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Abstract

Let Xi, Xi,..., XN be Banach spaces and \jf a continuous convex function with some appropriate
conditions on a certain convex set in K^"1. Let (Xi ©X2ffi- • -(&XN)t be the direct sum of X\, X2 XN

equipped with the norm associated with f. We characterize the strict, uniform, and locally uniform
convexity of (X\ © X2 © • • • © XN)j, by means of the convex function \jr. As an application these
convexities are characterized for the ^,,,,,-sum (X! © X2 ffi • • • © XN)pq (1 < q < p < 00, q < 00),
which includes the well-known facts for the ip-sam (Xx © X2 © • • • © XN)P in the case p = q.

2000 Mathematics subject classification: primary 46B20,46B99, 26A51, 52A21, 90C25.
Keywords and phrases: absolute norm, convex function, direct sum of Banach spaces, strictly convex
space, uniformly convex space, locally uniformly convex space.

1. Introduction and preliminaries

A norm || • || on C is called absolute if | | ( * , , . . . , zN)\\ = | | ( | z i | , . . . , |z*|)| | for all

( z i , . . . , zN) € C , and normalized if | | (1, 0 0)|| = • • • = ||(0 0, 1)|| = 1

(see for example [3, 2]). In case of N = 2, according to Bonsall and Duncan [3] (see

also [12]), for every absolute normalized norm || • || on C2 there corresponds a unique

continuous convex function \)r on the unit interval [0, 1] satisfying

max{l - / , / } <
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under the equation ^ ( 0 = 11(1 - t, t)\\. Recently in [11] Saito, Kato and Takahashi
presented the TV-dimensional version of this fact, which states that for every absolute
normalized norm || • || on CN there corresponds a unique continuous convex function
t/f satisfying some appropriate conditions on the convex set

under the equation V ( 0 = fl ( l - E 7 = / t},h,..., tN_x)\.
For an arbitrary finite number of Banach spaces X\, X2,..., XN, we define the

rfr-direct sum (Xt © X2 © • • • © XN)$ to be their direct sum equipped with the norm

Mxux2,...,xs)\\f = | | ( | |* i | | , | | J C 2 | | , . . . , | | J C * | | ) | | , for xj eXj,

where \\ • \\$ term in the right-hand side is the absolute normalized norm on CN with
the corresponding convex function V- This extends the notion of £p-sum of Banach
spaces. The aim of this paper is to characterize the strict, and uniform convexity of
(Xi © X2 © • • • © XN)+. The locally uniform convexity is also included. For the
case N = 2, the first two have been recently proved in Takahashi-Kato-Saito [13] and
Saito-Kato [10], respectively. However the proof of the uniform convexity for the
2-dimensional case given in [10] seems difficult to be extended to the TV-dimensional
case, though it is of independent interest as it is of real analytic nature and maybe
useful for estimating the modulus of convexity. Our proof for the N-dimensional
case is essentially different from that in [10]. As an application we shall consider the
^,,,-sum (Xi©X2©- • -©XJV), , , and show that (X]®X2®-- -®XN)p_q is uniformly
convex if and only if all Xj are uniformly convex, where 1 < q < p < oo, q < oo.
The same is true for the strict and locally uniform convexity. These results include
the well-known facts for the £p-sum (X! © X2 © • • • © XN)P as the case p = q.

Let us recall some definitions. A Banach space X or its norm || • || is called strictly
convex if ||JC|| = ||>>|| = 1 (x ^ y) implies ||(;c + y)/2|| < 1. This is equivalent to
the following statement: if ||jt + y\\ = \\x\\ + \\y\\, x / 0, y ^ 0 , then x = Xy
with some A. > 0 (see for example [9, page 432], [1]). X is called uniformly convex
provided for any e (0 < f < 2) there exists S > 0 such that whenever ||JC — y || > e.
||;t|| = ||y|| = 1, one has \\(x + y)/2\\ < 1 — 8, or equivalently, provided for any e
(0 < € < 2) one has 8x(e) > 0, where 8X is the modulus of convexity ofX, that is,

« x ( O : = i n f { l - | | ( x + y ) / 2 | | ; | | j c - y | | > € , ||x|| = ||y|| = 1} (0 < c < 2).

