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I. Introduction. In (1) we considered finite primitive permutation groups 
G with regular abelian subgroups H satisfying the following hypothesis: 

(*) H = A X B X C, where A is cyclic of prime power order pa ^ 4, B has 
exponent p13 < pa, and C has order prime to p. 

We remark that an abelian group fails to satisfy (*) (apart from the minor 
exception associated with the prime 2) if and only if it is the direct product of 
two subgroups of the same exponent. 

We showed in (1) that such a group G is doubly transitive unless it is the 
direct product of two or more subgroups each of the same order greater than 2. 
This was done by showing that (in the terminology of (3)) the existence of a 
non-trivial primitive Schur ring over H implies such a direct decomposition 
oiH. 

I t is our aim here to investigate these non-trivial primitive Schur rings in 
order to obtain information about the orbits of stabilizers of simply transitive 
primitive permutation groups. 

II. Schur rings and permutation groups. Throughout we use the 
following notation. The number of elements of a subset K of H is \K\ ; 1 is 
the identity element of H, K* the set difference K — {1} ; K is the element 
YlktK k of the group ring of H over the integers; the order of an element 
h 6 H is o(h) ; and G$ is the stabilizer of 8 in G. 

Definition 2.1. A Schur ring (S-ring) J/*7 over a group H is a subring of the 
group ring of H over the integers such that for some partition of H into 
subsets {1} = So, Si, . . . , Sk, called basis elements, we have: 

(i) for each i there exists j with Sj = {h~l\ h G St}, and 
(ii) a group ring element x belongs to S^ if and only if for every i, all 

elements of St have the same coefficient in x. 

Definition 2.2. An S-ring is primitive if S* generates H for all i ^ 1. 

Definition 2.3. An S-ring over an abelian group H is rational if for every 
i and every integer a prime to \H\, we have Si = {hQ\ h G Si}, 

Definition 2.4. 5^ is trivial if it has the basis elements S0 = {1(, Si = H*. 

The following theorem which gives the basic connection between S-rings 
and permutation groups is due to Schur (2). 
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THEOREM 2.1. Let G be a permutation group with regular subgroup H, 
{5} = To, Tu . . . , Tk the orbits of G§, and Si = [h £ H\ ôh £ Tt}. Then the 
set 5f of all elements of the group ring of H which have constant coefficient on 
each Si is an S-ring over H. Moreover, 

(i) $f is primitive if and only if G is a primitive group, and 
(ii) $f is trivial if and only if G is doubly transitive. 

Throughout, H will denote an abelian group satisfying (*) and for K C H 
we use the unique representation k = abc with a £ ^4, b £ B, c £ C to put 
(as in (1)) Kx = {k £ K\ o(a) = p«], KY = {k £ K\ o(b) < o(a) < p«} and 
Kz = {k £ K\ o(b) à o(a)}. Thus K is the disjoint union of Kx, KY, and Kz. 

Although the results of (1) are stated in the language of permutation groups 
rather than S-rings, the following is proved there. 

THEOREM 2.2. Let ¥ be a non-trivial rational primitive S-ring over an abelian 
group H satisfying (*). Then H can be expressed as the direct product of two or 
more subgroups Hu each of the same order greater than 2, such that A is con­
tained in Hi, the union of the Hf is a basis element, and (Hf)x is empty for i ^ 2. 

III. The rational case. We assume now that ^ is a non-trivial rational 
primitive S-ring over an abelian group H with basis elements 

{1} = So, Si,. . . , Sk 

and that H satisfies the slightly stronger version of (*) obtained by replacing 
the hypothesis pa ^ 4 by a > /3 + 1 if p = 2. By Theorem 2.2 we have 
H = Hi X . . . X Hd with \Ht\ = \Hj\ > 2 for all i, j . We number the basis 
elements so that 

(t) Si = U H*. 
i= i 

Definition 3.1. The length 1(h) of h 6 H is the number of non-trivial com­
ponents in the expression 

d 

h = I T *<> hi€ Ht; 

i.e. 1(h) = \{i\hi 9* 1}|. 

Definition 3.2. For any permutation a of {1, . . . , d} and any integer j with 
1 ^ j fg d, we call Ha

3 = IT^=i Ha^)* the j-product associated with <J. 

The following lemma follows easily from the rationality of j ^ 7 ; see 
(1, Lemmas 3.1 and 4.1). 

