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ON THE HOMOTOPY PROPERTY OF NUSSBAUM'’S
FIXED POINT INDEX

GILLES FOURNIER AND REINE FOURNIER

Introduction. In [14] R. D. Nussbaum generalized the fixed point
index to a class of maps larger than the one in [5]. Unfortunately his
homotopy property conditions are more restrictive than the often more
readily verifiable ones of Eells-Fournier. In this paper we shall try to
find an intermediate class of maps which will contain all the known
examples of maps for which the index is defined and for which the
condition of Eells-Fournier will imply the homotopy property.

In doing so, we shall give general conditions for which the sum of a
compact map and a differentiable map will be a map having a fixed
point index and for which the Lefschetz fixed point theorem is true.

1. Preliminaries.

1.1. Admassible maps and compact attractor. Consider the map f: U —» X
where U is an open subset of X. Denote by Fix(f ) the set of fixed points
of f (that is

Fix(f) = {x € U: f(x) = x}).

(1.1.1) Definition. A map f: U — X is called admissible provided (i)
U is an open subset of X and (ii) Fix(f) is compact. A homotopy
h: U X I — X is said to be admissible provided (i) U is an open subset
of X and (ii)

Fix(h) = U {Fix(h,): t € I}
is compact.

In this paper, we shall make some use of the notion of compact attractor
which is due to Nussbaum [13].

(1.1.2) Definition. Let X be a topological space and f: X — X a con-
tinuous map. A compact nonempty subset M C X such that M is
f-invariant (i.e., f(M) C M) will be called a compact attractor for f if,
given any open neighbourhood U of M and any compact subset K C X,
there exists an integer n = n(K, U) such that f™(K) C U for m = n.
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In the above situation, we say that M aitracts the compact subsets of X.

1.2. Leray endomorphisms and generalized Lefschetz number. In this
paper, we shall make an essential use of the notion of the generalized
Lefschetz number in the sense given by Leray [11]. This notion has
proved to be of great importance in fixed point theory (cf. [7]).

Let E be a graded vector space over the field of rational numbers, ¢
an endomorphism of degree zero of E and

N(¢) = U {ker (¢"): n > 0}.

Then ¢ is said to be a Leray endomorphism if and only if E = E/N(¢)
is of finite type, that is (i) dim E, < oo for all ¢, and (ii) E, # 0 only
for a finite number of ¢. In that case, one defines

Tr (¢) = trace (¢)

where ¢: E — E is the induced endomorphism.

Let H denote the singular homology functor with rational coefficients,
and f, denote H(f ), where f: X — X is a continuous map; f is said to
be a Lefschetz map if and only if fi is a Leray endomorphism and, in that
case, the generalized Lefschetz number of f is defined to be

A(Sf) = Zq (—=1)?Tr (fao)-
The reason for using singular homology is that it has compact support.

1.3. Measure of non-compactness. The notion of ‘‘measure of non-
compactness’’ is due to Kuratowski (9, 10].

Let (Y, d) be a metric space. We define the measure of non-compactness
v(Y) of Y to be

v(y) = inf {r > 0: 3 a finite covering of ¥ by subsets of
diameter at most r}.

Notice that y(Y) < o if and only if ¥ is bounded. Let f: X — Y be
a continuous map where (X, d’) and (Y, d) are metric spaces. We define
the measure of non-compactness v(f) of f to be

v(f) = inf {k: v¥(f (4)) = kvx(4) forall 4 C X}.

This measure of non-compactness satisfies a number of properties (cf.
[9, 13]) among which are the following

(1.3.1) A C B C Y implies that y(4) £ v(B).

(1.3.2) 0 £ v(Y) £ 6(Y) where 6(Y) is the diameter of Y.
(1.3.3) v(4) = v(cl 4) where cl 4 denotes the closure of 4.
(1.3.4) v(4 U B) < max {y(4), v(B)}.

(1.3.5) If g: Y — Z is a continuous map, y(gof) < v(g) v(f).
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Furthermore, if Y is a linear normed space, we have the following

(cf. [2]):
(1.3.6) v(4 + B) = v(4) + v(B).
(1.3.7) v(co A) = v(4) where co 4 denotes the closed convex hull of 4.
2. Compacting maps.
2.1. Compacting families.

(2.1.1) Definition. A family {4 ;} ;¢ of closed subsets of X is compacting
provided

(1) Nier4; = A4 is compact and

(i) for each open subset U C X with A C U there exists a finite subset
J of I such that Ny, 4; C U.

(2.1.2) ProrposITION. If X is compact, any family of closed subsets of X
15 compacting.

