € Z such that
"’ = ro’, hence o"*'r' = ore’ = 0. But the right annihilator of ¢"*! contains
that of ¢", hence coincides with it, and therefore ¢ = 0, whence r¢’ = 0.

With the help of Proposition 2.5, we can now prove the main result of this
section, which generalizes [11, Theorem 5.6] and Heinicke's result [7, Theorem
4.6].

THEOREM 2.7. Let N be a semiprime 1deal of the right Noetherian ring R, and
let N be the N-closure of N in Ry. Then the following statements are equivalent:

(1) R satisfies the right Ore condition with respect to € (N).

(2) Qy is right exact and N is a two-sided ideal of Ry.

(3) N is the Jacobson radical of Ry and Ry/N is a semisimple Artinian ring.

(4) N/cN is N-torsion for every ¢ € % (NV).

Furthermore, if these equivalent conditions hold, there is a commutative diagram:

R—_)RN

|

R/N —— Ry/N =2 Q.(R/N).

Proof. We show (1) = (2) = 3) = (4) = (1).

Assume (1). By Remark 2.6, R — Ry, is a classical ring of fractions of R
with respect to € (V). It is easily seen that Ry = Ry. Let D € Dy, then D
meets € (N), say ¢ € D N % (N). By condition (b) above, k(c) is invertible
in Ry, hence Ry C ch(c)~'Ry € DRy. By Remark 1.2, Qy is exact. By Lemma
1.3, NRy = N. An easy computation using the right Ore condition then
shows that N is a two-sided ideal.

Assume (2). By Proposition 2.5, Ry/N is a finite direct sum of simple right
Ry-submodules, hence it is a semisimple Artinian ring. Let M be any maximal
right ideal of Ry, then, again by Proposition 2.5, Ry/M is isomorphic to a
submodule of Ry/N. It follows that M is the kernel of some Ry-homomorphism
Ry — Ry/N. Suppose this homomorphism sends 1 onto [gq]; then M =
{¢" € Ry|lg¢’] = 0} = ¢ !N D N. Hence N is contained in the Jacobson
radical of Ry. Since Ry/N is semiprimitive, N is the Jacobson radical.

Assume (3). Then Ry/N is the direct sum of a finite number of minimal
right ideals, hence of simple Ry-modules. Let A be any simple Ry-module. By
Nakayama’s lemma, AN # A, hence AN = 0, and so 4 is also a simple
Ry/N-module, hence is isomorphic to one of the direct summands of Ry/N.
By Proposition 2.5, Qy is right exact. Let ¢ € ¥ (V); then ¢cR + N € Dy, by
Lemma 2.1, hence ¢Ry + N = (¢cR + N)Ry = Ry, by Lemma 1.3 and
Remark 1.2. Since N is the Jacobson radical, cRy = Ry. Therefore cR € Dy,
and so R/cR is N-torsion. But then so is N/¢cN = N/(cRMN N) =
(¢cR + N)/cR.

Assume (4), and take ¢ € € (N). Then (cR + N)/cR = N/cN is N-torsion,
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and so is R/(cR + N), by Lemma 2.1. Therefore R/cR is N-torsion, that is,
for all € R, ' (cR) meets % (N). This is just another way of stating the
right Ore condition.

Finally, we invoke Proposition 1.1 and Lemma 2.3 to show that (2) implies
that Ry/N = Q.,(R/N). The proof of the theorem is now complete.

As a first application of Theorem 2.7 we give a variation of the characteriza-
tion of right orders in semilocal rings by Faith [1]. The ring R is called semilocal
if it is semisimple Artinian modulo its Jacobson radical.

COROLLARY 2.8. The right Noetherian ring R is a right order in a semilocal
ring S if and only if there exists a semiprime ideal N of R such that € (N) is the
set of all regular elements of R and R satisfies the right Ore condition with respect
to € (N). Moreover, N is then the intersection of R with the Jacobson radical of S.

Proof. In view of Theorem 2.7, the two conditions are clearly sufficient.
Conversely, let R be a right order in a semilocal ring S with Jacobson radical J.
Put N = J M R, then N is a semiprime ideal of R, since every prime ideal of S
intersects R in a prime ideal of R [5, (2.18), p. 247].