LEMMA 3.1. Let S be a basis element of Sf and u an element of A of order p. 
Then 

se (SXU SY) - uC-^s-H £ S. 

This lemma states that all elements of (Sx KJ SY) — uC contribute to the 
coefficient of u in (S)2. Since A is a subset of Si, each x 6 (Si)x must have the 

https://doi.org/10.4153/CJM-1969-117-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1969-117-5


1064 R. D. BERCOV 

same coefficient in (S)2 as u. We now make use of this to obtain information 
about 5. 

LEMMA 3.2. Let S and u be as in Lemma 3.1, x G (Si)X} and {w, w~lu) C 5. 

war1 £HZ\J (uC) -» w-1^ G 5. 

Proof. Let m(x) and ra(w) be the coefficients of # and w, respectively, in 
(S)2. By the previous lemma, if s G 5 contributes to m(x) but not to w(w), 
it must belong to Sz ^ (wC). We have s~lx G 5 and s~lu G 5; hence, by the 
rationality of J?7, sx'1 G 5 and sw_1 $ 5. Since s-1:*; G Sx, we have by 
Lemma 3.1 that s~lxu G S. This means that s~lxu contributes to m(u) but 
not to m (x). Since u and x are fixed, the correspondence 5 —> s - 1 ^ is one-to-one. 
From m(x) = m(w) we conclude that if w contributes to m{u) but not to 
m(x), we must have w = s~lxu for some s Ç. SZ\J (uC); hence wx~1 = s~lu 
is in Hz VJ (uC). The lemma asserts the contrapositive. 

LEMMA 3.3. For each basis element S, all elements of S have the same length. 

Proof. If S is So or Si, it consists of all elements of length 0 (Definition 2.1) 
or 1 (see (f)), respectively. Let s G S have minimal length j > 1. Since 5 
has non-zero coefficient in (5i)*, this must be true for all elements of S. Thus 
every element of S has length at most j since it is the product of j elements of 
length one, and at least j by the minimality of j . 

LEMMA 3.4. Let v G 111=2 Hu a G A with o{a) = pa, and S the basis element 
in which av occurs. Then hv belongs to S for all h G (Si)x-

Proof, (i) We assume first that p ^ 2. Then by Lemma 3.1, w = a~lv~l 

satisfies the hypothesis of Lemma 3.2. We put x = a to obtain a2v G S. We 
note that by Theorem 2.2, a -1, or2, and h belong to Hi, hence to Si U }1). 
We have h = albc, with (i, p) = 1, b G B, c G C. A second application of 
Lemma 3.2 with w = ar^-ir1 and x = &-1A or w = a""2^-1 and x = a~2h, 
according as p does not or does divide i — 1, yields w~lx = to G S. 

(ii) Since 4̂ is contained in Hi and the groups H2, . . . , Hd have the same 
order as Hi, it is clear that B is non-trivial. Thus if p = 2, we have 
a > j8 + 1 ^ 2 and a2z; G # r — ^ C We again use Lemmas 3.1 and 3.2 to 
first obtain a2v G S (putting w = a~lv~x and x = a ) ; then hv G S (putting 
w = Û T V - 1 and x = a~2h). 

We remark that since by Theorem 2.2 every element of Hx is a product hv 
of some fe G (#i )x and some » G ÏII-,2 #*, Lemma 3.4 tells us that the basis 
element which has av has every element of Hx C\ HiV. This means that for 
any basis element S, if Sx C\ HiV is non-empty, it contains all of {Hiv)x. 

LEMMA 3.5. Let v, a, and S be as in Lemma 3.4. Then hv belongs to S for all 
h G Hi*. 
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Proof. We compute the coefficients m (a) and m(h) of a and A, respectively, 
in (S)2. Let 

W = \weYlHt\Hwn Sx ^ 0 f and IF' = f l #* - ^ 

By the rationality of «5 ,̂ we have IF = {w_1| w £ W\ ; thus a cannot occur 
in (H\W) (HiW). I t does not occur in [HiW]2 since at least one factor must 
have £-part of order pa in order that the product be equal to a. Thus m (a) is 
the coefficient of a in (H{W C\ S)2. For y G iifiï^ — S, we must have 3; G Hx 

and a^_1 G S by the remark following the previous lemma. Since y £ S holds, 
ay~l fails to contribute to m (a). Thus for each element of H\W — S we have 
an element of H{W C\ S which does not contribute to m(a). This means that 
m (a) is as small as possible, namely 

m{a) = \HXWC\S\ - \H{W - S\. 