Proof. Since N1 A; = A is closed, it is compact. Let U be an open
neighbourhood of 4 in X. Ther {4, N € U} i; (where € U denotes the
complement of U in X) is a family of closed subsets whose intersection
is empty. Hence there exists a finite subset J C I such that

Nies (A;NFU) = 0.
Consequently, we get
Nies 4; C U.

(2.13) ProrosiTION. Let {A 1} icr be a COmPaCt’l:ng fam’lly and {B,} i€er
be a family of closed subsets. Then {A ;M B} ic; ts compacting.

Proof. Since
Nier A:NB)=BCA4

it is compact. Let U be an open subset such that B C U. Since the
family {4 M 4, M B} is compacting in 4 (by (2.2)), there exists
J C I such that

(Nics AiNBY)YNACANUCU.

Let V=% (Nis (A4:NB,)). Then A C U\J V and U\ V is open.
Since {4} is compacting, there exists J' C I such that

Niesr A: CUVY V.
Consequently

Niecsua AiMN B C Nierr Ai M (Nies (4N By))
CUYvVyN¥vCu.

https://doi.org/10.4153/CJM-1982-006-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-006-3

NUSSBAUM'S FIXED POINT INDEX 47

(2.1.4) ProrosiTION ([9]). Let X be a complete metric space and {A ;} ien
a family of closed subsets of X such that

(1) A; C Ay foralli
(ii) lim ., v (4 ) = O.
Then {A i} en is compacting.
(2.1.5) PrROPOSITION. If {4 } N 2s compacting, then

limyN4;=0.

N i=1

2.2. Compacting maps.

(2.2.1) As in [14], we shall write X € & if X is a closed subset of a
Banach space from which it inherits its metric and if X has a locally
finite covering {C,: a € A} by closed, convex sets C, C X.

If furthermore A is finite, we shall write X € % ,.

Note that if X € &, it follows that X is an absolute neighbourhood
retract (X € ANR).

(2.2.2) Definition. Let X € & and f: U — X be an admissible map.
Then f is a weakly compacting map if there exists a compacting decreasing
sequence K, € &, of subsets of X and an open subset W of U such that

(2.7.1) Fix (f) CWCK,

(2.7.2) f(WNK,) C K11

If, in addition, there exists ¢, > 0 such that
f(WN N, (K,)) C Ky foralln € N,

we say that f is a compacting map. If in addition for any compact subset
M of U, with Fix (f) C f(M) C M, we can choose W such that
M C W then we say that f is a strongly compacting map.

The following proposition gives an example of compacting maps. We
shall assume that f: U — X is an admissible map.

(2.2.3) PROPOSITION. Let X be a subset of a Banach space and f: U — X
be a k-set contraction with k < 1. Then f is strongly compacting.

Proof. Let a be a finite covering of M 2D Fix (f) by open balls such
that the closure, cl (\U {B: B € a}) is contained in U. Define

K, =\U{clB:BE€ a}
and

W = int (K;) N f~! (int (K;))

where int (K;) denotes the interior of K.
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Then Fix (f) C M C W C K,. Take k < 1 such that y(f) < %k and
choose k/, ¢; such that 2 < k' < 1 and

B — k
€ < _Tk_ v(Ky).

Then

Y(f (WM N, (k1)) < ky(WN N, (K1)

ky(Ne (K1)

2e1 b + ky (K1) < k'y(K)).

Hence f(W M N, (K1)) is a finite union of sets with diameter less than

k'y(K;). Define K, to be the union of the convex closure of these sets.
Thus

FWN N, (K1) C Krand v(K2) = kv (Ky).

Repeating this procedure, take ¢, < 3(k’k~! — 1)y (X,) for each integer
n, and we obtain

'Y(Kn+1) é k/'Y(Kn)-
Then
lim, o, v(K,) £ lim,_ ., ¥ v(K,) = 0.

=
=

Il

Hence, by (2.1.4), {K,} is compacting. Thus f is compacting.

(2.2.4) Defination. Let f: U — X be a continuously Fréchet differen-
tiable map and let D C X. Then f is D-homogeneously eventually con-
densing if there exists B > 0and m € N such that for any {x¢, x1, . . . , X}
C Uwithx;y — f(x;) € Dforalli =1, ..., m, we have

v(Df(xy) o Df(x1) 0...0Df(xp)) < k < 1.
(2.2.5) LEMMA. Define ¢: X™1 — Y™+ by

YOmy -y %) = (fFC. . (flx) +31) .. 0)

+ ym—l) + Vmy o o oy f(x) + Vi, x)
then

Y(Dn X U) N U™
= {(x0...%n) € Ui,y — f(x;) € Dforalli=1...m}.
Proof. By the definition of ¢, since
FCC o (fE) o) + o) +ye0) + s
—flfC.(flx) +31)..) + ¥yl =v: €D

we have the first inclusion. Now take (xo...x,) € U™ with x;_; —
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f(x;) € Dforallt =1,...,m. Define
Vi = %n—i — f(¥ns-1).
Then we can prove by induction on ¢ that
X = f( .. (fG) +y1) +...) + ya
Thus we have equality.

