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ABSTRACT. The equ a t ion d escr ibing th e surface e\'o lution o f' a large ice sheet is 
examined on th e basis of' a scale ana lysis app lied to Antarctic conditions. Changes in 
th e surface e le\'a lion a rc m a inl y dri\'en by mass -ba lan ce nu ctuati o ns whi ch 
approximately fo llow global atmospheric temperature variations. The essential spat ia l 
non -uniformity or th e accumu lation rate and th e resultant dilference betwee n central 
and coas tal reg ions in reac tion time-sca les a re taken into account. Th e d ynami c 
intel'ae tion of'the time- lagging inte ri o r \\'ith th e quasi -stationa ry margin is described. 
As a res ult. a simplifi ed model is deduced to simul a te th e s ur!~lee - e l e \ 'a ti o n \ 'a riations 
in th e cen tra l pa rts of th e Antarc ti c ice shee t ca used by mass-ba lance pe rLurbations 
co rresponding to th e main l\Ii la nkO\'ich cyc les with th e periods of' 19 100 kyears. 
Special computa tional tes ts a re perform ed to \'alidate th e mod el throug h inte r
compa rison with th e predictions obt a ined with a t\l'o-dimension a l th ermomecha nica l 
mod el. The sensiti\'it y of th e mod el to ph ys ica l fac tors (represent ed by dimens ion less 
tuning pa ra mete rs) is di sc ussed . Climat ically controlled \ 'ariatiolls of th e ice-shee t 
thi ckn ess in th e \' icinity 01' Vostok Station during the past 200 kyea rs a rc estimated. 

1. INTRODUCTION 

Th e central parts of th e Earth's la rges t ice shee ts, such as 

th ose of Anta rc ti ca a nd Greenland, arc composed or \'(' ry 
o ld ice d epos its and conta in unique information a bo ut 
pas t clim a ti c changcs (c.g . Robin , 1977; Da nsgaard a nd 
olhers, 1985; J o uze l a nd o th ers, 1993 ) , 

\\' hen stud ying ph ys ical processes in a g lac ie r a nd 

interpret ing ice-core data at a ce rtain site, \\'e usua lly 

need either 10 predict o r to reconstruct lh e local time 
\'ariations of th e surface e!e\·a ti on . I n genera l, tbi s mea n, 
th at \\'e ha\'C to model th e d ynam ics of the whole ice shee t 
c\'Cn thoug h th e aim is to im'es ti ga te th e central reg io ns, 
because of th e ob\'io us interac ti ons br tween th e centrr 

and the margins. H O\\'e \'CL complete (\\ ' 0 - or three

dim ensiona lm ocle ls ckmand d eta il ed initi a l data and arc 

tim e-consuming [o r com puta tion . In app lica tions, where 
hi g h acc uracy in simulat ing thc surf'ace-c!c\'a tion changes 
is not or princ ipa l sig nifi cance. a pproxim a te red uced 
computational schemes ca n be prclcrable o r ma y e\'Cn be 

essenti a L espec ia lly if th e speed of' calculali on becomes 

crucial. Th e case with \\'hich they can be directl\· used 
a nd inte rpre ted is also a ttrac ti\'e. 

\ Vith thi s in mind. let us concentra le o n the ma in 
a\'ailable simplilica ti o ns in ice-surface-e\'o lutio n modcl-
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ling. sta rti ng \\'i th the con\'en ti ona l m ass-conSC I'\ 'a ti on 
eq uati on fo r a radial fl ow pattern in an ice sbee l lying on 

a hori zon lal bed where 

81 1 a 
-+--(r-/v) = b . at T [J-r 

(1) 

H ere, t is tim c, 7' is thc rad ial coo rdinat c ( th e di sta nce 
[i'om th e g lacier ce lllre ) , U is th e m ea n \'a lu r o f th e 

longitud ina l \'eloc it y a long a \'('rtical, whereas I, z a nd b 
shollld be und erstood, res pec ti\'ely, as th e g lac ier thick
ness (surface c!C\'a ti o n ), th e distan ce from the bo ttom a nd 
the mass-balance (acc umula ti on ) ra te rcpresen ted as th e 
cCJ ui\'alcnt of pure ice (sec c.g . Salamat in , 199 1) . In thi s 
no ta ti o n, th e bot to m ice-melting rate is neglected or is 

considered as a sm a ll co rrec ti o n of b. 

For a la rge ice shee t, Eq ua ti on ( I ) is tho ug h t to 

describe th e tempo ral a nd spa tial \'a riati ons of its surfa ce 
on m 'e rage (with respec t to th e principal now-direc ti o n 
a ng le I and, th e refo re. \\'ith smoo th ed bed-re li e f undul a
ti ons and an a ppro pria te di stribution o rthe accumulation 
rat e b as a ['unclion o["t a nd t. 

The nex t commonl y made stcp is to determine th e 
\'Clocity 11 from th e Stokes' m omentum- (ro rce-) bala nce 
eq uations on th e iJasis of th e scale ana lys is (sec th e 1'C \'ie \\'s 
by Hut lcr ( 1982. 1993 )) . D esig na ting th e typi ca l \'alues of' 

https://doi.org/10.3189/S0260305500013227 Published online by Cambridge University Press

https://doi.org/10.3189/S0260305500013227


Salall/a /ill alld Hi/,: : l 'aria/io ll,1 of ire-jltee/ .I/IIJace elem/ioll ill eell/ ra l AII/a rc/iea 

th e th erm o h ydrod y na mi e c ha ra cteri sti cs as \\'e ll as th e 

tim e a nd space sca les b y th e superscript "0" , lIT IITite 

(2) 