Since a and h both belong to Si, we have m (a) = m (h). The contribution to 
m(h) from (ÎÏÏWTYS)2 is at least \H{WC\ S\ - \H{W - S\ and can only be 
this small if for every t G H\W — S, /_1A Ç S holds. Since v is in IF by 
hypothesis, the lemma can only fail if for some h G H±* we have 

t = hv e HiW - S 

from which it would follow that t~lh = v~x G S. Since av G S and l(v~l) = 
l(av) — 1, this contradicts Lemma 3.3. 

LEMMA 3.6. Let v, a, and S be as in the previous lemmas and let h be an element 
of length 1 in H such that l(av) = l(avh~l). Then avh*1 is in S. 

Proof. We denote by T the basis element in which avh~l occurs. Then 
a~lv~lh is also in T and h has non-zero coefficient in ST. Since h and a both 
belong to Si, there exist s G S, t G T with st = a. By Lemma 3.3, we have 
l(s) = l{av) and Z(J) = l{avh~l) from which it follows that l(s) = Z(J). Since 
s£ would have length at least 2 if there were a component in which one factor 
had a non-trivial entry and the other did not, and the only non-trivial com­
ponent of st is the first, we have for some hi G Hi* and some w G 111=2 Ht 

that 5 = h\W and t — ah^vr1. By Lemma 3.5 (with w in place of v) and the 
rationality of Sf, we see that s and t belong to the same basis element as aw; 
hence S = T. 

LEMMA 3.7. Let S be an arbitrary non-trivial basis element of Sf. Let s G S 
and k G H such that l(s) = l(k) and l(sk~l) — 1. Then k is in S. 

Proof. By Theorem 2.2 and the primitivity of S^, S has an element xv with 
x G (Hi)x and v G 111=2 Ht. By Lemma 3.4 we must also have av G S for 
any a £ A with 0(a) = pa. Lemma 3.6 now tells us that any element of length 
l(av) which differs from av in exactly one component also belongs to S. But 
these are exactly the elements which contribute to the coefficient n(av) of av 
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in SiS. Thus n(av) — l(av)(\H\ — 2) since in each component exactly one of 
the \Hf\ possible entries fails to differ from av in that component. Similarly, 
the coefficient n(s) of s in SiS is the number of elements of 5 which differ 
from s in exactly one component. All l(s) (|iJ*| — 2) of these elements, one of 
which is k, must belong to 5, in order that n(s) = n(av). 

LEMMA 3.8. Let S be a basis element which intersects the j-product H J non-
trivially. Then H J is contained in S. 

Proof. Any h G H J may be obtained from any k G H J by at most j applica­
tions of Lemma 3.7. We have proved the following result. 

THEOREM A. Let S^ be a rational primitive S-ring over an abelian group 
H — A X B X C, where A is cyclic of order pa

f B has exponent p& < pa, C has 
order prime to p, and a>P+lifp = 2. Then there exist subgroups Hi of H, 
each of the same order greater than 2, such that each basis element of Sf is a set 
union of j-products of these subgroups for some fixed j ^ d. 

COROLLARY 1. {h £ H\ 1(h) = d) is a basis element of £f. 

Proof. This is the only J-product. 

COROLLARY 2. {h £ H\ 1(h) = d — 1} is a basis element of Sf. 

Proof. Let 5 be a basis element with elements of length d — 1 and let nt 

be the number of (d — 1)-products contained in S in which Ht occurs as a 
factor. Then the coefficient of ht Ç Hi in (S)2 is easily seen to be 

nt(\Ht\ -2)(\Ht\ - 1)*-* 

since if Hf~l ^ Hr
d~l, then H/-lHr

A~1 has no words of length one. Since all 
elements of length 1 belong to Si, we have nt = tij for all i,j. If n is the number 
of (d — 1)-products contained in 5, we have dnt = n(d — 1) from which it 
follows that d\n. Since the total number of id — l)-products is d> they must all 
be contained in S. S can have no additional elements by Lemma 3.3. 

IV. The general case. We now drop the hypothesis that our primitive 
S-ring S^ is rational. With each basis element S we associate 5 ' = J55| 5 f 5 
and (g, \H\) = 1}. I t is well known that the distinct S' are basis elements of a 
rational S-ring £/*'. 

