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In this paper, it is shown that certain Theta functions are asymptotically optimal for the periodic time
frequency uncertainty principle described by Breitenberger in [3]. These extremal functions give rise to a
periodic multiresolution analysis where the corresponding wavelets also show similar localization properties.
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1. Introduction

A fundamental result on time and frequency localization of square-integrable
functions on the real line is given by the Heisenberg uncertainty principle, and it is well
known that the Gaussian functions serve as extremal functions for this inequality. On
the other hand, uncertainty relations for periodic functions have not been studied as
thoroughly as the original inequality on the real axis. In this paper, we want to focus
on a concept discussed by Breitenberger in [3], where uncertainty of a periodic square-
integrable function is described in terms of the product of frequency and angular
variances. For more detailed information concerning this particular periodic
uncertainty principle, we refer the interested reader to Breitenberger’s paper [3] and the
references therein. Further related topics in time-frequency localization in connection
to multiresolution are treated in Benedetto, Heil and Walnut [1}, Chui-Wang {4-6],
Daubechies [8] and Cohen [7].

A unified approach to the theory of general periodic multiresolution analysis is
investigated by Plonka and Tasche [13], Koh, Lee and Tan [9), Narcowich and Ward
{10]. The time frequency localization of periodic scaling functions and wavelets
according to the aforementioned uncertainty relation is studied intensively by
Narcowich and Ward. The periodic basis functions in [10] possess an uncertainty
product of O(/n) for increasing dimension n of the corresponding spaces. Uniformly
bounded uncertainty products are computed by Selig [16] for trigonometric
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fundamental Lagrange interpolants based on de la Vallée Poussin means and for
trigonometric Hermite interpolants based on Fejér kernels in [14].

The question of extremal functions to attain equality in Breitenberger’s periodic
uncertainty principle is not addressed in these papers. As it turns out that there is no
function satisfying the equality, our goal is to construct asymptotically optimal
functions. Not surprisingly, this leads to periodized Gaussian functions, i.e., special
cases of Theta functions (see Section 2). Additionally, the wavelet functions in the
corresponding multiresolution analysis also show a similar asymptotic behaviour (see
Section 3). In Section 4, the localization properties of the orthogonalized functions are
considered.

Finally, let us remark that recently, Narcowich and Ward [11, 12] also studied
wavelets and localization properties on higher dimensional spheres, while
asymptotically optimal results for compactly supported scaling functions and wavelets
on the real line can be found in the papers by Chui and Wang [4-6]. Note also that an
approach to optimal functions of an uncertainty principle for ultraspherical expansions
has been studied recently by Rosler and Voit [15].

2. Time frequency uncertainty

Let L} denote the space of complex-valued square-integrable 2n-geriodic functions
with inner product (f,g) =4+ [ f(x)9(x) dx and norm ||f]l, = (L4, If(x)lzdx)m. To
state an uncertainty principle for functions in L3,, the necessary notions of variance for
periodic functions need to be introduced. We refer to Breitenberger [3] for a discussion
of the physics background and Narcowich and Ward [10] for applications to periodic

basis functions in a multiresolution analysis.

Definition 2.1. For a function f € L}, represented by its Fourier series, i.e.,
fx)=32__ c,e*, the first trigonometric moment is defined as

3==00

. 1 21ze‘.x 2d _ o0
WNi=gp [ 1P =Y e

Then, the angle variance for f € L%, is defined by

2

A P 100 D ey A i
D= T e el

and the frequency variance for f € L3_ as

SIS (X2 slel)”

vary(f) == I f'I3 + = =
F U T & ¥ el
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Note that the variances attain the value oo iff 7(f) =0 or f' does not exist in L},
respectively.

In the following theorem, an uncertainty relation for L3, is formulated, which only
excludes single frequency functions of the form ce®™, ce C, ke Z. In this case,
varr =0 and var, = co. Nevertheless, inequality (2.1) below actually holds for all
functions in L} . In order to investigate the existence of optimal or asymptotically
optimal functions for this uncertainty inequality, and for the sake of completeness, we
give a detailed proof here.

Theorem 2.1. (Uncertainty Principle for periodic functions) ([3, 10]). For functions
f € L}, which are not of the form ce™, c € C, k € Z, it holds that

vvar,(f)varg(f) > l
12 2

Proof. The goal is to establish the inequality

OIS < 2y 171 = =PV LRI 4+ )2 @.1)
Without loss of generality one can assume || f||, = 1, which reduces (2.1) to
N < 21 = CNPY ISR+ (£ 102 2.2)
Setting for notional convenience t = 1(f) € C, and p = —i(f’,f) € R, it holds that
1= Jz” = |I(e" — D113 2.3)
and
IF13 =8 = I = if = pfl- (24)

One directly verifies the identity

e"f(x) = —il(e" = DI (x) — (" — D[-if[(x)

and, consequently,

e"f(x) = {~il(¢" — D) fI(x) — (e — 1) f(x)}
—{(¢" — D= f(x) + (€ — D= S ()}
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Taking inner products with f yields

t= (=il —O)fT — e — D)) = (¢ = DN=wf + (¢ —N=DS.])
=1 A, + A4,.