E n: ntua ll y, ir th e ra ti o ['; /i = Ill / /,0 is sm a ll , th e genera l 

equati o ns o r th e iee fl a il' res ult in th e bo und a r\' - Iayer 

a pprox im a ti o n lI' hi c h , in turn , lea d s to a n ex plicit 

fo rmul a fo r u (G ri go rya n a nd o th ers, 1976 1. It is re lel'a nt 

to no te th a t th e tll 'O (IT rti ca l and lo ng itudin a l) space 
scales [0 a nd /,0 <I re no t ind e pencl e nt and th e ir ra ti o ]';/i is 
o ne o f th e princ ipal simil a rit y crit e ri a in g lac ie r dl'na l11i cs 

th eo ry ( FOlde r a nd L a rso n , 19 78; Sa la m a tin and ~[azo, 

198+) , A c tu a ll y, fo r Glcn 's ice -fl o ll' j ,lI\' lI'e ha \'e 

(Sal a m a tin , 1979 ) 

(3) 

lI' here g is g ra l ' it )' acce le ra ti o n , Pi is th e d ensit y o rpure ice 

a nd 0 is th e cree p ex po ne nt. \\ 'e a lso defin e {iD in 

Equ a ti o n (31 as a t\' pi ca l I'a lue o rth e I'iscosit y fac to r I1 (a 

rUllcti o n o r th e te mpera ture T ) in th e eo ns titutilT 

re la ti o nship 2rn = T()'/ IJ,(T) be t\\'ee n th e e fl cctilT s tra in 

ra te eo a nd shea r s tress TO in a n ice m ass if; l iO = {i(T D) , 
w here TO is th e c ha ractC'r isti c te mpera ture, Due to th e 

Elcto r 2 introduced into th e nOli' la ll', I1 is th e :"Je ll' to ni a n 

I' iscos it y a t (1 = 1. Pre limin a ry es tim a ti o ns g ilT ],'" 
~ 10-:1 to 10- 2 

In acco rd a nce lI'ith th c no n-dill1 c nsio na li z in g p roce
dure, in lI'ha t 1'0 11 O il' S 11'(' use a nd re rer to no rm a li zed 

ro rms o f' charac teristi cs a nd re la ti o ns, substituting fo r 

simpli c it y t / tO, z/ lo, r,/To , 1/ 1u, u/ llo , II / {IO .. " b y t , z, 1' , 

i, v , l i" " , 
C o rrespo ndin g ly, lI'ith a n erro r o r th e order o r 0(£.;1') 

liT IITit e a ft er Sa la m a tin 1979, 199 1 

_ . _ n - ] EJ/ IEJl I" - t l t (1 - z)" + t 
11 - 11 0 I ~ ~ (T) dz. 

ut u 1' 0 {L 

II' he re u () is th e sliding ,'Cl oc it )' in th e basa l laye r. 
It sho uld a lso il l' m e nti o ned here th a t th e bas ic typi ca l 

I',d ues a nd sca les such as /,0. TO, b() .. " in Equ a ti o ns (2 

a nd (3 ) still ha\'(' no t bee n ri go ro u s l~ ' d efin ed , furth er

m o re, the cho ice of th ese I'a lu es m ay d epend o n th e [in a l 

goa l or th e s tud y , Fo r in sta nce . it has bee n con\'in cin g h
ShO\\'ll b y D a hl-J e nsen ( 1989 ) th a t th e bo und a l'\ ' la\T r (o r 
shall o ll' ice ) a pp roxim a ti o n (+) is no t I'a lid in tlI e I' ic init )' 

o r the ice dilid e, In o th er lI'o rd s, [.;" in Equ a ti o n (3 ) d oes 

no t te nd to ze ro lI'he n th e scal e of o bse rl'<lli o ns \ ,.0 ) is 

chose n compa ra ti, 'C ly sm a ll a nd ItO is la rge to represe nt 

th e I'isc()s ity of ice a t lOll' surface temperatures , N cwT
tlIcl ess, \I 'e use th e la lt e r rela ti o n (+ ) f'o r u as a n 
a pp rop ri a te OI1 C to d escriile th e g lo ba l m ass-tra nsfi: r 
interact io ns within a g lac ier. 

:\0 11' , address in g th e es tim a ti o n o f th e sliding-I'e loc it \, 

m agnitude in Eq ua ti o n + ) , it is rcl c \ 'alH to quo tc [i'o m 

FOlI'ler ( 198 7) th a t "ca l'iwtio n (as a s liding m ec ha ni sm ) 
is ruled o ut fo r large ice shec ts" , C o nsequenth- , rcstricting 
o ur co nsid era ti o ns to th e fi 'a m clI'o rk o r Kamb's 1970 

th eo ry o r just to sub-t cmpera te basa l sliding ( Fo wler, 

1986 ), liT co nc lude a ft e r Sala matin a nd ~ l azo ( 1 98 '~ ) 

th a t th e re la til 'C input o f Uo into th e icc tra nspo rt in la rgc 

iee shee ts is negli g ibl y sm a ll and has th e o rd er o flO - 2 (th e 

sca led ra ti o , Th e o nl\' cxce ptio ns a rc th e ed ge zo nes a nd 

m a rg inal ice s trea m s lI'hi c h m ay a lso pe netra te inl a nd 

a nd ha \'C a n o \ '(' ra ll d yna mi c sig nifi cance, 
Fina lh- , let us p ass to th e C'\ 'a lu a ti o n o f th e intcg ra l in 

Equa ti o n (4 ), F o ll o \l'in g Llibo utr\, ( 198 1), lI'e represe nt 

tlI C' expo nenti a l runcti o n {I (T ) b y an a ppro xim a te pOIl'er 

re la ti o n 

(5) 

Th e a ppa re nt ex po nent /3, es tim a ted b y L/ibo ull'\' , 

adju s ts ice rh eology to no n-i so th e rm a l conditions ( to th e 

tempe ra ture g radi e nt in th e ice-shee t thi c kn ess ) a nd is 

co nsid e red furth e r as a tunin g pa ra m e ter. Th e t~ ' pi ca l 

te mpe ra ture TO is herea ft e r chose n as th e m ea n basa l 
temperature in th e centra l reg io ns o r th e ice shee t. H ell cC' , 
be in g no rmali zed bl' 1111 = {i(T O) , th e dilll C' ll sio n/e-ss (;lctor 

{IO ~ 1 fo r sm a ll T a nd mal' increase o r d ec rease if th e 

b asa l tempera ture d ec reases (o r increases ) as l' --> l'o( t ) 
th e tim e-d epend e nt radiu s o f th e ice-sheC' t a rea , I'll ~ 1. 