We also have the following restatement: X is uniformly convex if and only if, whenever
llJc.ll = lly.ll = 1 and IK*, + yn)/2|| -> 1, it follows that \\xn - yn\\ - • 0. X is called
locally uniformly convex (see for example [9, 4]) if for any x e X with |[JC || = 1 and
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for any e (0 < e < 2) there exists 8 > 0 such that if ||JC — y\\ > e, \\y\\ = 1, then
IK* + >0/2|| < I — 8. Clearly the notion of locally uniform convexity is between
those of uniform and strict convexities.

2. Absolute norms on C* and ^-direct sums (Xt © X2 © • • • © XN)+

Let A NN denote the family of all absolute normalized norms on CN. Let

AN = {(sus2 sN-X) e K"-1 :si+s2 + --- + sN_x < 1, Sj > O(V/)J.

For any || • || 6 ANN define the function \fr on A^ by

(1) f{s) = \\{l- sx sN_usu . . . , % _ i ) | | for s = (st sN_i) e AN.

Then \jr is continuous and convex on A^, and satisfies the following conditions:

(Ao) f(0,..., 0) = ir(l, 0, . . . , 0) = • • • = ir(0,..., 0, 1) = 1,

/ s \ sN-\ \

(A2) VC*i, ...,sN-i) > (1 - , . . . , 7
1 - Ji 1 -

Note that from (Ao) it follows that \jr(su ...,sN-\) < 1 on AN as xjr is convex.
Denote tyN be the family of all continuous convex functions \}r on AN satisfying (Ao),
(AO, . . . , (A^). Then the converse holds true: For any is e 4V define

(2) if (zu...,zN) ? fc(0 , . . . ,0) ,

0 if (zi ZA,) = ( 0 , . . . , 0).

Then || • ||^ e ANN and || • ||^ satisfies (1). Thus the families A N N and WN are in one-
to-one correspondence under equation (1) (Saito-Kato-Takahashi [11, Theorem 4.2]).

The lp -norms

if l<p < o o ,

if p = oo
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are typical examples of absolute normalized norms, and for any || • || e ANN we have

(3) H- I loo< l | - I l< l | - I l i

([11, Lemma 3.1], see also [3]). The functions corresponding to £p-norms on CN are

max | 1 - Yli=\ sj,su . . . , 5 W _| i | if p = oo

for(5i,...,%_,) € AN.

Let X\, X2,..., XN be Banach spaces. Let xfr e W\ and let || • ||^ be the correspond-
ing norm in ANN. Let (X] © X2 © • • • © XN)$ be the direct sum of Xu X2,..., XN

equipped with the norm

(4) l l(*i ,X2,. . . ,^)l l*:=ll( l |JCil l . 11*211,..., IIJCJVIDII* for xj eXj.

As is it immediately seen, (Xt © X2 © • • • © XN)$ is a Banach space.

EXAMPLE. Let 1 < q < p < oo, q < oo. We consider the Lorentz £p 9-norm
llzllP.9 = { T!J=xJ{<"p)~^*")Vq for z = ( z , , . . . , zN) 6 C", where {z/} is the non-
increasing rearrangement of [\ZJ |}, that is, z* > z^> • • • > z*N. (Note that in case of
1 < p < ^ < oo, || • \\pq is not a norm but a quasi-norm (see [6, Proposition 1], [14,
page 126])). Evidently || • II,,,, e ANN and the corresponding convex function \frp,q is
obtained by

(5) fp.qk) = 11(1-5, 5W_,, SU • • • , ^-OHp,,

(for 5 = (su...,sN^i) e AN), that is, || • ||p,, = | |-IUM. Let (X, ©X2ffi-
be the direct sum of Banach spaces X\,X2,... ,XN equipped with the norm

IK*!

we call it the lpq-sum of Xx, X2,.... XN. If p = q the £p p-sum is the usual <!p-sum

For some other examples of absolute norms on CN we refer the reader to [11] (see
also [12]).

3. Strict convexity of (X\ © X2 © • • • © XN)+

A function \j/ on AN is called strictly convex if for any 5, f € Aw (5 9̂  r) one has
f((s + t)/2) < (\j/(s) + \j/(r))/2. For absolute norms on €N, we have
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LEMMA 3.1 (Saito-Kato-Takahashi [11, Theorem 4.2]). Let \Js e **• Then (€N,
|| • ||^) is strictly convex if and only if\(r is strictly convex.

The following lemma concerning the monotonicity property of the absolute norms
on CN is useful in the sequel.

LEMMA 3.2 (Saito-Kato-Takahashi [11, Lemma4.1]). Let xj/ e WN. Let z = (z\,
..., zN), w = (wu ..., wN) € CN.