Using integration by parts 4, produces
A = (e =0 f, —if) = (u(e" =D f. N) = (" —0)f, =if = uf),

and thus by the Cauchy-Schwarz inequality

Al < I = DSl = if = pf -
For A,, one obtains

Ay = —(=if —uf, (" — D)

and, once again by the Cauchy-Schwarz inequality,

Azl < I =if ~pflhalite™ = D) Sl

Taking into account that [|(e™ — 7)fll, = (¢ — 1)fl,, inequality (2.2) follows from
equations (2.3) and (2.4). 0

Now, we investigate the problem of optimal periodic time-frequency localization,
i.e., whether it is possible to achieve equality in the uncertainty principle, which in turn
implies equality in (2.1). Examining the proof, in the Cauchy-Schwarz inequality actual
equality only occurs iff for 4,

a(e” — 1) f(x) = —if (x) - pf(x)- ae,
and for A,

e(e™ —Df(x) = ~if (x) - uf(x) ae,
with complex constants ¢;, ¢c,.

Apart from the functions ce** mentioned above, where —if — uf =0, this would
only be possible if on a set of positive measure and for a constant ¢ € C, we have
e —1=cle™~-7),

ie.,

X —ce™=1—cI,
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which cannot happen as the left hand side is not constant. Hence, there is no function
f of optimal time-frequency localization. However, one can try to obtain the best
possible constant 0.5 in the limit which will be the goal for the rest of this section.

Let us consider the Theta functions

0z.q)= Y ¢7 (zeC\{0}Iql <1).
With the transformation z = ¢*, g = e ™, we write
@,(x) =0(e", e = Z e~ oo (2.5)

Note that ¢, is an even positive 2r-periodic and smooth function.
Before we prove the essential theorems, we need some auxiliary results and estimates
which are summarized in the following lemma.

Lemma 2.1. For all h > 0, and shifts a € R, the following identity holds

® Z e — ‘/2—7;' Z cos 2nsa e 5.

$=—00 §=—00

Consequently, the following estimates hold for the function

u(h’ a) r— Z e—Zh(s—a)z,

s=—00

independently of o,

— 35 -5
(ii) /2—’; 11—% < u(h, o) < /2—’; i—“_—g
—e —e

and more precisely for u(h) := u(h, 0),
T n 1+ e B
(iii) ‘/2__h<u(h)<\/2—‘hl_e'§.

Proof. The Poisson summation formula %see also [2, Chap. 3]) can be used to
establish (i) immediately. The sum Y > e~
series

can be easily estimated as a geometric
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o0 00 —g
1<Ze"‘lﬂ£<l+22e‘§'=l+e ,
s=—~00 =1 1 - e—é
yielding (iii). " R

Estimating ) . __ cos2nsa ¢~ from below by 2-Y2 e"f‘i, one finally obtains
the lower bound in (ii). O

It is now possible to give an estimate for the uncertainty product of the Theta
functions ¢,.

Theorem 2.2. For all 0 < h < 1, it holds that

\/V3r4((/’h)vafr(¢h) 1++vh
ll@all, 2

Proof. Using the Fourier coefficients c,, = e of @, We write

and

o oo 00
2 2
. Z ConCorin = Z e HEHe+ ) _ -4 Z e~ Jas+h)
=—00 $=—00 = 00

e} (’i L ’g; e-i(zs)z) = e—&(u(g) - u(h)).

Hence we obtain

v
e (u(®) — u(h)’

var (@) =

Now it follows by Lemma 2.1
h ‘/27 n 1+e'§
u(z) — u(h) > 7—‘/2—: 1_e‘§;
_/E 1-3¢5
20\ y_ %)
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Then

2

var,(p,) < € (1+—e'§~) -1
1-3¢%

. 1 2
=¢ l+8e"(e$_3+(e§_3)2).