The substituti o n o f Eq ua ti o n 15 into Equ a ti o n + 
lI'ith lIo ~ 0 \' ields Equa ti o n ( I ) in th e pa ra m e tri c f(JI'Il1 

o < f' < I'll' (6) 

Th e la tt e r fo rmul a ti o n ",ill be used in sec ti o n 3 to 
d ecl uce a model fo r simul at in g te mpo ra l I'a ri a ti o ns or th e 
iC(' -shee t surface eln'a ti o n in it s centra l pa n, Possihle 

ge nera liza ti o ns of Equation (6 ) a nd so m e additi o nal 

effec ts, fo r exa mple bed roc k isos tas \', are co nside red in 

sec ti o n + , 

2. SCALE ANALYSIS OF THE ICE-SHEET SURFACE 
RESPONSE TO CLIMATIC PERTURBATIONS 

The res po nse o flh e ice-shee t surfilcc to c lim a te cha nges is 

no t a n imlll edi a te adjus tm e nt. I ts rean io n d epends o n 
lI'ha t so rt o f ex te rn a l innuenc es ha l 'e bec n enco unt ered 
a nd lI'ha t th eir rel a ti \'(' tim e-sca les a rc, 

The basa l layC' rs or large ice shects, suc h as th e 

,\n ta rc ti c ice shee t ill it s presc nt stat e, a rc a t th e lll C' iting 

po int o r close to fu s io n (Budd a nd o thers, 197 1; Sa la matin 

a nd o th ers, 1982 : Ritz , 1992 ), Du e to thi s, m os t of th e 

shear defo rm a ti o n occ urs in a ppro:-; ima tel >' co ns ta nt 
th erm odyn a mi c conditi o ns, N o n-sta ti o na ry th erm a l e r· 

fec ts lI'i11 be di sC' ussed beloll', The innu e nce o f' poss ibl e 

I'a ri a bilit\, o r th e g lac ier ma rg ins i, e , o f 1'0 in Eq ua ti on 

(6 )) o n its centre ",ill be es timated a nd shOlI'll to be small 

in th e nex t sec ti o n, So, th e princ ipa l sta rtin g po int here is 
th a t the s urf~l ce el 'o lutio n or largc ice shee ts in acco rd a ncc 
lI'ith Equ a ti o n 16 is mainh' drilT n b\' m ass-ba la nce 

ch a nges, lI'hi ch a pprox im a tel y {() lI o '" g loba l a tm os pheri c 

te mpera ture \'{lri a ti o n (R o bin , 1977 , ] n turn, th e la tte r 

fac t m ea ns that th e tim e-sca les or th e d o mina nt clim a ti c 

fo rc in g (\ 'a ri a ti o ns o r acc umulati o n rat e ) co rres po nd to 
.\Jil a nk m 'ic h cycles a nd a re th e rec ip rocals o f th e ir 

fr e qu e n c ic s : WI = 21T/ IOO , W2 = 21T/ -l 1. W:l = 21T/ 23 , 
WI = 21T/ 19kyea r I , 

i\ OIl, lo predi c t qu a ntitati \'(' ly th e beha \ 'io ur of an ice 

sheet in a c hang ing c lim a te, lI'e halT to es tim a te it s Oll'n 
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memory time-scale to. The simila rity theo ry (Fowler a nd 
La rson, 1978; Sala ma tin , 1979; Sala matin and M azo, 
1984) gives us to ~ 10/bo (see Equ a ti ons (2) a nd (3)) . An 
appropriate choice of bO has been discussed in deta il by 
J oha nnesson a nd oth ers (1989). A glacier's la tera l ex tent 
was ass umed to be controlled by a bla ti on processes over 

the terminus and bO ~ Ib(rO)1 was justifi ed. In the case of a 
la rge ice shee t, b is posi tive ove r the major part of th e 
surface. Th erefore, the typ ical va lue bO is represented by 
the ice-acc umula tion ra te in the centra l pa rt of th e ice 
sheet (Fowler and Larson , 1978). This [act has been 
demonstra ted in tes t simula tions by Sa lamatin a nd M azo 
(1980) . For Anta rcti ca, bO~5cmyear I (Drewry, 1983) 
and in acco rd a nce with Equa ti on (3) a fter Salama tin a nd 
o th ers (1982 ) 1° ~ K hro ~ 2500m . Co nsequ entl y, to 
~ 50 kyear. Close, th ough somewha t smaller, es tima tes 
of to a re va lid for the G reenland ice shee t. 

Thus, the dimension less frequencies of Mila nkovich 
clima ti c cycles ni = wi tO, i = 1, ... 4, in our case a re of 
the order of 0 (1) and can be consid ered neither as small 
nor as la rge pa rameters, excep t may be n3 and n4, whose 
magnilud es for Anta rctica a re a bout 10. 

lt should be emphasized tha t long-term cha nges in 

clim a te with normali zed frequencies n « n1 a re simply 
followed by the co rres ponding q uasi-sta ti ona ry sta les of 
the g lacier, whose memory time-scale is much shorter 
th a n the time-sca le of such perturba tions. On the o ther 
ha nd , if we d eal with high-frequency clima ti c va ri a ti ons 
a nd n » n4, the model (6) becomes loca l (Ritz, 1989, 

1992 ) wi th time-invari a nt ice-mass fl ows. The lead-order 
terms in Equa tion (6) with the rela ti ve error magnitude of 
0 (n - 1) give 

8l = b - Ib) at \, (7) 

wh ere th e a ngle bracke ts () d enote th e consta nt 
component of a certa in cha rac teristi c, i.e. its mean va lue 
averaged ove r the periods of the clim a ti c cycles. H ence, 
onl y the inOuence of th e a bove-mentioned intermedi a te 
spec trum represented in Equation (6) by Mila nkovich 
clima ti c flu ctua tions has to be specially examined. 