Suppose ¢ € € (N) and ¢q € J, where gd € R for some regular element d of
R. Then ¢gd € JM R = N, hence ¢d € N and therefore ¢ € J. Since S/J is
semisimple Artinian, it follows that [c] is a unit in S/J, and therefore c is a unit
in S, hence regular in R. Thus all elements of % (N) are regular.

Conversely, if ¢ is regular in R, then [c] is a unitin S/J. If cr € N C J, then
r € JM R = N.Thusc € % (N). Therefore, all regular elements are in % (N).

3. Artinian localization. Given a semiprime ideal NV of the right Noetherian
ring R, we shall investigate when the ring Ry of right quotients at IV is right
Artinian. As a corollary, we will obtain Small’s theorem when R is a right order
in a right Artinian ring.

First, we require a well-known lemma.

LeEmwmA 3.1. Let R be a right Noetherian ring, A a two-sided ideal of R, and
¢ € F(0) aright regular element of R. Then cA is essential in A.

Proof. Otherwise A contains ¢4 + B, where c4 M B = 0 and B # 0. But
cA is isomorphic to 4 and contains ¢?’4 + ¢B, where ¢?4 M ¢B = 0and ¢B # 0.
We continue in this manner and obtain an “infinite”’ direct sum B 4+ ¢B +
¢2B + ..., which would violate the maximal condition.

ProPoOSITION 3.2. Let R be a right Noetherian ring, N a semiprime ideal, and
assume that there exists an ideal K C N such that € (N) C % (K) and a natural
number m such that N™ C K. Then R satisfies the right Ore condition with
respect to € (N) if and only if K/cK is N-torsion for each ¢ € € (N).

Proof. Let us write
N, = {n € NlaN™* C K}
for k =1,...,m. Then clearly N, = N and N,, = K.
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Take any ¢ € % (V) and suppose ¢r € N;. Then ¢r € N (hence » € N) and
cr € N™* C K, so that yN™* C K, that is, r € Ny. Thus ¥ (N) C € (N,).

Now let us look at condition (4) of Theorem 2.7. N/c¢N is N-torsion if and
only if each of N/(N: + ¢N) and (N2 + ¢N)/cN = N,/(¢cN M N3) = N2/cN,
are N-torsion.

Similarly, Ns/cN, is N-torsion if and only if each of Ny/(N; + ¢N.) and
N3/cN; are N-torsion. Iterating this argument, we reduce the problem to
showing that all N/ (Nx+1 + ¢Ny) and N,,/cN,, = K/cK are N-torsion.

Let D, = Niy1 + ¢N,. We claim that N,/D; is N-torsion for each & = 1,
..., m — 1. Take any # € N, we wish to show that #~'D, meets % (N). In
view of Lemma 2.1, it suffices to show that »~1D;/N is essential in R/N.
Note that

nNC NiNC N1 €D, SN, CNCw D, CR.

Givenr ¢ N, weseek s € Rsuch thatrs ¢ N and nrs € D,.

Since ¢ is a right regular element modulo N;y;, Lemma 3.1 tells us that
¢Ny/ Ny is essential in Ny/Ny 1. Hence D,/ N,y is essential in Ny/Ny.1. Thus,
if mr ¢ Niy1, we can find s € R such that nrs ¢ Ny, hence rs ¢ N and
nrs € Dy. If however nr € Ny, we just take s = 1.

The proof is now complete.

TuEOREM 3.3. Let R be right Noetherian, N a semiprime ideal of R. Then Ry
is a right Artinian classical ring of right fractions of R with respect to € (N),
if and only if

(a) some power of N is N-torsion, and

(b) € (N) satisfies
(**) VrGRG cegancr = 0=17 c'e(g(m”C' = 0).

Proof. First, we show the sufficiency of the conditions. Suppose ¢ € € (IV),
r € R,andcr € Tx(R). Then, for each s € R, there exists ¢’ € % (V) such that
crs¢’ = 0. By (**), there exists ¢/ € € (N) such that rsc’c’’ = 0, hence
r € Ty(R). Thus € (N) C € (I'v(R)).