(2.2.6) LEMMA. Let f: U — E be D-homogeneously eventually condensing.
Then for any compact subset M of U and for any e > 0, there exists a
neighbourhood V of M and r > O such that A C V and 64 < r imply

IR:(a) — R, (b)|| < e |la — bl for all x,a,b € A

where §(A) denotes the diameter of A and R (a), the remainder term in
Taylor's formula at the point x. Thus

f(4) C Nega (f(x) — Df(x) (x) + Df(x)(4))-
Proof. We know (cf [3] p. 164, 8.6.2) that co {a, b} C U implies

*) [Re(a) — RB)[| = | f(a) — f(b) — Df(x)(a — b)|l
< lla — bl sup { [ Df (x) — Df()]: ¥ € co {a, b}}.

So, since f is continuously Fréchet-differentiable, choose x;, ..., x,
and 4y, ..., d, such that

(1) Ny, (x) CU

(2) ¥y € N, (x:) implies |[Df(y) — Df(xs)]] < ¢/2

B) V=UINs (x5):2=1,...,n} DO M.

Putr =min{é;:2=1,...,n}. If 4 C V and 64 < r, we have
A M Ny; (x;) # 0 for some ¢;

hence A C Ns;154 (x;), thus
co A Cecl (Ns;ysca, ) C Niogyr (x;) C Nas, (x;) C U.

However if x, ¥y € Nas, (x;) we get

[Df(x) — Df()| = |Df(x) — Df(xd)ll + [IDf(x:) — Df )]l
+

IA

IIA
pOm

= €.

NN

Hence

sup {[[Df(x) — Df()|l: ¥ € co 4 C Nas; (x4)} £ e.
That is, using (*), if x,a,b € A, we get

[Re(a) — R,(0)]| < e lla —b.

https://doi.org/10.4153/CJM-1982-006-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-006-3

50 G. FOURNIER AND R. FOURNIER

The second part of this lemma is evident from Taylor’s formula.

(2.2.7) LEMMA. Under the assumptions of (2.2.6), there exists a neigh-
bourhood V' of M and s, k > 0 such that 64 < s implies that 6f (A) < kéA
forall A C V".

Proof. Denote
k=14 sup {[Df()]: x € M).

Then there exists an open neighbourhood W of M such that x € W
implies that || Df(x)| < k. Since Fix (k) is compact, there exists s > 0
such that Ny, (M) C W. Put V' = Ny(M). Then, if 4 C V' and
84 < s, it follows that cod C N, (M) C W. Hence by [3, p. 164,
8.5.4], we get

/&) = fO)II = llx — 3 sup {[|Df(a): @ € co {x,y} C co A4}

<
S klx — vl
for all x, ¥y € 4; that is §f(a) < kSA.

(2.2.8) LEMMA. Assume that f: U — X is D-homogeneously eventually
condensing where D is a compact subset of X. Then there exists a finite
union E of closed convex subsets of X such that D C E and f is E-homo-
geneously eventually condensing in a neighbourhood of any compact M C U.

Proof. Choose 1V an open subset of U such that
MCVCdVCU.
Consider the function ¢: U™+t — R+ defined by
o1, ..., %m) = Y(Df(x0) 0. ..0Df(xn));

since f is continuously (Fréchet) differentiable, ¢ is continuous. Hence
¢~ [0, k) is an open subset.

Now consider the map ¢: X™t1 — Y™+l where YV is the whole Banach
space, defined by

+3’m, ,f(x) +y1,x):

it is continuous. Furthermore by (2.2.5), we have that
Y(D™ X U) N\ U™ C ¢71 0, k),
thus
D" X MCD"XUCY (UM e¢[0,k)\J €lcl V1] = W
which is open. Since D™ X M is compact there exists ¢ > 0 such that
N.(D" X M) CW.
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The norm of the product being

Ny« oy 1, 90)|| = (:Zoyiz)l/z

choose 0 < s < € (m + 1)~1/2 such that N,(M) C V. Then
(Ns(D)™ X No(M) C N(D™ X M)) C W.
Thus
V(N (D))" X Ny(M)) N (N (M) C U™ M ¢~ [0, k) Co~ [0, %),

that is f: N;(M) — X is N,(D)-homogeneously eventually condensing.
Let a be a finite covering of D by balls of diameter less than s/2; then

E=\U/{cAd|4€a} CN D)
and so E is the set we were looking for.