Computa tiona l experim ents by Sa lamatin and M azo 
(1980) show tha t the model (7) is co rrec t in genera l even 
down to n ~ 3 for a unifo rm distribution of accumula ti on 
(mass-balance) ra te ove r the glac ier surface. This d oes not 
hold in Nature. J n the case of th e Anta rctic ice shee t, for 
instance, the max imum values of b a re reached in a 
compara tively na rrow coas ta l zone (Drewry, 1983) and 
can be 20- 40 times higher than those in the interio r pa rts 
(see Salama tin a nd o thers, 1982) . As a res ult , due to the 
sma ll er ice thi ckness, the local time-sca le of the tra nsi
ti ona l d ynamic processes wi thin the glacier ma rgins 
becomes (see Equa tion (2)) a lmos t two ord ers less than 
the memory tim e-sca le of the whole ice shee t . In 
particula r , the response o[ the ma rgina l zones (with their 
increased acc umul a ti on ra tes ) to the Mil ankovich cycles 
is prac ticall y insta nta neous. Th e la tter conclusion was 
[ully confirmed in num erica l tes ts by Salama tin a nd 
M azo (1980) . 

Thus, the primary task [or modelling clima ti call y 
induced surface va ria ti ons in the central regions of a large 
ice shee t is to d escribe th e d yna mic interac ti on between its 
quasi-sta tiona ry margins a nd the time- lagging interior. 

30 

Influences of coas ta l, ice-shelf a nd sea-level changes a re 
ta ken into account by the time-d ependent boundary 
(g rounding-line pos ition): TO = TO(t) . 

3. CONSTRUCTION OF THE MODEL 

T aking in to acco unt th e a bove conclusions, let us 
in tegra te Equa ti on (6) with respec t to T. Then, using 
the common boundary cond ition ~ 1,.=0 = 0, we obtain 

l'~+218lla-1 8l =_({3+2) J.L0 r~(b_Ol) d~ . (8) 
or· or r la at 

It is i m porta n t to no te a fter Sa la ma ti n and M azo 
(1980) and J oha nnesson a nd o thers ( 1989) (or by direc t 
ve rifica ti on from Equa tion (8 )) th a t the equilibrium 

surface-elevation profil e of a glacier is not affec ted much 
by the spatia l va riation of the mass-ba la nce ra te. 

Thus, limiting furth er consid erations to the modelling 
of compa ra ti vely sma ll ice-shee t surface oscilla ti ons, we 
first di vide the glacia l a rea into two pa r t. : the centra l pa rt 
o < r < r·. and the margina l one T . < r < TO . Nex t, in 
each of th ese regions we a pproxima tely substitu te J he 
ba la nce ra te b by its spa ti a ll y averaged va lues b and bin 
the c (~ntra l a nd terminal zones, respec li vely . H ereafter b 
a nd b a re consid ered to be fun cti ons of time t a nd 
rep rese n t a mean a t fi xed T . the same globa l mass balance 
as b. In turn , r. is determined to achieve the bes t mean

square spa tia l fit to b. From the d a ta collec ted by 
Sa la ma tin and oth ers (1982) fo r Eas t Anta rcti ca, it is easy 
to es tima te T. ~ 0.8-0 .9. A t the same time, being 
normali zed by the typica l accumula ti on ra te in the 
centra l pa rt _of the ice shee t, the dimensionless value 
b ~ 1. As for b, it is much grea ter (a bou t one o rder) than 
b. This is exac tl y wha t ma kes the a bove-discussed 
difference in the time-scales between the margina l and 
cen tra l pa rt · of a glacier a nd wha t we a re going to use in 
furth er considera ti ons. 

Within the ma rgina l zone, the in tegra ti on of Eq uation 

(8 ), using the obvious bound ary condition l l,.=ro = 0, 
leads to the following result: 

2,,+2 2a + 2 1 i rn 
1 

l-" = -a- ({3 + 2)" ,. sign4>(/l-o 14>1)" d( , T . ::; T ::; TO, 

where 

Let I d enote the mean surface elevati on in the centra l 
part of th e ice shee t. In thi s domain , te mporal va ri at ions 
of the surface eleva ti on a re spa ti a ll y uniform and , thus, 

Ol/ot may be substi tuted by dI/ dt in the first in tegra l of 
the ex pression [or 4>. Furtherm ore, the principal step is to 
recognize tha t, due to the ass umed non-dim ensiona li za 
lion, Ol/at ~ 1 (on Milankovich time-scales) over the 
wh olejce shee t. H ence, it is sma ll in comparison to the 
la rge b and can be omitted in th e second integra l. The 
lat ter approxim a tion incorpora tes the guess about the 
instantaneous response of the terminal pa rt to mass
ba lance changes . Consequentl y, we come to the fo rmula 
determining the surface elevati on I. a t T = T. : 
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I:"';" = 2a + 2 [({3 + 2)!l0] * iro 

sign 4> 14>1~ d(, 
a r. 

r 2 ( _ dI) (2 _ r2 = 
</J(() -::::;~ b- - +--* b. 

2( dt 2( 
(9) 

Corres po ndin g ly, in th e ce ntra l reg io n , instead o f 
Equ a ti o n (8), a nd ass uming 110 -::::; 1, we write a pprox i
m a tely 

[C. +21 81 I
O

-
181 = _{3+ 2 (1:1 - dI)r or or 2 dt ' 

o ::::; 7' ::::; r • . 

The integra li o n with respec t to r gives 

2n+2 20+2 (.- dI)({3 + 2) t l- dIl t (, !!±l HI 
l-n =l." +2xsign\b - dt - 2 - b - dt 1(." - r o ) . 