Take K = I'y(R). Then N™ C K for some natural number m. Moreover,
K is N-torsion. Therefore, R satisfies the right Ore condition with respect to
% (N), by Proposition 3.2. Thus R — Ry is a classical ring of right fractions
with respect to € (IV), in view of Remark 2.6.

Furthermore, Theorem 2.7 asserts that IV is the Jacobson radical of Ry and
Ry/N is semisimple Artinian. Since Qy is right exact, Ry is right Noetherian
and N = NRy. Thus N is nilpotent, and so Ry is right Artinian, by Hopkins’
Theorem.

Conversely, assume that %z : R — Ry is a classical ring of right fractions
with respect to % (V) and that Ry is right Artinian.
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Then R satisfies Gabriel’s condition (**) as in § 2. Furthermore, 2 (V) =
h(R) N N is nilpotent. Thus N™ C Ty (R) for some natural number .

Theorem 3.3 contains the crux of Small’s Theorem [17; 18] and could have
been proved with the help of the latter, which may be stated as follows:

COROLLARY 3.4. Let R be a right Noetherian ring with prime radical N. Then
R is a right order in a right Artinian ring if and only if every element of € (IN) is
regular in R.

Proof. The necessity of the condition is an immediate consequence of Corol-
lary 2.8. Conversely, suppose every element of % (V) is regular in R. Then
clearly R is N-torsionfree. By Levitski’s Theorem, N* = 0 for some positive
integer k. Therefore, Theorem 3.3 applies, 2 : R — Ry is a classical ring of right
fractions of R with respect to € (IV), k is injective and Ry is right Artinian. It
will follow that Ry = Q.;(R) if we show that all regular elements of R are in
% (N).

Suppose ¢ is a regular element of R. Then c is right regular in Ry. As Ry is
right Artinian, ¢ is a right unit in Ry, thatis, cg = 1 for some ¢ € Ry. Since ¢
is right regular in Ry, also g¢c = 1. Suppose ¢r € N, thenr = qcr € RyN C N,
hencer € NN R = N. Thusc € € (N).

An immediate consequence of Corollary 3.4 is the following:

COROLLARY 3.5. Let R be a right Noetherian ring with prime radical N.
Suppose R is N-torsionfree and satisfies the right Ore condition with respect to
% (N). Then R satisfies the right Ore condition with respect to the set of all regular
elements of R.

COROLLARY 3.6. Let N be a semiprime ideal of the right Noetherian ring R and
suppose that some power of N is N-torsion. If Qy is exact then Ry is right Artinian.

Proof. We may assume that R is N-torsionfree. Let oy denote N-closure in
Ry, then

Ry Doy(N) = NDoy(N2) D...2ox(N") = ox(0) =0
for some natural number m. Consider

A = (V¥ + on(N¥1)) /oy (N*1)
S NE/(NE (M oy (NHH)).

This is a finitely generated R/N-module, it is N-torsionfree, and its N-closure is
On(Ay) = on(Ar) = oy (N*) /oy (NF+1L).

By Proposition 2.5, this is a direct sum of simple Ry-modules, hence we obtain
a composition series for Ry.

4. Classical semilocal rings. If IV is an ideal of R and I = E(R/N), we
shall be comparing two topologies on an R-module G:
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(a) the N-adic topology, which has a fundamental system of open neighbor-
hoods of zero consisting of submodules of the form GN”, » any natural number,

(b) the I-adic topology, which has a fundamental system of open neighbor-
hoods of zero consisting of kernels of homomorphisms f : G — I*, n finite.

Before stating the main result of this section, we require two lemmas:

LEMMA 4.1. Let R be a right Noetherian ring, N an ideal such that R/N is
semisimple Artinian, and I = E(R/N). Then, on any finitely generated R-
module G, the N-adic topology is contained in the I-adic topology.

Proof. We claim that GN* € %, the class of all R-modules isomorphic to
submodules of finite powers of I. Since.# is closed under module extensions, it
suffices to show that GN*/GN*+1 ¢ &# fork =0,...,n — 1. Put H = GN*;
then H/HN is an R/N-module, hence a finite direct sum of minimal right ideals
of R/N. Since R/N C I, H/HN C I".

The following is the same as [12, Lemma 4], but we give the proof for
completeness.