Taylor’s formula and the monotonicity of hz(e’i; —3) for 0 < h <1 give the estimate

2 2 2
var (@) <h+—- CLAE Y (L S =] <h+1.531
¥ -3 (eF-3)

Now we have to deal with varg(¢p,). Differentiation of the Poisson summation formula
with respect to h yields

1d T o
=‘m( ﬁz_;f’z"z)
1 [n &
= ﬁZ:e \/;4h22s2e

where the last equality follows again from Lemma 2.1.
Putting together the corresponding estimates we obtain

var,(@)varg(e,) _(h+1. 53h2)u(h)

< + 0.39h,
llxll3 u(h)4h

from which the assertion of Theorem 2.1 follows. O

Note that h =0 yields a distribution, but not an L2 -function. As an alternative,
one can investigate the limit case h = 0 for the partial sum } . __ e &% of @, 1.€.,

(X) Z e

s$=—m

https://doi.org/10.1017/50013091500020216 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020216

232 JURGEN PRESTIN AND EWALD QUAK

One obtains

Jvar(¢,)varg(¢,) %!(b—"ﬁ )

lipnll 2m+1

am*(2m + 1)3

_ [(@m+ 1)(m+1)
- 12m '

_ \/(4m + Dm(m + D)(2m + 1)

Hence,

m 5 \/var(¢,)varg(d,) m 1
N » =l

For similar results, see [10, 14, 16]. However, in [14], it is proved that a certain
smoothing procedure, namely a Fejér mean of the partial sum polynomial ¢,, i.c.,

1 m
I T 2 %

yields

Vvvar,(o,)varg(o,) |3 ( 1+ 20m* + 1 )

ol TVI0\" T 28m? + 1)(@m® — 1)

which in the limit m — oo tends to +/0.3 = 0.5477....

At this point let us mention that the functions ¢, of the type (2.5) are clearly not
the only ones which yield asymptotically optimal uncertainty products. As other
important examples we refer to trigonometric polynomials where the Fourier
coefficients are values of B-splines. In connection with the central limit theorem it is
shown in [17, Theorem 1] that certain scaled versions of B-splines converge pointwise
and in L’-norms, with p > 2, to the Gaussian (or its scaled version). So one obtains
trigonometric polynomials which have an uncertainty product less than (1 + ¢)/2 for an
appropriate scaling and a big enough order d of the spline. Our functions ¢,, and o,
are related to the orderd =0 and d = 1.

To illustrate these results, see Figure 1 for Theta functions with two different step
sizes, and Figure 2 for a Dirichlet and a Fejér kernel.
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FIGURE 1: ¢, (left) and @, (right).
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FIGURE 2: ¢,, (left) and oy, (right).
3. Multiresolution analysis

Now, the goal is to construct nested spaces spanned by translates of the Theta
functions investigated in Section 2. For fixed h, we set

V,,=span{<p,,(-—z’:%t-),k=0,...,n—1}.

Trivially, it holds that
V., C V.

Furthermore, as all the Fourier coefficients of the function ¢, are positive, we have
00
dimV,=n and L3, =clos; U Vi ).
j=0

See, for example, Lemma 2.4 (i) and Theorem 3.1 in [13].
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Hence, it makes sense to consider wavelet spaces W,, namely the relative orthogonal
complements of V, with respect to V;, such that

V=V, 0 W,

While the scaling functions are just translates of one single function, independent
of the level n, the corresponding wavelets turn out to be dependent on n. As the major
concern here, however, is the dependence on the term h, we will suppress the
dependence on n in our notation by writing

00 00 _1\ —Zh(np—:)2
Y, (x) = Z e (1 - Lr-w("1)e )e"(’"g.

> o~ 2Hna—s)

g=—00

s=—00

One now obtains

Theorem 3.1. It holds for n € N that

W,,=span[l//h(-—-&t-),k=0,...,n—l}.

n

Proof. The fact that ¥, is indeed an element of V,, follows immediately from the
2n-periodicity in s of the quotient

00 —2h(n —s)2
b _ (1 P el )e—uﬁ.
h

C, o o~ 2hna-s?

g=—00

RN,

where d,, are the Fourier coefficients of y,, see Lemma 2.1 of [13]. The orthogonality
assertion is equivalent to

ch.hd:,hezniﬁ‘: » r=0,...,n—1.

s=-00
Hence we have to prove

—2h{np-3)?

i e 2 grivEl i oW pris 2 w(=1)e
- 00 -2h(ng~s)?
s=—00 s=-00 Zq:—oo e

Setting s = nf + ¢ yields

https://doi.org/10.1017/50013091500020216 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020216

OPTIMAL FUNCTIONS FOR A PERIODIC UNCERTAINTY PRINCIPLE 235

=2y

s=—00 t=0 f=—00

n—1

and we obtain for the right hand side

- —_ 2
$° 30 i pygueit Zpl 1 o0

par it ) D o~ 2Hra-0-0?
n—1 00
— em'tllfl (_ 1 )Pe— 2hinp—t)?
which equals the left hand side. O

Additionally, one can also state the two-scale relations for the basis functions of V,
and W, with respect to V;,. We have

Corollary 3.1. For fixedne N, andk =0, ...,n— 1, the two-scale relations are

o) s
o)< (e ),

where form=0,...,n—1,

ﬂk,2m+1 = 5k.m

00 —2h{np—1)?
lnil:e'uizk,.kl Zp=—<>o(_1))ue e

Bram ==
— > o~ 2Hna=0?