The following proposition for f, the zero constant map, and g, a self
map, is due to Nussbaum (3, 367 Corollary 9]; if f is the zero constant
map, it is due to Nussbaum [14] and Eells-Fournier [5]. If g is a linear
map it is due to Nussbaum (12, p. 225, Corollary 3]; in fact, in this
particular case, if f is compact and g is eventually condensing, the
conclusion of (2.2.9) always follows.

(2.2.9) ProvrosITION. Let f, g: U— X be two maps such that g is
compact and f is clg(U)-homogeneously eventually condensing. Then
h = f 4 gis a strongly compacting provided Fix(h) is compact.

Proof. By (2.2.8), we may assume that U has the property that
f: U — X is E-homogeneously eventually condensing, where cl g(U) C E
and E is a finite union of closed convex sets.

Since f is continuously differentiable and M is compact, with
Fix (b)) C f(M) C M, we define

d =1+ sup {[|[Df(x)[]: x € M}
and the open subset
V' = {x: |Df(x)|| < d} O M.
Now let m and k be as in (2.2.4) and take ¢ such that
1<t < kY
then1 — k¢ > 0. Let V and » be as in (2.2.6) and choose ¢ > 0 such that
(2.29.1) e< 2d"(t+ 4)m + 2t + 2d + 6)~1 (1 — kt).
Finally choose ssuch thats < 1,5 < ed~'and 7’ = d(M, € V) — sr > 0.
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Now define
U =N, (M)ynv.
Notice that
(2.2.9.2) |IDf(x)] < d < ¢/s
forallx € U’ C V' and
(22.9.3) N (U') C Ngpyr (M) C V.

We may now proceed with the inductive construction of the K,’s.
Choose A; a finite set of closed convex subsets of U’, the union of
which is a neighbourhood of M and such that 4 € 9, implies that

§(A) <r(t+ e+ 2s) .

Put K; = U and W = int (K1) N k7! (int (K;)). Then W is an
open set and Fix (k) C W C K;. We may assume that 4 € U; implies
that

8(4) < ty(Ky).
Notice that
B(N ey (K1) NYW) C (W) C K.

Now assume that %, ..., U, and K; = U NA, ¢ =1,...,n) are
defined and satisfy the properties (i) 4 € U; implies that 6(4) < ty(K,),
(ii) there exists A’ € A, such that

A Cf(Nyyxion (A') N W)
(iii) A(Ny@n (K) N W) Ch(W) C K, and (iv) K; C K.y for all
1=2,...,n Now let us define U, 1 and K, 11 = U A,41. Consider
(2.2.94) hr(Nyxn (Kn) W) Cf(Nayxn (Ka) N W) + cl g(W).

Since g is compact, let 8B,,; be a finite covering of cl g(W) by convex
subsets of E, of diameter less than ¢y (K,). Let 9,1 be a set of subsets
of f(Nyxn (K,) M W) satisfying the following property:
for each A € 9.1, there exists 4 € 9, such that
A Cf(Newn (4) N W).
Define
(22.9.5) Cu1=1{A4N (cod +B): A€ Apy1, 4 € A, and B € B}

and K,.1 = U €1 C K,. Since v(K,41) £ v(K,) (cf (1.3.2)) which is
finite, there exists a finite collection 9, of subspaces of K,,; such that
U D1 = Kyp1 and §(D) < ty(K,yq) for all D € D,41. Define

(2.2.9.6) U1 =f{coDNC: C€ Gu1and D € D,44}.
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Then if 4 € U,44, it follows, from (1.3.7) and (2.2.9.6), that
(2.2.9.7) 8(4) < 8(co D) = 8(D) < ty(Kps1)
for some D € D,,;. Clearly U %,,; = K, ;1. Since
h(Nsyxw (Ka) N W) C K,
we get (using (2.2.9.4) and (2.2.9.5))
h(Noyxn (Ka) N W) C K1 C K,
hence
(N sy 1) (Kng1) N W) Ch(Noya (Kz) N W) C Ky
It remains to show that
lim,,, v(K,) = 0.
But
(22.9.8) 7(Ku41) < max {y(cod + B): 4 € 9,41 and B € B4}
max {y(d) + v(B): 4 € %,1and B € B,.1}
max {v(f(Noy&n (4) N W)) + ev(K,): 4 € A},

Notice that K; C K;_i, hence v(K,) < y(K,) for all » and by con-
struction, if 4 € ¥, there exists A" € A,_; such that 4 C 4’, con-
sequently we have that 6(4) < ty(K,) for all 4 € U,. But

v(K;) < max {84] 4 € Ay} <7t + e + 25)7!
thus

$(Nyyxn (4)) = (t+ 25) v(K1) <.