(i) If\Zj\ < \wj\forallj, then \\z\\+ < \\w\\+.
(ii) Let \fr be strictly convex. If\Zj\ < | Wj \ for all j and \ZJ\ < \Wj\ for some j ,

then | |z | | , <

THEOREM 3.3. Let Xu X 2 , . . . , XN be Banach spaces and let ifr e VN. Then
(Xi ffi X2 ffi • • • © XN)ij, is strictly convex if and only ifXit Xz, • • •, XN are strictly
convex and \{r is strictly convex.

PROOF. Let (Xt ®X2®- • -©X^)^ be strictly convex. Then, each X, and (CN, || •
are strictly convex since they are isometrically imbedded into (Xi © X2 ffi •
According to Lemma 3.1, ty is strictly convex.

Conversely, let each Xj and \jr be strictly convex. Take arbitrary x = (XJ),
y = (yj), x ^ y, in (X, ffi X2 ffi • • • ffi X ^ with ||JC||* = ||y||^ = 1. Let first
(lUill, • • •. 11**11) = (llyill, • • •. l l ^ l l ) . Then, if II* + ylU = 2,

2 = ||* +y\\f = 11(11*. + y,||, . . .

< IKIkill + llyill Ik*II + II^IDIU < 11*11* + llyll* = 2,

from which it follows that ||*y + yy || = ||*y || + H^ || for ally by Lemma 3.2. As each
Xj is strictly convex, Xj = kjyj with kj > 0. Since ||*; || = \\yj ||, we have kj = 1
and hence *;- = yj for all j , or x = y, which is a contradiction. Therefore we have
||* + y\\f < 2. Let next ( | |* , | | , . . . , ||*w||) ^ ( | |y , | | , . . . , lly^H). Since i/r is strictly
convex, (C^, || • | | , ) is strictly convex by Lemma 3.1. Consequently we have

II* + y lU = ||( | |*i + yill, • • •, ||*w + y N \ \ ) h

I b i I I . . . - . 11**11+ lly*

as is desired. •

Now we see that the function Vp,? m the above example is strictly convex if
1 < a < p < 00, q < 00. We need the next lemma.
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LEMMA 3.4 ([5]). Let {a,}, [p,) e$LN andotj > 0, # > 0. Let {a/}, {$*} be their
non-increasing rearrangements, that is, a* > a\ > • • • > ot*N and fi* > fi\ > • • • >
P*N. Then EJL, atjfij < ^ a*0*.

PROPOSITION 3.5. Let 1 < q < p < oo, q < oo. Then the function ^p,g given by

(5) is strictly convex on AN.

PROOF. Let s = (SJ), t = (tj) € AN, s ^ t. Without loss of generality we may
assume that

2 - (*i > • • • > SN-\ + tN-l > 0.

Put

a = (1 - 5, *„_„

T = (1 - /, rw_lt

Then by Lemma 3.4 we have

II II f/1 \<7
| | < 7 | | 9 = [(I — S{ — • • • — SN_i)H -

and | | T | | , < ^p,q(t). On the other hand,

+ E (|{<f + . + («' +
I 1/9

Since ^9-norm |, (1 < q < oo) is strictly convex and s ^ r, we have ||<r + T | | , <
IkII, + HTIIT Indeed, if \\a + r\\q = \\a\\q + \\r\\q, then a = kx with some k > 0
(note that a / 0, r ?fe 0). Hence s;- = jfer̂  for al l ; , and 1 - YX=\ S, = k(l- X)^"1 r,).
Therefore, it = 1 and we have s = t, which is a contradiction. Consequently,

cr + fp_q(t)

or ^p,o is strictly convex. •
By Theorem 3.3 and Proposition 3.5 we have the following result for the lp,,,-sum

of Banach spaces.
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COROLLARY 3.6. Let 1 < q < p < oo, q < oo. Then, lpq-sum (Xi ffiX2© • • • ©
Xfj)p,q is strictly convex if and only ifX\, X2,. • •, X\ are strictly convex.

In particular, the £p-sum (Xx © X2 ffi • • • © XN)P, 1 < p < 00, is strictly convex
if and only ifX\, X2, • • •, XN are strictly convex.

4. Uniform convexity of (Xi ffi X2 © • • • © XN)+

Let us characterize the uniform convexity of (X\ © X2 ffi • • • ffi XN)^.

THEOREM 4.1. Let Xx, X2,..., XN be Banach spaces and let xjf 6 VN. Then
(Xi(BX2(B- • -@XN)^, is uniformly convex if and only if X1, X2, . . . , XN are uniformly
convex and \jr is strictly convex.