Since 1 is close to l., when r' < r., th e ex press ion for I is 
stra ig htforwa rdl y obta in ed by ave raging th e second te rm 
in the r ighth a nd side of the la lter equ a ti on: 

(_)2<>+2 20+2 . ~- dl) (2a + 2) ( {3 + 2) ~ 1- dl I~ ~ 1 <> = l " +slgn b- - -- -- b- - r O 
• 

• dt 3a + 1 2 dt ' 

(10) 

The a bove simulta neous Equa ti o ns (9) a nd ( 10) m od el 

th e surface va ri a tions I and l. in th e centra l pa rt of a n ice 

shee t, ta king into account its inte ra ction with th e margin . 

T o ta ke th e nex t step a nd d educe a n a pproxima te 
equa ti o n d e termining I ex pli c itl y, we simplify E q ua ti on 
(9) a nd elimin a te l . from Equ a ti o n ( 10) . With thi s a im , 
we lineari ze 4>(() in Equa tion (9), ass uming 

r2 ( _ dl) = </J(()-::::;-'- b-- +((-r.) b, 
ro+r. dt 

r. < ( < ro . 

Then, th e evalu a tion of th e integ ra l in Equa ti on (9) yields 

1:~+2 -::::; 2 [({3 + 2) !lob ]~ h _ r. ) n~1 [(1 + V)"~I _ l v ln~l ] , 

(11) 

where v is a sma ll va lue a nd 

Furthe rm ore, for la rge ice shee ts, th e pa ti a l di stri bu

ti o ns of th e m ass-ba la nce ra te a t d ifferent times seem to be 
simila r. Thus, if th e space scale rO in Equa tions (2) a nd 
(3) is chosen so th a t (ro) = 1, th en 

r. -::::; ro(r.). 

Let us a lso no te tha t ice acc umula ti o n preva il s in the 

surface mass ba la nce of la rge ice shee ts, a nd in additi on 
prec ipital ion is m a inl y a nd uniforml y contro ll ed by 
tempera ture vari a ti on (R o bin , 1977) . H ence, in accor
d a nce w ith Ritz ( 1989, 1992), th e fo ll owing rela ti on 

a pprox ima te ly holds: 

1:1 1:1 
(b) -::::; (1:1) . 

Us ing th e la tter ass umptions a nd substituting Equation 
( 11 ) fo r lFo+2)/o in Equa ti on ( 10), we a rri ve a t a non-

linea r o rdin a ry differenti a l equa lion of th e first o rd er fo r I: 

(1)0";:2 = 2(1- (r.) )"~1 [(1 + V)"~I _ I V(~I ] 
T O o 

_ I 

[ 
({3 + 2)!l0 (1:1) ] ;; (-b)l . (-b dI) (2a + 2) x n +Slgn -- ---

(b) dt 3a + 1 

Equ a ti on (12 ) can be converted into th e fo rm of 

Equ a ti on (7). T o do this, le t us introduce th e average 
surface e leva ti on (I) as a sta ti ona ry solutio n of Equa tion 
( 12) a t ro = (ro) = 1 a nd b = (b). H ence, 

(1) 2':72 
= 2 (1 _ (r.) ) O~' [ (1 + (v)) O~' _ (v)n~l ] 

X [ ({3 + 2)!lo(b) 1 \ 1:1)* + 2a + 2 ( {3 + 2) ~ 
(b) 3a + 1 2 

n + l _ I 

X (r .)o(b);;, 

(1/) = (r .• )2(6)_ 
(1 - (r.)2) (b) 

(13) 

Furth ermore, replacing a pprox im a te ly v with (v) in 
Equa ti on ( 12), subtrac tin g Equa ti on ( 13) from Equa ti on 

( 12), a nd expressing dl/ dt , we fin a ll y obta in 

(14) 

where 

3a + 1 ( 2 ) * _ <>+ 1 

'Yl = 2a + 2 f3 + 2 (T.) ", 
0 + 1 

'Yb = 3a + 1 (2!l~(b) ) t [(1 -(r.) + (r.) (1:1) ) 0 
a + 1 (b) (r.) (1 + (1'.)) (6) 

( 
(r·.) (1:1) ) n~l l 

(1 + (1'.)) (b) 

It sho uld be emphasized he re th a t th e introduced 

pa ra mete rs 'Yl a nd 'Yb have a clea r physica l meaning. Th e 

first one is responsible fo r th e feed-bac k be tween cha nged 
interi o r clava ti on I (rec iproca ll y coupl ed with th e la tera l 
ice-shee t ex tent ro ) a nd th e ra te of its g rowth . The second 
controls th e hydrod yna mic inte rac ti on (time lagging) 

be twee n th e cen tra l region o f th e ice shee t a nd its ac tive 

quasi-sta ti o na ry coas ta l zone in th e g lacier response to 
cha nged la tera l acc umula ti on ra tes (mass ba la nce ) . Th e 
influence of ma rg ina l e ffec ts such a cha nges in sea level, 
g rounding of la rge ice shelves a nd so on is p rescribed b y 
co rres ponding va ri a ti ons of ro . 

Equa ti on (14) genera li zes Eq ua ti on (7). The la tter 
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o ne fo ll o ws from Equation ( 14) a t hi g h- fr eq ue ncy 

Qscill a tions of E, \I·hen (I//,ro is close to (I)2, a nd a t 

b ::::; b, when (T.) ::::; 1 a nd IU --> O. 
It a lso seems tru e th a t Ou ct ua ti o ns in th e ice-shee t 

radiu s TO, being controll ed and r es tri c ted b y sea level , arc 

compa ra ti\ 'e1y sm a ll a nd ca n _be correla ted \lith \ 'a ria

ti ons in th e m ass-bal a nce rat e b in th e m a rg in a l zo ne (i. e. 

with b) o r with th e ice thi ckn ess I. Writing, for in sta nce, 

suc h a relationship as 

- 1 _ I 

(bY; - (b);; 
TO = 1 + E _ , 

(b)" 

\I 'here E is a sm a ll pa ra m e ter , \IT come to a certain E-o rd er 

co rrec tion o r the coe fTi c ie nt 11, in Equ a tion ( 14 ) w ith 
7'0 = 1. The same is e\' id elll \V i th respect to the other 
coe fTi c ient 11. Thi s does not lead to any loss o f ge ne ralit y, 

sin ce Eq uati on ( 14) is orig ina ll y approx ima te . Th ere fo re, 

it is rele\'a nt (if,.,o is not s imula ted si multaneo usly) to put 

'1'0 = 1 in E q ua ti o n ( 14), cons id ering the factors I1 a nd Ib 
as tuning parameters and using th e a bo\'e formulas as 
th eir plausible es tim a ti o ns. 