Furthermore, since K, C K; C U’, we obtain using (2.2.9.3), that
(22.9.9) Ny&, (4) C N, (4) C N, (U)C V.

Hence if 4, € ¥, it follows from (2.2.9.9) and (2.2.6), that
(2.2.9.10) f(Ngyxn (do) N W)

C Nescan+2esyaa (f(x0) + Df(x0) (x0) + Df (x0) (Nyxmy (40)))
for any xy € Ao. Then from (2.2.9.2), (2.2.9.8) and (2.2.9.10), we get,
for all xy € 4,

(2.2.9.11) v(Kpt1) = maxgoen, ¥(Df (%0) (Nsyxnm (40)))

+ 2e8(Ao) + 4esy(K,) + 2ev(K,)
< maX 4 ew, Mingey, v (Df (x) (4o)) + (2ds 4+ 2t + 4s + 2) ev(K,)
< maxyen, Mingex, ¥ (Df (®) (4o)) + (24 + 2t + 6) ev(K,)

for all # > 0. However, there exists 4; € A,_; and B; € B,_; such that

IIAIATIA
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for any x; € A, and any b, € B;, we have using (2.2.9.10), the con-
struction of B, and (2.2.9.7) that
(2.2.9.12) Ao C f(Nyxos (A1) N W) + B,
C Bi+ N,, (f(x1) + Df(x1) (x1) + Df (1) (N sy (xn-1 (41)))
C Nop (01 + f(x1) + Df(x1) (%1) + Df(x1) (Nyixn-ny (41)))

where

7 = ed(41) + 2esv(K,1)
and

7y = €(t + 14 2s5) y(Ky-1).

Furthermore any xo, € 4, can be written in the form xo = f(x) + b for
some ¥ € Ny k.- (A1) and some b € B;. Hence we may assume that
xo = f(x1) + b1. We can repeat this process and obtain the same inclusion

((2.2.9.11)) for the sets Ay, ..., Ap, B1, ..., By
%3 € Neygn-y (A;) C Uand b; € B,

such that
flxe) + by = x4

fort =1, ..., m < n Denote, for some 7 £ m,

¢ = Df(x0) 0...0Df(x,-1);

then by (2.2.9.2), ||¢| < d*! < d™. Hence, by (2.2.9.12) and the fact
that v (K.) < v(K;) for any 8 < «, we have

(2.2.9.13) v(¢(4i-1)) £ ¥(@NVetrrr20vmn-o (b + f(xe) + Df(xs) (x4)
+ Df(x4) (Neyxa-0 (40))))
v(Ny, (¢(b:) + ¢ 0 f(x:) + ¢ 0 Df(xy) (x4)
+ ¢ 0 Df(x1) (Noyxn-n (44))))
2d™ e(t + 3) v(Kn—1) + (¢ 0 Df (%) (Nyxa—o) (44)))
24" (e(t + 3) + [[Df (x i) [Is) v (Kn-i) + ¥(¢ 0 Df(x:) (44))
2d" €(t + 4) v(Kp-m) + v(¢ 0 Df(x:) (44))

IIA

A A NIA

where

rs = |¢]l e(t + 3) v(Kn-s)
Applying the previous inequality successively, we obtain
v (Df (x0) (A0)) < 2md™ e(t + 4) ¥ (Kpm)
+ v(Df(xo) 0 ... 0 Df(x) (Am))
< 2md™ e(t + 4) v (Ku-m) + k8(4n)
S [2md™ et + 4) + kt] v (Ko-n)
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by (2.2.9.7) and (2.2.4). Hence, it follows from (2.2.9.11), that
Y (Kny1) S [e(2md™ (¢ +4) + (24 + 2t + 6)) + kt] v(Kon)-

Put L = €[2md™ (¢t + 4) + (2d + 2t + 6)] + kt, then by (2.2.9.1), L < 1.
Hence

Y (Kn+1) < Ly (Kn-m)

with L < 1. Since » > m is arbitrary and v(K,) < v(K,) for all #, it
follows that

limn—;oo 'Y(Kn) = 0.