LeEMMA 4.2. Suppose N is an ideal of R and every finitely generated right ideal
of R is closed in the N-adic topology. Then N is small.

Proof. Suppose E is any right ideal of R such that N + E = R. Without
loss in generality, we may take E to be finitely generated. Now N = RN =
N? + EN, hence N2+ E = N>+ EN + E = N + E = R. Similarly N3 +
E = R, and so on. Hence the N-adic closure Ny—1(E + N") of E is also R.
Since E is closed, E = R.

ProposiTION 4.3. Let R be right Noetherian, N an ideal of R such that R/N 1s
semisimple Artinian, I = E(R/N). Then the following statements are equivalent:

(a) For any right ideal E of R there exists a matural number m such
that EMN\ N* C EN.

(b) For every element 1 € I there exists a natural number n such that iN"* = 0.

(c) On every finitely generated right R-module the N-adic and I-adic topologies
coincide.

Moreover, these equivalent conditions together with the assertion that N is the
Jacobson radical of R are equivalent to the following:

(d) Every right ideal of R is closed in the N-adic topology.

Definition. A semilocal ring R with Jacobson radical N satisfying the equi-
valent conditions (a) to (d) above will be called a classical right semilocal ring.

Proof. Assume (a). Let 7 € I, put E = {r € R|irN = 0}, and pick # such
that E M N* C EN. Suppose tN® # 0, then ¢N" meets R/N, hence there exists
r € N* such that 0 £ 7 € R/N. But then irN = 0, hencer € EN N*C EN,
and so 2 = 0, a contradiction. Thus (a) = (b).

Assume (b). Let G be a finitely generated right R-module, f: G — I" any

R-homomorphism, p; : I* — I the canonical projections for £ =1, ..., n.
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Then p, f(G)N™® = 0 for some m (k). Let m = max {m (1), ..., m(n)}; then
f(G)N™ = 0, hence Ker f contains GN™. Therefore the I-adic topology on G is
contained in the N-adic one. The converse is true by Lemma 4.1. Thus (b) = (c).

Assume (c). Let E be any right ideal of R. Since R is right Noetherian, E is
finitely generated. Now EN is an open subset of E in the N-adic topology,
hence in the I-adic topology. Now the I-adic topology of any submodule of R
is induced by that of R, hence EN = E M V, where I is an open subset of R
in the I-adic topology, hence in the N-adic topology. Therefore N* C V for
some #,and so EN\ N*C EN V C EN. Thus (c) = (a).

Assume (d). Since R/N is right Artinian, the finitely generated R/N-module
E/EN is also Artinian. Pick # such that

((EN N*) + EN)/EN = (EN (N" + EN))/EN
is minimal. Now EN is closed, hence

EN = N (N* + EN).

k=1

Therefore

((EMN N*) + EN)/EN = (EMNEN)/EN = 0,
hence

ENNCEN (N*+ EN) C EN.

Thus (d) = (a).

Clearly, N contains the Jacobson radical of R. Therefore, by Lemma 4.2, it is
the Jacobson radical, when (d) holds.

Assume (a) and suppose that N is the Jacobson radical. Then (d) follows as
in [12, Theorem (5), (*) = (**)]. Indeed, let F be any right ideal and E its
N-adic closure. Pick # as in (a); then

EC(F+NYNE=F+ (NMNNE)CF+EN,
hence E/F C (E/F)N, and so E = F, by Nakayama’s Lemma.

Note that all the assumptions of Proposition 4.3 are used only in the impli-
cation (b) = (c). (c) = (d) depends only on R being right Noetherian,
(d) = (a) also on R/N being right Artinian, and (a) = (b) holds without any
assumptions whatsoever.

5. Semiprime ideals with the Artin-Rees property. Before turning to
the main theme of this section, we shall establish the following:

LeEMMA 5.1. Let R be a right Noetherian ring, N a semiprime ideal such that R
satisfies the right Ore condition with respect to € (N). Then, for each natural
number k, N*/h(N*) is N-torsion.
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Proof. For k = 1 this follows from the definition of N. Assume the result for
k; we shall prove it for & + 1. Given any element ¢ € N*+1, we seek an element
¢ € € (N) such that g¢ € h(N*+1). Without loss in generality, we may consider
q = ¢1g2, where ¢; € N* and ¢, € N. (For 9y is closed under finite inter-
sections.) By inductional assumption, gic; € h(N*¥). Also goc2 = h(n), n € N.
By the right Ore condition, we can find ¢/ € € (N) and #’ € R such that
cin’ = nc’ € N, hence also n’ € N. Therefore

gesd' = qinc’ = qen’ € B(N¥)N = h(N*+1).