4. DISCUSSION. COMPARISON WITH 
TWO-DIMENSIONAL PREDICTIONS 

Now, \I'e are go in g to present result s of a com puta ti onal 

test of Equation ( 14 ) a nd a com p a ri so n \I 'ith th e genera l 

two-dimensional predictions by Ritz (1992). But , first, le t 

us discuss some possible modifications of model ( 14), 
It is evident that the abo\'e identificatio n of th e ice

sheet thi ckness 1 in Equations ( 1) and (4 ) with th e su rface 
e levat io n E is no t limiting a nd qu as i-s tati ona ry e[[ects of 
th e bed isos tas), can a lso be considered , Actua ll y. lIT arc 

stud yin g relati\Tly lo ng -te rm \'ariations of th e g lac ier 

surface with the tim e-scale to \I'hich is much la rge r than 

the re laxat ion tim e t j of deformational respo nse of the 
underlying rock to chang in g loads : to is shO\l'n to be orthc 
order or 2050 kyears, \I 'hil st in accordance \I'ith the 
re\'iew pa per by L e ]\!e u r a nd H uyb rechts ( 1996 ) tj is 

es tim a ted as 3 kyears , H en ce, a t least in the centra l 

regions, the ice-s heet bedrock interl~lce is close to the 

hydrostat ic equ ilibrium and E can be directly expressed 
\ ' ia I: 

E;::; 1(;1. (15) 

where PI' is the densi ty of rock. 

As a result , replacing [)L /or in Equation (6 ) \I 'ith the 
surfacc-eleva ti o n g rad ient oE/o'l' a nd using Equation 
( 15) , we t'\'entua ll y come to a co rrcct ion or the coe fTi c ient 

I' in Equations ( 14 ) by th e isos tas), ractor f( j . 

Next, it shou ld be remembered that the space sca le lO 
in the \utical direction is defined by Equations (2 ) a nd 

(3) , i, e , la = J(hTO But, if'we c hoose ano th er ind ependen t 

t\'pical magnitude or the ice-shee t thi c kn ess LO in 
Equation (6 ) ror no rmali zat io n (ass umin g, ror instance, 
LO is its prese nt-d ay \ 'a lue at a certain loca ti o n ) then the 

principal Equation ( 14) rem a ins un ch anged, The only 

excep ti o n is the \'a lu e I1 \I 'hi c h sho uld additio na ll y be 
d i\ 'id ed by f(i2n +2

)/ n, f(, = III / LO 

Thus, introd ucin g th e acc umul a ti on-ra te e nh ance-

32 

men t factor 

f(" = (b) / (b) 

and substituting 1 1'0 1' I, wc fin a ll y rem 'itc Equat ions ( 14- ) 
111 th e local form 

( 
(1'.) ) 0,7' ] 

1+('1',1 . 

It is importa nt that s till on ly t\I'O dimensionless 
parame ters "Yh a nd I1 accoun t for the icc-shee t thickness 
\ 'a riations in the g lacier cen tre, \ (oreo\'er, irthe basal-laye r 

temperature changes in time, thi s will induce co rrespond

in g temporal penurbations of Po' /la, and probably ;], and 

as a co nsequence, aga in \I 'ill manifest itse lf through "YIJ and 
11 , H ence, the lat ter coeOi cients can also be used to desc ribe 
and to simulate th e influence or non-stationary thermal 
dTCcts o n g lac ier motion , Specific co nditi ons or the icC'

sheet dynamics a long a certai n [] o\I' line ra n a lso be taken 

into considera ti on in Eq ua ti on (16), 
I n app li ca ti on to cen tra l Antarctica, \'os tok Station is 

onc or the sit es or primary sc ientific interes t. SO, \IT 
cO ll cen trate furth er Oil th e solution or Equation ( 16) \I'ith 
regard to palaeorcconstrunions in this region, The Antarc

ti c ice-shee t dynamics a long the fl owlin e " Rid ge B \' ostok

BYI'd Glacier" were studied thoroughly by Ritz (1992) on 

the basis o f' a genera l thermomechanica l m ode l. Three

dimensional e[[cns, such as the derormation or the ice in a 
trans\'e rse direction. we re taken into acco unt b\' introdu
cing th e re lat i\'(' width or the Oow tube (the OO\dincs' 

di\'e rgence ) , A compari son \I' jth the genera l predictions 

a ll o\\'s \'a lidatio n of th e abo\'e simplifi ed model (16), 
With thi s a im , let us est im a te the tuning parameters Ib 

and "'{/' H erea rt C'r, the space and mass-bal a nce scales LO 
and bO arc designatcd as the present-day icc-shcct 
thickness (in ice equi\ 'a lent ) a t \ 'os tok a nd the mean 

present-day accu mul a ti o n rate in th e centra l part of th e 

\' ostok sec tor. After Kapilsa and Sorokhtin (1965), \\'e 

take 

LO ;::; 3690 rn. 

A plausible \ 'a lue or bO ca n be deduced on the basis of 

gene ra l inform a ti o n (Dre\l!,y, 1983) and on detailed 

est im a ti ons of th e spat ial \'ariations of the accu lllulat ion 

rate along the \ 'ostok OOldin e (Rit z, 1992; J OLlze l and 
ot hers, 1993 ) : 

Simultaneously, it becollles {'\'ident that 

('r .) ::::; 0,85. 
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Th c isos tas \ ' f ~\ cto r I\'i a t Pi = 920 kg m :, a nd P, = 
' j . . 

2 700 kg m . IS c CJ ua l to 

1(i = 0.66. 