(2.2.10) Examples. Here we give some examples of D-homogeneously
eventually condensing maps f: U — X.

1) f is linear eventually condensing and D any subset of X (cf. [12]).

2) f is eventually condensing and f(x + y) = f(x) for all y € D.

3) There is a sequence {E;};=1..., and £, L > 0 such that

a) E, is the whole Banach space

b) Df(x) (E;) C Eiy1 which is a linear subspace of E; for all 7 = 1,
...,nm—1landallx € E;

c) Y(Df (%)|z,) <k < 1lforallx € E;

d) y(Df(x)) = L for all x.
Then f is D-homogeneously eventually condensing for any D C X.

4) If conditions 3(a)-3(c) are satisfied and if D and M are two compact
subsets of X then there exists ¢ > 0 such that

fi N(M) > X
is D-homogeneously eventually condensing.

3. Fixed point index. The main reference for this section is [14].

(3.1) Suppose that U and Y are open subsets of a space X € % such
that U C Y and f: U — Y is a continuous map. Assume that Fix (f) is
compact (possibly empty). Suppose there exists a bounded open neigh-
bourhood W of Fix (f), W C U, and a decreasing sequence of spaces
K,C Y, K, €%, such that

3.1.1) KD W,;
(3.1.2) f(IWNK,) C Ky1;
(3.1.3) lim,,, v(K,) = 0.

(3.2) Definition (Nussbaum). If the above conditions are satisfied for
some W and some decreasing sequence {K,} we say that f belongs to the
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fixed point index class, and we define
ind (V,f, U) = lim,, ind (K,, f, WN K,).
If K, is empty for some n, we take ind (Y, f, U) to be zero.

Note that a map f: U — ¥ which has a compact set of fixed points
and is weakly condensing (in the sense of [5]), is weakly compacting and
belongs to the fixed point index class. The fixed point index defined in
the above generality satisfies the familiar properties: e.g., the excision,
additivity, fixed point and contraction properties. Since the properties
of normalization, commutativity and homotopy have special hypotheses,
we write them here. We need one more definition.

(3.3) Definition (see [6]). Suppose that X € %, Y is an open subset
of X and f: Y — Y is a continuous map. Let M C ¥ be a compact,
f-invariant set. Assume that there exists an open neighbourhood W of M
and a decreasing sequence of sets K, ¢ %, K, C Y, such that K, O W,
f(IWNK,) C K,41 and lim,__ v(K,) = 0. Then we say that f: YV - V
has property (&) in a neighbourhood of M.

Note that a strongly compacting map has property (¢) in a neigh-
bourhood of any such M. We have the following properties.

(3.4) Normalization. Suppose that X € %, Y is open in X, and
f: ¥ — Y is a continuous map which has a compact attractor M. Then,
if f has property (¢) in a neighbourhood of M, f belongs to the fixed
point index class, f is a Lefschetz map, and

ind (X,f,Y) = A(f: Y- Y).

(3.5) Commutativity. Suppose that X, ¥ € &, that U and V are open
subsets of X and Y respectively and that f: U — Y and g: V — X are
continuous maps. Assume that

S={xe (V) goflx) = x}
is compact (possibly empty), so that

T'={yecg(U):fogly) =y}
is compact. Assume that there exists a decreasing sequence of sets
A, € ¥4, A, C X,indexed by nonnegative even integers and a decreasing
sequence of sets B, € %, B, C Y, indexed by positive odd integers with
the following properties:

3.5.1) f(UM A,) C By and g(V N\ B,y1) C Anye for all even
integers n = 0.

(3.5.2) Ay contains an open neighbourhood of S and B, contains
an open neighbourhood of 7.

3.5.3) lim,,, v(4,) = 0 and lim,_, v(B,) = 0.
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Then it follows that
ind (X, gof, f~1(V)) = ind (¥, fog, g*(V)).
(3.6) Homotopy. Suppose that X € #, U, Y are open in X, and
h: U X [0,1] — Y is a continuous map such that
S = {x € U: there exists ¢ such that h,(x) = h(x,t) = x}
is compact. Assume there exists a bounded open neighbourhood W of S
with W C U and a decreasing sequence K, € %, K, C Y, such that
Kl D Wy h((Wn M Kn) X [Ov 1]) C Kn+1 and limn-)oo 'Y(Kn) = 0.
Then ind (Y, k,, U) is defined and constant for 0 < ¢t < 1.
Furthermore this index has the following properties.