Given a semiprime ideal N in the right Noetherian ring R, we define a closure
operation py on right ideals and a closure operation Ay on left ideals.

For any right ideal E, pyE/E = Tx(R/E). In other words, pyE =
{r € RIr'E € Dy}.

For any left ideal F, Ay F is the smallest left ideal F’ containing F such that

C(N) S C(F') = {c € RV erer € F'=r € F.

LEMMA 5.2. Let R be right Noetherian, N a semiprime ideal, and A any ideal of
R. Then pyA and NyA are ideals, and MNypyAyA = pxMvA. If N has the right Ore
property, then pyhyA = pyA.

Proof. (1) Suppose r € pyA, s € R. Then there exists D € Dy such that
rD C A, hence srD C A, hence sr € pyA.

(2) Let B = {r € R|rR C MA}, then B is an ideal and 4 C B C \A.
We will show that € (V) € % (B). Indeed, suppose ¢ € € (N), r € R, and
cr € B. Then ¢rR C MyA, hence 7R C M\yA, hence r € B. Thus \y4 = B.

(3) We will show that € (N) C % (oxyAyA). Suppose ¢ € € (N), r € R,
cr € pyhvdA. Then, for all s € R, there exists ¢’ € % (IV) such that crsc’ € M\yA,
hence rs¢’ € A\yA, hence r € pyAyA. Therefore ¢ € € (pyAy4).

(4) Now assume the right Ore condition for % (V). We will first show that
% (N) S € (py4).

For this argument we may as well assume that 4 = pyA.Supposec € € (N),
r € R,and ¢r € A. Pick a natural number # such thatc™4 = {r € R|c"r € A}
is maximal. By the Ore condition, there exists ¢’ € % (V) and #’ € R such that
' = rc’, hence ¢t = ¢crc’ € A. But cc™tV4 = ¢ ™4, hence ¢’ € A, that
is, r¢’ € A. Thus» € py4.

Now it follows that \yoy4 = pyA4. Therefore \yA C pyA4, hence pyAy4d C
pxA4, and our proof is complete.

Part (4) of the above proof is essentially the same as that of the implication
(*) = (**) in Remark 2.6.

THEOREM 5.3. Let R be a right Noetherian ring, N a semiprime ideal, I =
E(R/N). Then the following statements are equivalent:

(1) For each right ideal E of R there exists a natural number n such that
E N A N* C oy (EN).
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(2) For each element ¢ € I there exists a natural number n such that iNyN™ = 0.

(3) N is an ideal of Ry and (Ry, N) is a classical right semilocal ring.

Moreover these conditions imply that R satisfies the right Ore condition with
respect to € (N).

One might put condition (1) into words by saying that N has the right
symbolic Artin-Rees property.

Proof. Assume (1). Let V be an essential submodule of I for which VN = 0,
and let E = 71V = {r € R|ir € V}. Pick = such that E N \yN" C py(EN).
Suppose AyN" # 0; then e\yN* M V 7 0. Thus there exists » € \yN" such
that 0 £ 47 € V, hence r € \y\N" M\ E C py(EN). Therefore there exists a
right ideal D such that R/D is N-torsion and rD C EN, hence ivrD = 0, and so
ir = 0, a contradiction. Thus (1) = (2).

Assume (2). We shall prove first of all that NV has the right Ore property.
Take any ¢ € € (N); we wish to show that R/cR is torsion. Suppose icR = 0,
we will show that <R = 0. We know that (cR 4 AyN"®) = 0, so it suffices to
show that ¢R 4+ A\yN" € Dy.