F o r E as t , \ nt a rc ti ca, in acco rdance II'ith Sa la m a tin 

a nd o th e rs ( 1982), II'e ge t 

a~3 

an d from Equ a ti o n (3 ) it fo ll o l\'s th a t 1° ~ 2 100 m (i. c . 

K" ~ l.6 X 10- :3 a t l i() = 3.7 x 10-:3 \ l P a :l yea r a nd I'll ~ 

1300 km ). H e n ce, 

1(1 ~ 0. 5 7. 

T h e b ed roc k r ise upstrea m [i-o m \ 'os to k SLati o n m ay 

rcs ult in so m e\\'h a t coldcr co nd iti o ns a t th e bo tto m in th c 

ccntra l regio ns th a n in th e coas ta l a rea (scc a lso Rit z, 

1992). Thus, th e ex p ec ted \ 'a lu e oct:Lo is less th a n I , a nd 

\\'(' ass um e it is g ive n b y 

/10 ~ 0.5. 

Th c ex po nent (3 in Equa ti o n (5) \\'as ca lc ula ted a Cte r 

L1ibo utry (198 1) b y Ritz (1989, 1992): 

(3 ~ 1O - 11 . 

Fina ll y, \\ '(' comc to th e [c) llo \\ 'in g b as ic es t ima tes o ftlw 

tuning p a ra m c ters: 

1h ~ 0.56, 1/ ~ 2.53 . 

T h c n ex t s tcp is to sc t th e tempo ra l re la ti\,(, 1'l1l'i a ti o ns 

of th e ice-acc umul a ti o n r <l te b. In acco rd a n cc \\' ith R o bin 
( 1977 ), p rec ipitatio n is co rrel a tcd to th e \\,<1 te r-\ 'a po ur 

cCJuilibrium prcss urc a t th c to p o f th e ill\'ers io n la yer a nd , 

co nseq ue ntl y, to th c cond e nsa ti o n li m 'e rsio n ) tempera

ture in c lo uds . Thus, th e m ass-ba la nce osc ill a ti o ns in th e 

p as t ca n b e d ed u ced fro m th c \ 'ostok ice-core isoto pi c 

tcm p era ture record fL o riu s a nd o th e rs. 1985; J o uze l and 
o th ers, 1993 ) . Th e cOITes po ndin g computa ti o n a l proce 

d ure \\'as e la bo ra tcd a nd ciescribed b y Ritz ( 1989, 1992 ). 

H ere \\'e use th e fin a l res ult o f su c h a reco ns tru c ti o n . 

p lo tt ed in Fig urC' I a fo r th e \' os tok chro n o logy del '(' lo p ed 

b y Sala m a tin a nd o th c rs (199+) o n th c b as is o f th e 

iJorc ho le te m pc ra ture pro [ile . I t is c lose to th c E x tend ed 
G lac io log ica I Ti mc-sca le ( EG T ) .J o uzc l a nd o thers, 

1993 ) but it g in .'s th e ice agc 10 20 kyea rs yo ungc r [or 

dept hs b e lo l\' 1900 m af'te r 130 kyea rs BP). Th e m ea n 

re la til ,(, acc u m ul a ti o n ra te is d e te rm ined as (b) ~ 0.72. 

Spa ti a l c ha nges o f acc umul a ti o n rat e ( it s ups trea m 
in crease a lo ng th e \ 'os to k (] ()\\' Iill c ) a rc ta ke n int o acco unt 
b y th e c ho icc 0 (' IP as 3 c m yea r I . E \'(' n in th e case 0[' 

doub t of th e I · a li d it ~ · o f th c a bo \ 'e reco ns tru ct io ll , it st ill 

co uld be used as a pl a us ible cxa mpl e 01' cl im a ti c 

p e rturba ti o ns IQI' mode l tes ts. 

, \ compariso n o [' \ 'a ri o us a p p rua clH's to sim ul a ting' th e 

in '-s hce t-thi c kn l'ss c h a nges ill th e \ ' ic init y 0 (' \ 'osto k 
Sta ti o n i, sh o\\' n in Fig ure lb .. \11 computa ti o ns \\'(' re 

undc rt a ke n f() r t he ra nge 0 (' d illl e nsio n lcss tim e t fro m 

1.63 to 0, i.e. li'om 200 kyca rs BP (0 th e prcsc nt tim e . Th e 

so li d lill e CUJ'\T I ) is ta ke n ['ro m Ritz ( 1992 ) a nd prese nts 

th e predi ctio ns 0(' th c gc I\(Ta I therm o lll cc h a ni ca l m od e l. 

T h e s url~\l'(' - e lc "'\l i () n Il uc tu a ti o ns \I'crt' rcca lcul a ted to 

th e g lac ier-thic kn ess \ 'a ILl cs usin g Equat io n I j. Th e thin 

lin e CUt'l't' 2 ) correspond s to th c simplifi cd m od e l ( 16 ) 

tit<> 

0.0 0.5 1.0 1.5 
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>. 
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4 i \ 
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i : ----J .. ----- 1.00 
.::t:. .......... .i 

~ ··f /,/ 
\ \ :' i / 
I \ : -7-- ....... / 
I -!' . 0.98 

3.6 \ .' i 
I 
i i 
i i 
\i 

0.96 

3.5 
o 50 100 150 

t (kyear bp) 
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F ig . I. a. Prol mrialiollJ ill Ihe meall aaullllt/alion rail' 

( b ) ill relllral . Jlllarclica dedllred ji-Olll Ihe l 'oJlo/; i.lolo/lie 
lelll/JI'ml((re re{ord alld ((.led ill lIlode/ {O IIl/!lIlaliolls ( lite 
/HI'.II'III - r/r{J ' 111(,(/1/ 1'0/111' btl = :3 (1Il,l'ear 1 alld lite re/alit 'e 
lillle-az'l'l'IIged 1'([/111' < b >= 0.72 ) . b. (;olll!wriJOII 4' 
difJerenl jialaeoclimalir jirediclionJ oJ Ihe . l lIlarclic ice

jheel-Ihicknf.l.ljll/clllalioll.1 ( l ) in Ihe l' irini{r of Ihe r'o.llok 

Slalioll: ( I ) gmem/ Iltmnomechallica/ III ode/ ~)' Ril:: 
( 1992 ) : ( 2 ) .I illl/J/!/ierl model ( Equalioll ( /6)) . limic 
l'({rialll ll'illt Ih = 0. 56 , "(I = 2.53 ( IP = 3 {1II)'ear I ) : 