(3.7) ProrosiTioN (Product). Let f: U— X and g: V — Y belong to
the fixed point index class. Then
ind (X X V,fXg UXV)=1ind (X,f, U) ind (Y, g, V).

Proof. Let W and W’ be open neighbourhoods of Fix (f ) and Fix (g)
respectively such that ¢l W C U and ¢l W C U. Let K,, K,/ € %,
K, C X and K, C Y be two decreasing sequences of spaces satisfying
conditions (3.1.1)-(3.1.3). Then f X g belongs to the fixed point index
class since W X W’ and the sequence K, X K,’ satisfy all the required
properties (notice that y(4 X B) £ y(4) + v(B) provided the norm
of X X Y is defined by

16l = (el + Iyl

Finally if 7 of and =’ o g are admissible approximations of f and g
respectively, the map (r o f) X (7’ 0 g) is an admissible approximation
of f X g and

ind (X X V,fXg UXYV)
= limnaoo ind (Kn X K/, (7!' Of) X (7!'/ o g)r
(WX W) N (K, X K)))
= lim,,, [(ind (K, 7 of, WM K,))
X (ind (K,', 7" 0 g, W X K,'))]
=ind (X,f, U) X ind (¥, g V).
The following proposition extends the previously stated homotopy

property but only for compacting maps. The conditions are sometimes
easier to verify.

(3.8) ProrosiTioN (Homotopy). Let U be an open subset of X X I.
Assume h: U — X is a homotopy. Let H: U — X X I be the map defined

by
H(x,t) = (h(x,t),t).
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If H is a compacting map, it follows that
ind (X, ho, Us) = ind (X, ks, U,) forall t € I
= ind (X X I, H, U).

Proof. By (2.2.2), there exists an open subset W, ¢, > 0 and K,, € %
for all n such that

(3.8.1) Fix (H) C W C K;,
3.82) HWNN,, (K,)) C K,s1 CK,,
(3.8.3) lim,,, v(K,) = 0.

(1) Without loss of generality, it is sufficient to prove the first equality
for W = V X I. Infact, since Fix (H) is compact, it has a neighbourhood
of the form

U VX 1,CW

where V; is an open subset of X and I, is a closed interval for all 2 = 1,
., n.
Let us well-order the extremities of the I;, say {fo, ..., tn}, where
t; < tiv1. We may assume that ¢y = 0: otherwise Fix (ko) = @ and
U%-1 V; X I, being a neighbourhood of Fix (H), it follows that

Fix (H) N (X X {t}) = 9,
that is Fix (k,) = @ and consequently
ind (X, ho, Uo) = ind (X, htoy U()) = 0.

For the same reason, we may assume that ¢, = 1.
Now define W; = \U {V;: t;, ¢t;1 € I;}; it follows that

Wj X [t]'_l, t]] C Ul Vi X ]1.
Furthermore
ViX I,C Ul W; X [tj—1, t5]
Pt
since there exists jo, j; such that I; = [t,,, t;,]. Hence
k.)l V1 X Ii = Ul Wj X [tj—ly lj]-
i= i=

Now W; X [t;-1, t;] has the required form and satisfies the required
hypothesis. Thus, if

ind (Xr htj_u Utj—l) = ind (Xv htjy Utj)

https://doi.org/10.4153/CJM-1982-006-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-006-3

NUSSBAUM'S FIXED POINT INDEX 59

forallj =1, ..., m it follows that
ind (X, ko, Uo) = ind (X, hy, Uy).

(i) Now, we shall prove that ind (X, k,, U,) is a constant. In fact,
since K, = M {K,: n € N} is compact and

Fix (H) N\ (K.\W) = 8,
we know that
r=sup{lly — Hy)|: y € (K:\\W) N\ K.} > 0.
Hence
W' =Ay: ly — H(Y)[| > r/2} D (K:\W) N K.
Notice that K, C WU W’: in fact, since K, C K; it follows that
K, C (K\W)UW
and consequently we have
K, C((KN\W)NK,)UWCW\UW.

Now take ¢ > 0 such that N, (K,) C WU W and take n, such that
K, C N.(K,) for all n = ny. Then N.(K,) C W' \U W for all n = n,.
Choose n; = no such that v(K,) < r/4 for all n = n;; take p = n,,

p even, and let.2/,, be a finite covering of K, by closed convex subsets of
K, of diameter less than 7/4. Choose s such that

i\

s < min {r/4, ¢, ep/4, 1/p}.