Consider the ring R/A\yN". Clearly N is nilpotent modulo \yN". Moreover,
all elements of & (IV) are right regular modulo \yN?, that is, all elements of
% (N/\yN") are right regular. By Corollary 3.4 (Small’'s Theorem), N/\yN"
has the right Ore property. Take any r € R; then there exist ¢/ € % (V) and
7" € R such that ¢’ — r¢’ € \yN". Therefore »1(cR -+ \yN") meets ¥ (),
as was to be shown.

Thus N has the right Ore property. By Theorem 2.7, N is the Jacobson
radical and Ry/N is semisimple Artinian. Also Ry is right Noetherian. It
remains to verify one of the equivalent conditions of Proposition 4.3 for
(Ry, N). We shall verify condition (b).

Let I’ be the injective hull of Ry/N as an Ry-module. It is an essential
extension of Ry/IN also as an R-module, hence I’ C I = E(R/N). Take any
1 € I’; then by (2) there exists a natural number # such that sA\yN" = 0.
A fortiori, iN* = 0. But, by Lemma 5.1, N*/h (N*®) is N-torsion, hence i:N* = 0.
Thus (2) = (3).

Assume (3). Then N is the Jacobson radical of Ry, by Proposition 4.3, and
R satisfies the right Ore condition with respect to % (N), by Theorem 2.7.

Let E be any right ideal of R. By Lemma 1.3, E = ERy, N = NRy, EN =
ENRy. By (3), there exists # such that

EN N*C EN = ERyNRy = EN.
For the moment, let oy denote ‘‘ N-closure in Ry, that is, for any right ideal 4
of Ry, onA/A = Tn(Ry/A4). Then clearly

on(d N B) = oyd N oyB, h~loyAd = pyh~'A, E = oyhE.
Thus we have

EN oyN* C oy(EN N*) C O'NE,\.Z/V = EN.
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Apply A1 to this and note that
E C pyE = pyh™'E = h~loyE = h'E
and, by Lemma 5.2, that
MN® S pyAwN" = pyN* C pyh=IN" = h=loy N7,
hence
EN AN C Y (EN) = h-loy(EN) = pyh~'(EN) = p(EN).
Thus (3) = (1).

Remark 5.4. Condition (3) of Theorem 5.3 can be relaxed as follows:

(3") N is an ideal, Ry/N is semisimple Artinian and, for every finitely
generated right ideal E of Ry, there exists a mnatural number n such that
EN N* C EN.

This is almost the same as (3), except that we do not assert that Ry is right
Noetherian, and that N is the Jacobson radical of Ry. We shall deduce from
(3’) that R satisfies the right Ore condition with respect to % (V).

Put N, = h~1(N*). We claim that N/N, has the right Ore property in
R/N,. This follows from 3.4, since N/ N, is clearly nilpotent (because N* C N,)
and semiprime, and since € (N/N,) € % (0), as we shall now show.

Suppose [c] € € (N/N,), then one easily calculates that ¢ € % (N). We
prove by induction on & that Ryc + N* = Ry. This is so for £ = 1, since
Ry/N = Q. (R/N), by Proposition 2.3. Assume the result for &; then

RN = RNC + Nk = RNC + Nk(RNC + N) = RNC + Nk+1.

Now suppose 7 € R and [c][r] = 0, thatis ¢r € Ny, then k(r) € Rycr + N* C
N*® hence » € Ny, and so [#] = 0. Thus [c] € % (0), as claimed.

We shall now establish the right Ore condition for € (V) in R. Let » € R,
¢ € € (N). By the above, for each natural number k, there exist 7, € R,
¢ € € (IN) such that r¢c, — cry, = u;, € Ny. Let F be the right ideal of R
generated by the ;. Since R is right Noetherian, there exists a natural number
m such that

F=uR+...4+ u,R.

By (3), there exists a natural number # such that
FR,N N C FN.

Now % (u,) € FRy M N", hence

m

h(u,) = Z:l UrGr

where ¢, € N. Pick d € ¥ (N) such that all ¢.d € NN\ h(R) = h(N), say
qkd = h(nk), Ny E N.
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Now, following an idea of Goldie’s, put

m m
¢ =cd— E g, 1t = rd — E 7l
k=1 k=1

Then h(cr' — r¢’) = 0, hence there exists d’ € & (N) such that (cv’ — r¢')d’ =

0,

that is, ¢(r'd") = r(c’d’), and our proof is complete.
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