(3) IlIj!,h:/i'eqlleJIl)' fill/il . I:'qllalioll ( 7) ( UJ = 2A cII/ 

}mr '),' ( " and j ) JellJil i l' i{J' le.I/.1 oJ Ihe sill//J!iji'ed model 

al 1/1 = 0.56. 1/ = 0 ([lid 111 = O. '1/ = 2.53 . m/;ec
lil'f(J' . TliI' rig/tI /l([lIrhide J('(iIe.1 {Oll'f.I/IOlld la Ihe rdalil'e 
([(({IIIIII/alioll 1'([11' (a) aud ice-J/teel Iltirkl/fss (h) 

lIo)'fIl([Ii:l'rI hI' bU rlild L II. re.I/JI'clil'e()'. 

\\ 'ith il) a nd "(I g i\'e n a bo lT. Th e initi a l 1'<1 1u c or 1 is 
ass um ed to 1)(' eCJual to (l ) \\' hi c h . in turn . is it t'l'a ti l'l' ly 
comput cd so as to reac h th c prese nt-d a\' ice thi c kn css a t 

t = 0, i.e. I(t = 0) = l. . \n c lid e n t simil a rit y a nd good 

agree m ent of' (he (\\'0 c UJ'\ 'es cOI1\ 'in c in g ly jus tifi es th e 

,bs umptio ns I\·hi c h I\'(' rc il1l 'o il-cci in ci('J'il 'in g Equa ti o ns 

11+ ) a nd ( 16 1. Th c seco nda ry di s('I'c pa n c ics can bc 

ex pl a in cd il\ ' th e so m e\\ h a t difTerl' nt EG T tim e-sca le 
J Oll ze l a nd o th e rs. 1 99 :~ a nd b y a s li g hth- dif j(- I'l 'nt 

acc umul a ti o n-ra tc p a ra m L' teri za ti o n 0 [' Ritz 1992 as 

\\'(' 11 as b\' n o n-i so th ('J'm ,t1 e frec ts. I n a n y case, Equ a ti o n 

(16) is a pp rox im a te ; th c t\\·o m od e ls a rc no t id cnti ca l a nd 

thi s co m pa ri so n is n ot a im ed a t (itting th e ir pred ic ti o ns. 

Furtherm o re. in o rcl er to hi g hli g ht th e \'a ILll' o r 

Equ a ti o n 16 as a uscrul a nd predi c ti \T in strume nt , \IT 

a lso s ho \\' b y a d o tt ed li ne I (' unT 3 ) in fi g urc I b th e ice-
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thi ckness variations which correspond to Equation (7), 
i. e. to Equa tion (16) in the high-frequency ap proxima ti on 
with Ib = II = O. Curve 3 is a res ult of computa tions for a 
pla usible es tima te (Lorius a nd others, 1985 ) of the loca l 
present-day acc umulat ion at Vostok Station: bO = 2.4 cm 
year I. Despite the compa ra ble swings of the oscilla tions, 
curves 2 and 3 are not similar and the signifi cance of the 
feed-back (of the coe ffi cient 11 ) between the ice-shee t 
eleva tion (thi ckness) and the ra te of its g rowth (or decay), 
neglec ted in Equation (7), becomes evident. The higher 
the surface, th e la rger is the rate of the ice-mass tra nsport 
from the interior of the ice shee t to its margins which 
counterbalances the increase in accumu lation rate. The 
same effec t is clearly observed in the basic case (bo = 3 cm 
yea r I, Ib = 0.56) when II = 0 which is shown by the dot
dashed line (curve 4) in Figure lb. 

The coefficient Ib accounts for the interac tion of the 
centra l part of the ice sheet with its quasi-stationary 
terminal zone. Ice thi ckness a t the edge of the glacier 
instantaneously responds to climate cha nges. Thus, the 
increase (d ecrease) in mass balance re ults in higher 
(lower) margins and d ams (un locks) the interior. The 
d ashed line (curve 5 ) in Figure I b, computed at Ib = 0 
and II = 2.53, illustrates the importance of this interac
tion , which d efini te l y enhan ces the am pli tud es of 

fluctuations of the ice-shee t thi ckn ess (surface eleva tion ) 
in the centra l region. 

5. CONCLUSION 

The hydrod ynamic in teraction between a time-lagging 

low-accumulation-rate interior of a large ice sheet and its 
active quasi-sta tionary coas tal zone is shown to have two 
time-scales whi ch contro l pa laeocl imati c variations of the 
ice thickness. Practicall y insta nta neous adjustment of the 
margins to cha nges in mass bala nce acco rdingly d a ms or 

unlocks the ice-mass fl ow from the centra l pa rt of the ice 
sheet and a mplifies th e flu ct uations of its surface 
elevation. Another significant factor in the process of 
the climatic respo nse of the ice sheet is the feed-back 
between the interior surface elevation and the rate of its 
growth (decay) caused by the increase (dec rease) in local 

precipitation . This elTec t counterbalances changes in 
accumulation rate and ice-sheet eleva tion . As a primary 
result , the simplified differential model of ice-shee t surface 
evolu tion with two tuning parameters acco unting for 
these mechanisms has been deduced a nd verifi ed through 
intercomparison with a genera l two-dimensiona l mod el. 

All computa tional tes ts have been undertaken a nd 
applied to the Vostok sec tor of Antarctica. Quantita tive
ly, the highes t va lues of th e ice-shee t thi ckness a t the 
Vostok site, 20- 50 m greater than the present-day level, 
occurred during the las t intergl acia l, whi le the lowest ones 
correspond to glacia l periods and are 120-150 m less . 
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