PROOF. The necessity assertion is proved in the same way as the proof of Theo-
rem 3.3. Assume that Xu X2,..., XN are uniformly convex and V is strictly convex.
Take an arbitrary e > 0 and put

S : = 2SX(€) = i n f { 2 - ||* + y | | , : ||JC - y \ \ f > e , \ \ x \ \ f = \\y\\+ = 1 } .

We show that S > 0. There exist sequences {xn} and {yn} in (Xi ffi X2 ffi • • • ffi XN),j,
so that

(6) \\xn-yn\\t>€,

II*. IU = lly-IU = 1
and

(7) lim\\xH + yHU = 2-8.
n-»oo

Let xn = (x[n\ .. .,x(
N

n)) and yn = ( y , ( n ) , . . . . ytf). Since for each 1 < j < N,

\\x = | | (0 , . . . . 0, xf\ 0 , . . . . 0)||^ < \\xn\U = 1 and llyfll < WyJ* = 1 for all
n, the sequences {||jcy

<")||}n and {||y)n)||}n have a convergent subsequence respectively.
So we may assume that ||JCJB)|| -> ah ||y]n)|| -*• bj as n -> 00. Further, in the same
way, we may assume that

(8) Wxf-yfW-^Cj asn^oo

and

(9) \\x)n) + y]n)\\^dj a s / 1 ^ 0 0 .

Put*„ = EU \\Xjn)l Then II*-IU = Kn^(\\x{
2

n)\\/Kn,..., \\x^\\/Km) = 1. Letting
n —> 00, as \jr is continuous, we have

(10)
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Also we have

(11) II (*i

Next let n —>• oo in (6), or in

* . - y . * =

Mikio Kato, Kichi-Suke Saito and Takayuki Tamura [8]

(»)
x rfr

xj - y,
(n) II • • • • '

Then we have

(12) | | ( c , , . . . ,
Y/=i

by (8). In the same way, according to (7) and (9), we have

(13) || (d, dN)U = 2-S.

Now, assume that (ai,..., aN) ^ (b\,..., bN). Then, according to (10), (11) and
the strict convexity of \(r we obtain that

2 - S = Udu • • • - dN)\\t <\\(al+bu...,aN + bN)\\+ < 2,

which implies 8 > 0. Next, let (ai, . . . , a^) = (fci , . . . , fe/v). Since ( c j , . . . , cN) ^
( 0 , . . . , 0) from (12), we may assume that C\ > 0 without loss of generality. Then as

c, = Jim I**"' - y i
w | < Jim (^{"'H + lly^l) = a, + fc, = 2a,,

we have ai > 0 and

(14) 0 < — = lim
..(")

II*}"'!.
= lim

n-+oo

y\\n)

Indeed, we have the latter identity because

An)

II*}"'II

in)

II*}"'II \\y\n)\

< \\y[n)\
l l

= 0 as n —> oo.
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Since Xi is uniform convex, it follows from (14) that

d,
— = lim
a\ n-»oo = lim J V + ^ f l < 2,

whence dx < 2ax. Accordingly, by (13) and Lemma 3.2 we obtain that

2-8 = \\(dud2,...,dN)\\ +

< \\(2au a2 + b2, ..., aN + bN)\\^

= \\(a\ +bua2 + bz,...,aN + bN)\\ +

which implies <5 > 0. This completes the proof. D

The parallel argument works for the locally uniform convexity and we obtain the
next result.

THEOREM 4.2. Let ty e >IV Then (X, © X2 © • • • © XA,)^ is locally uniformly
convex if and only if X\, X2,..., XN are locally uniformly convex and iff is strictly
convex.

Indeed, for the sufficiency, take an arbitrary x 6 (Xi © X2 © • • • © XN)^, with
||x Wyf, = 1 and merely let*,, = x in the above proof. By Theorem 4.1 and Theorem 4.2
combined with Proposition 3.5 we obtain the following corollary.

COROLLARY 4.3. Let 1 < q < p < oo, q < oo. Then, lp<q-sum (Xi®X2®---®
^N)P,q is uniformly convex (locally uniformly convex) if and only ifXu X2, . . . , XN

are uniformly convex (locally uniformly convex).

In particular, the lp-sum (Xj ©X2©- • -®Xn)P, 1 < p < oo, is uniformly convex
(locally uniformly convex) if and only ifXuX2,..-,XN are uniformly convex (locally
uniformly convex).
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