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On the Fractional Infinite Series for
cosecz, seca, cote, and tana;.

By D. K. PICKEN, M.A.

The infinite products for sina; and cosa: are most conveniently
obtained in a rigorous way from the well-known factorial expressions
for sianO and cosra0 which, when n is an even integer, take the
forms

(i) sinw0 =

(ii) cos.nO = 2""1. (s in2^ - surtfWsin2^ - s i n ^ j . . . L i a ^ ' ^ - BU?6\ ;

0 being put equal to — and n made infinitely great.*
n

It is then usual to obtain the fractional infinite series for cotx
and tana; by logarithmic differentiation—a process in which the
treatment of the remainder is somewhat involved—and to deduce
those for cosecx and seca; by the use of certain elementary
trigonometrical identities.

It seems, however, a more fundamental process to obtain from
(i) and (ii) expressions for cos#cosecn0, sec«0, sec0cot«0, and
secdtannd in partial fractions; the degree in sind of the
denominator in each of these functions being higher than that of
the numerator; and then to proceed to the limit as in the case of
the products.

• Cf. Hobson's Trigonometry, Chap. XVTL
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I. When TO is even

: can be written in the form 2 —
sin3 sin20

TO

, . f sin0cos01 1
where Ao = | : — 3 - I =

L sin«0 Je-o n

and Ar

[(sin— + sindlcosd sin si
\ n 1 n

ncosnr

sin' sina0
TO

[When TO is odd,

. 1 2sin0
cosecnO = ^ 2 + ( )

nsint' TO 1 . jnr . ,. J

sin" sina0
TO

Patting 0 = —, we get

tr7r

x 1 2 x * C°8 "n"
cos— coseca; = H sin— 2( - J"-1. h ( - )*. R

n . a ; TO TO 1 . .rir . .x s '
nsin— sin" sin*—

n TO TO

where k is any integer less than I— - 11.
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It is obvious that R is positive and less than

. . x
2sin— cos

n n
nlsin- sin""—J-

(. n n)

provided n is so great that k can be chosen greater than — ; for

TTT
the angles — are increasing acute angles and therefore the terms

n

of R are in descending order of numerical magnitude.

1 * C°&"^a
.-. cos— coseca; = 1- 2nsin— . S( - ) r ~ 1 .n . x n i .( . nrir x\

n*\ sin- sin''— <•
n n)

+ ( - ) * • •
riU am2- - sin2— [

I n n )

where e is a positive proper fraction ;

.-. proceeding to the limit when n becomes infinitely great,

1 * 2a; ^x

£i being the limiting positive fractional value of e.

Hence the greater we make the finite number k the more nearly is

1 *' 1x
coseca; equal to H - ( - ) ' ~ l • -=-5 ? , and the difference vanishes

when k becomes infinitely great.

1 °° 2a;
•i.e., coseca; = — + 2( - )r~1. - ^ — - 5 - , an absolutely convergent series;

l l l l l
= 1 7: (- „ h ..., a semi-conver-

n + 25r-a; 2ir + x
a;

gent series ; for all real values of x, except x = + rir.
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II. When n is even,

s in2-—-—- - sms0
2»t

Csin — sin u I
T: I

COSM0 _ l - (2r - l )»

. (2r-l)7r (2r-l)7r

. (2 r -

1 sin2i—-— sin2^
2n

[and when n is odd, . (2r-l)7r (2r-l)7r
2J--1 sin- ^-.cos^—^—-

- ?(-)^. ^ , _ ^
sin3i— sin20

2n
Putting ^ = — , we get

n

i

seca! = — 2 ( -
sin

2n n

and, as before, if n is so great that (2k - 1) can be taken greater

than —

. ( ) . 2(2r+l)jr . ̂ x
8inv M sin2-—-—— - sm!—

* 2n n

2 Vol. 22

. (2r+lW/ . a(2r-l)jr . 2x \
- sin̂  — \ sin"̂ —-—— - sin2— \

n \ 2n n)
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o . T ( . (2r - l ) i r . (2r + l)7r . a; 2rir)
= 2sin—{ sin!—^—— . sin5—_—— + sin2— . cos >

n I in 2n n n )

ir ( (2r - 1 W x \
> 2sin—{ sin2=—--— sin2— J-,

n \. 2n n)

and .•. the terms of R are in descending order of magnitude.

Hence, secaj

- sin2— sin2s i n s i n s in^——- sin

2n n 2n n

and proceeding to the limit, we get, exactly as in I,
00 2r - 1

seca; = 4TT 2 ( - ) " - ' . a —— , a semi-convergent series ;

= 2 /^_ ,_ i i L_, \ .
W-2x TT + 2X ZTT--2X 37r+.2a; / '

for all real values of x except x = + ——-—— .
2

III. When n is even

2'- 1 . sinWl - sin!(9)II (sin2— - sin20)
l «

n

oosnO ^ Ar

smOcosdsmnO 0 • J™ • ,n
sin- sin v

n
r sinycosn^T

where Ao = I ^—. -a I
|_ cosasinnc'Jg_;Q

Ccosne/sin2— - sin26»\~|

sin^ co%6. sinn6* Jsin^ co%6sinn6* J rr n
8 — —

n

if r - 1 , 2 y - 1 ,
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, , fcosnO cos#l
and An = I . „ .—-a£ l_sm0 sin«0J

. . „ 1 2sin0 ^ 1
.-. sec0cotn0 =——.- N

n&md n i . ,nr .
sm- sin-0

n - l
[When n is odd,

sececotn6>=-^|-^p 2. — ] .
sin2 sin'20

n

Putting 6 = — , we get
n

x
sec— cota;

n

1 SB

where R = 2

n

1

— 2nsin— 2 — 2«.sin— . R,
1n'-!{ sin8 sina— \ ™

\ n n)

n n

1 . , . . 2<f> .,
r.«»nA '^>sin<p>— if

provided that n is so great that 2k can be taken greater than x.

f-i i » 1
.-. R < 2 —— z < 2 — ; , the remainder after k terms

t+i ir- - a? t+i 4r- - ar'

of a convergent infinite series.

Proceeding to the limit
1 * 2a;

cota; = 2 2 R2 - 2 X . R , ;
x j rw — xr

and R,, the limiting value of R, can be made as small as we please
by choosing k great enough.
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1 2x
.•. cota;= 2 - j - ^ an absolutely convergent series ;

uC \ T 7T — SO

1 1 1 1 1
= 1 (- , a seim-conver-

x TT - x iv + x 2TT — x 2TT + ar-

gent series ; for all real values of x, except x = ± rir.

IV. When n is even,
n
I Arsec# cosec^.

,() . ,
sin2V—i,—^ sin2i2

where A P = | r - z "-r I
| sina COSP cosnc* |

2

n

I L

[When n is odd,

1
n i . , , ( 2 r - 1)TT . J

2n
Hence, exactly as in III.,

00 gj.

tana; = 2 — , —r—„, an absolutely convergent series ;
i (2r - l)-7r2 — 4x

- r l l 1 1 -,
= 2-! z j;—h „ ^ — ^ r~-- I-1 a semi-con-

. ,. . , , (2r-l)7r
vergent series; for all real values of x, except x = + ———— .

The continuity of the algebraic expressions ensures that these
results still hold good when x has complex values.
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