We begin with a lemma which was proved (but not stated) by Schur 
(2, p. 608). 

LEMMA 4.1. Let S be a basis element of an S-ring over an abelian group H of 
order mn, where (m, n) = 1. If S has elements s, t such that sm = tn = 1, then 
S = S'. 

THEOREM B. A primitive Schur ring y over an abelian group H which satisfies 
the hypotheses of Theorem A is rational if H does not have prime power order. 
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Proof. Let the order of H be pyn with (p, n) = 1, q a prime divisor of n, and 
S a non-trivial basis element of Sf. Sf is a set union of 7-products by Theorem A. 
Since \H\ = \Hi\d, each Ht has elements of order p and q. Since H is abelian, 
each j-product has elements of order p and q. Thus there exist s, t £ 5 and 
integers i, 1 prime to \H\ such that s* has order p and /z has order q. Since 
5P7 == tn = \y w e have 5 = S' by Lemma 4.1. Since clearly So = So', $f is 
rational. 

V. An example. Since all elements of length j belong to the same basis 
element of S^ for j = 1, d — 1, and d, one might conjecture that this were so 
for all j . Indeed, if one computes the S-rings associated with the simply 
transitive primitive groups given by Wielandt (3, p. 67) one sees that the basis 
elements are So, . . . , Sd, where Sj = {h £ H\ 1(h) = j}. 

We give the following example to show that this need not be the case. 

Example. Let H = H± X H2 X Hz X HA, where the Ht are abelian groups 
each of the same order greater than 2. 

We put 

$0= {1}, 

Si = HJ U Hi \J Hi \J Hi, 
S2 = HiHi U HiHi, 
s3 - HiHi \j HiHi, 
s4 = HiHi \J HiHi, 
s6 - HiHiHi w HiHiHi u HiHiHi u HiHiHi, 
s6 = HiHiHiHi. 

I t is not difficult to see that the S* are basis elements of a rational primitive 
S-ring over H in which the elements of length 2 split into three basis elements. 
Although we do not do so here, it can be shown that there exists a simply 
transitive primitive permutation group G with regular subgroup H for which 
this is the associated S-ring (in the sense of Theorem 2.1). The groups Ht can 
easily be chosen so that H satisfies the hypotheses of Theorems A and B, for 
example by taking Hi to be the direct product of cyclic groups of order 9 
and 2 and H2, Hz, HA to each be the direct product of groups of order 3, 3, and 2 
(in which case A has order 9, B has order 729 and exponent 3, and C has 
order 16). 

VI. The permutation group application. 

THEOREM C. Let G be a simply transitive primitive permutation group with 
regular abelian subgroup H = A X B X C, where A is cyclic of prime-power 
order pa, B has exponent p& < pa, C is non-trivial of order prime to p, and 
a > ft + 1 if p = 2. Then H is the direct product of two or more subgroups 
H1, . . . . Hdy each of order m ^ 3 such that: 
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(1) if h and k belong to the same j-product HJ, then ôh and dk belong to the 
same orbit of G 5, 

(2) for j = 0, . . . , d there are positive integers nijy i = 1, . . . , rj} such that 
the orbits T\ù of G8 are in one-to-one correspondence with the integers ntj 
and \Tij\ = n^im — 1)*, 

(3) r0 = ri = rd-.! = rd = 1; nw = 1, nn = d, nltd^i = d, nu = 1, and 
(4) E L i » i y = Qforj = 0,...,d. 

Proof. By Theorem 2.1, the orbits of G5 induce a primitive S-ring ^ whose 
"rational closure" ¥' has basis elements which are set unions of j-products 
by Theorem A. £f = £f' by Theorem B. If we denote by rû the number of 
basis elements which have elements of length j , by Sij the ith. such basis 
element for i = 1, . . . , rj} and by ntj the number of j-products contained in 
Sij, we have | 5 ^ | = w^(w — l)j. By Theorem 2.1, the orbits Ttj of Gs are 
in one-to-one correspondence with the Sij in such a way tnat \l ij\ — |o ̂ y|. 
By Definition 2.1, Theorem 2.2, and the corollaries to Theorem A, we have 
Yj = 1 for j = 0, 1, d — 1, d. Since for any j there are (j) 7-products, we have 
E l i W j j = Q; hence »i0 = n\td = 1 and nn = »i,d_i = d. 
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