
Canad. Math. Bull. Vol. 23 (4), 1980 

ARITHMETIC PROGRESSIONS CONTAINED IN 
SEQUENCES WITH BOUNDED GAPS 

BY 

MELVYN B. NATHANSON 

Van der Waerden [1, 4, 5] proved that if the nonnegative integers are 
partitioned into a finite number of sets, then at least one set in the partition 
contains arbitrarily long finite arithmetic progressions. This is equivalent to the 
result that a strictly increasing sequence of integers with bounded gaps contains 
arbitrarily long finite arithmetic progressions. Szemerédi [3] proved the much 
deeper result that a sequence of integers of positive density contains arbitrarily 
long finite arithmetic progressions. The purpose of this note is a quantitative 
comparison of van der Waerden's theorem and sequences with bounded gaps. 

Denote by [a, b) (resp. [a, b]) the interval of integers a<n<b (resp. 
a < n < 5 ) . Let k > 3 and r > 2 . 

Let W(k, r) denote the least integer such that, if w > W(fc, r) and if [0, w) = 
Uy=o A is a partition into r pairwise disjoint sets, then at least one of the sets 
Aj contains a k-term arithmetic progression. The theorem of van der Waerden 
asserts the existence of the numbers W(k, r). 

Let M(k,r) denote the least integer such that if m>M(k,r) and if A = 
{a^Zo is a sequence with ^ e f n r , (n-fl)r) for rce[0, m), then A contains a 
k-term arithmetic progression. 

Let G(k,r) denote the least integer such that, if g>G(k,r) and if A = 
{^n)n=o is a strictly increasing sequence of integers with bounded gaps an-
an-1<r for n e [ l , g), then A contains a fc-term arithmetic progression. 

The existence of the numbers M(k9 r) and G(k, r) follows from van der 
Waerden's theorem (Rabung [2]) and also from the results below. 

THEOREM 1. M(k, r )< W(k, r ) < M ( ( k - l ) r + l , r). 

Proof. Let w = W(fc, r) and let A={an}„Zo satisfy a^einr, (n + l)r) for 
n e [ 0 , w). Then a^^nr^-e^ where e n e[0 , r). Partition [0, w) into r sets 
A0, A 1 ? . . . , A r_! as follows: n e Aj if and only if sn = j . Since w = W(fc, r), it 
follows that some set in the partition contains a k-term arithmetic progression. 
Suppose that nt = c + ide At for some d > 1 and all i e [0, k). Then £„. = t and 

Un. = ntr + en.=(c + id)r+t = (cr + t) + idr 
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for / G [ 0 , k), hence ano<ani<- • m<artk_1 is a k-term arithmetic progression in 
A. Thus, M(hr)<W(Kr). 

Conversely, let m = M((fc - \)r + 1 , r) and let [0, m) = Uflo A be a partition 
into r sets. For n e [ 0 , m), define e n e [0 , r) by e n = j if and only if neAj. 
Construct the sequence A = {OnY^Zo by setting an = nr+ ene [nr, (n + l)r). Since 
m =M((fc — l ) r + l , r), it follows that A contains an arithmetic progression of 
length ( fc- l ) r + l, say, a n o < a n i < - • •<an(k i)r, where a^-a^ x = d for some 
d > 1 and all i G [1, (fc - l)r]. Then a^ < aHr < a,l2 < • • • < an(k_i)r is a k-term 
arithmetic progression with difference dr, and 

dr = o^ - ana_i)r = (nir - n(i_1)r)r + e^ - en(i_1)r 

for all i e [ l , fc). This implies that enir = erhi_Ur and so nir-n(i_1)r = d for i e 
[1, k). If e^ = t, then £„. = £ for i e [0, k), and so n0 < nr < n2r < ' ' ' < w(k_1)r is a 
k-term arithmetic progression contained in the set At. Thus, W(k,r)< 
M ( ( f c - l ) r + l , r ) . 

THEOREM 2. G(fc, r)^rM(k, r). 

Proof. Let m = M(k, r). Let £ ^{frjr^ô1 be a strictly increasing sequence of 
mr integers with bounded gaps bi — bi_1^r for i e [1, mr). Replacing each fy by 
h — b0, we can assume without loss of generality that b0 = 0. Then for each 
n e [0, m), the interval [nr, (n + l)r) contains at least one element of B. Choose 
<!„ GB n[nr, (n + l)r). Since m= M(k,r), the sequence { a ^ J o contains a fc-
term arithmetic progression. Thus, B contains a k-term arithmetic progression, 
and so G(k, r)<rM(k, r). 

THEOREM 3. M(fc, r) < G(fc, 2r - 1). 

Proof. Let g = G(fc ,2r - l ) and let A = { a n } ^ o satisfy a„ e [w, (n + l)r). 
Then A has bounded gaps a n - a n _ 1 < 2 r - 1 . Thus, A contains a k-term 
arithmetic progression and M(k, r)<G(k, 2 r - 1). 

THEOREM 4. G(fc, r)< W(fc, r)<G((k - l)r + 1 , 2 r - 1). 

Proof. Let w = W(fc, r) and let A ={ai}™Jo be a strictly increasing sequence 
of integers satisfying at - a ^ < r for i G [1, w). Replacing each at by a£ - a0, we 
can assume that a0 = 0. Clearly, a ^ j > w - 1. Partition the interval [0, w) into r 
pairwise disjoint sets A0, A 1 ? . . . , Ar_x as follows: neAj if and only if / = 
minja^ - n \ at > n}. If n G [0, w), then at-ne [0, r) for some a ^ A . If M G At, 
then t + n^a^ for some ateA. Since w = W(k, r), at least one set in the 
partition [0, w) = Uy=o A contains a k-term arithmetic progression. If c + ide 
At for Ï G [ 0 , k), then (f + c) + id = at G A is a k-term arithmetic progression in 
A. Thus, G(fc,r)<W(fc,r). 
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Finally, by Theorems 1 and 3, 

W(k, r)<M((fc - l ) r + 1 , r)<G((fc - l ) r+ 1, 2 r - 1 ) . 

This completes the proof. 
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