Take ¢y € I and consider the interval J = [, t¢ + s].
For all 4 € &7, define

A1 = cl {x: there exists ¢t € J such that (x, t) € A4}
and let 4; = A; X J. Then
A; Ccl Ny(4) C Ny (4) C Ny, (K,);
hence
HWNVU{4,: A € L,}) CK,.
Denote: K,’ = U {41: 4 € &}, then
K.+ CK,/, K, CK, XJC Ny, (K,)
and

v(K)) = v(K,) + & = v(K,) + nL
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Hence
HWN (K, XJ)=HWNVU{A4,: A € %,})
C KN\ (WXJ)CKppd XJ,
that is
r(VNK,)) C Kyt C K,/ forall ¢ € J and all n.

Furthermore Fix h, C V C K’ X J. By definition, since K,  is com-
pacting, we have that

ind (X, by, Uy) = ind (K, by, VI K}')

forallt € J. But h: (VN K,’) X J — K,/ is a homotopy without any
fixed point on the boundary, thus

ind (K,', by, VN K,') = ind (K,', by VO K,')

for all ¢t € J; that is ind (X, k,, U,) is constant for all ¢ € J. Since J is
arbitrary of length s, we get the conclusion.

(iii) Let us prove that ind (X, ko, Us) = ind (X X I, H, U). Define
H:B,=(UNXXI[0,sD)VUs; X [5,1] > X X I by

Y H@E, 0, ) ift=Zs
HS(xy T) B {(H(xv S)r 5) lft g S

It is sufficient to prove that there exists ¢ such that
ind (X, H,, B,) = ind (X, H,, B,) forall s, 7 with [s — 7| < e
Because, we would then have that H = H; and Hy = hy X 0

ind (X XI,H,U) =ind (X X I,hy X0, Us X I)
= ind (X, ho, Uy) - ind (I, 0, I)
ind (X, ho, Uo)

by (3.7) and (3.4) since 0 is a constant map.
Take ¢ < e;. Without loss of generality, by (i), we may assume that
r —s<eands,r € [t_,t,] for some j =1, ...,m. Put

Us = (Wi X [to, h]\J ... J W,y X [tjmg, tm1]\ I W, X [tj—1, 1]) X T
and define H*: U*—> X X I X I by
Hs(xv t t’) = (H(l—t’)s+t’r(xy t),t).

It is sufficient to prove that H® is compacting, since by (ii) we would
have the conclusion.

Furthermore since Fix H is compact and thus U ,¢; Fix &, is compact,
since X € &, by excision, we may assume that X € & ,.
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Now define
D, ={t¢t):t< (A —4¥)s+ tr}
and
Ei=[KiXINX X D;]Jand K, = E, forn = 2
and
Ky = E,\J (¢7(E1)) N [X X (I\Dy)]
where
o(x, t, ') = (x, A —t')s+ t'rt).

We have that K,* € & : since K, € % and since the finite product or
the intersection of closed convex sets is closed and convex, we obtain
that E, € & o; since ¢: E X I? > E X I?, where E is the whole Banach
space, satisfies

¢(a(xy tr t/) + (1 - a’) (xlr tl! tl,))
= ad’(xy t! t’) + (1 - (l) d)(xly tly tl,)

we obtain that the inverse image of a closed convex set is closed and
convex, thus K;* € % ,.
Define

A=[WXINX XD,V [p— ' (WX INX X Dy)

N X X (I*\Dy)]
and

We =intA N U".

We have that W* C 4 C K,*. Notice that H*(U®) C X X D, and so
Fix H* C X X D,, thus

Fix H* C (Fix H X I) N (X X D,)

and is a compact contained in the interior of (W X I) N (X X D) in
X X Di. Furthermore since ¢(X X I?) C X X D, we get that

o'W X INX X D)NX X (I*\D,)
is open in X X (I?\D;); moreover it is a neighbourhood of
Fix H* N\ [X X (I*\Dy)] = Fix H* N\ (X X dDy,)

since ¢ is the identity on X X dD,. Thus Fix H®* C int 4 and W?* is an
open neighbourhood of Fix H® in X X I X I. Since K,;; C K,* and
v(K,*) £ v(K, X I) = v(K,), it remains to prove that

H (K, N\ W) C Kipn.
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Butif n = 2,

HY(K, N\ W) CHWNK,) XI)N (X XD,
CKn+1XImXXDs=KfL+1.

Similarly H*(E. N W*) C K,*. Furthermore

Hi(¢ ' (W X I) N\ (X X Dy)) VX X (I*\Dy))
C H (WX I)X (X XDy))
C H3(E, X W*) C K,*.

Thus we have H*(K:* N W*) C K,*.

Thus except for the commutativity property all the preceding results
have nicer statements for the class of strongly compacting maps.
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