’

n
and, trivially, o, , = 0y ,.

Proof. The values of the f,,’s are obtained by applying discrete Fourier transforms
to the corresponding two-scale equation, see also [13]. O

Now, the question of time-frequency localization of the wavelet will be addressed.

Theorem 3.2. Let n € N be fixed. Then, for all0 < h < ﬁ; we have

A VarA(I;f;)ﬁ’arF W) _ %+ 1.1n*Vh.
hll2

https://doi.org/10.1017/50013091500020216 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020216

236 JORGEN PRESTIN AND EWALD QUAK

Proof. As the variance measures of Definition 2.1 are invariant under translation

of the function, we consider ¥, = ¥,(- + ) with Fourier coefficients

~ 0 —-1Y —2h(np—s)?
d, = C,,h(l - Lr-w(Z1e .

Z:oo e-?);(nq—:)z

g=—00

First, we obtain

= —g)2 _ _a2
Z:i_oo(_l)pe 2h(np—s)y B Z:—-—ooe 2h(2pn—3)® _ Z:z_me

ST )

g=-00

_ u(dn’h, £) — u(4n’h, £ —1)
u(n’h, 1)

Hence, by Lemma 2.1, with y = ﬁz,

e —2h(np—s)?
IEF_W(_I)pe 2h(np—s)

| Zw e—Zh(nq-S)2

g=-00

1 47 1-e"
T21—e7 13"

Consequently,
0  1\e-Hnr-9’ ~
Z"gg( e)_m"q_s), <2027
g=—00
and

(1-2.02e7")c,, <d,; < (1+2.027"),,.

In the following, we will use that

-7
and
-\ 4
(%) <1+17.2¢7 < 14 1.981°n".
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According to Section 2, we consider

- 2 =
VAT, J_l +( > & ) e
s :

— = 0 % — >
”‘/’h"Z ds,hds+l.h Zs:—oo dl.h

$=—00

and obtain as an upper bound for the first squareroot term

oo 2
R, = \/ -1+ + 17.2e—7)(_2§s=_m Coh )

S=-—00 cs,hcs+l.h

2

and for the second one

® s
R, = [(1+4.1e” 22 S G
2 \/( ) Z:_m cf_,,
Using the corresponding estimates in the proof of Theorem 2.2, we obtain the desired
result. a

Let us note here that the above proof also shows that the additional term 1.1n’vh
is best possible up to the constant.

It remains an open question whether there is a translation invariant basis of W,
which is asymptotically optimal independent of the level n. More generally, we do not
know any orthogonal decomposition of L3, in wavelet spaces where every wavelet has
an asymptotically optimal uncertainty product. However, an example of an orthogonal
basis with uniformly bounded uncertainty product can be found in [16].

Figure 3 illustrates the influence of different values for the parameter h and the level
n. For n=1 there is only one scaling function ¢, (dashed line) and one wavelet ¥,
(thick line). For n =4 and n =8, we show two scaling functions ¢,, ¢,(- — %) and th
wavelet ,. '

4. Orthogonalization

Finally, we will consider time-frequency localization for orthogonal scaling functions
and wavelets.

Lemma 4.1. For fixed h, let

Pr(x) =Y che™,

=00

with
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\
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o0 _&
he? n Z e—lh(s+qn)2 ,
g=—00

and
Ur(x) =) die ™D
with
- -1 - 1 4
diy = ((n Z e'”“‘“”"’z) —(n Z e‘”“‘*“"’z) ) )
p=—00 g=--00
Then ¢;(-—%0), k=0,...,n—1, and Yy(-—2%), k=0,...,n—1, constitute

orthonormal bases for V, and W,, respectively.

Proof. We have to prove i € V,, ¥, € W, and the orthonormality of correspond-
ing translates. This can be done in exactly the same manner as in the proof of Theorem
3.1 (see also [13)). [}

Now we can show that for fixed n, these orthonormalized scaling functions and
wavelets are again optimally time-frequency localized.

Theorem 4.1. Let n be fixed. Then, for all 0 < h < ﬁ,, we have

Jvar (@i vars(od) <3 +

and

\/varA(lll,f)varF(lﬁ,,L) < %+ 1.1n*Vh.

Proof. Because of the similarity to the proof of Theorem 3.2, we can be very brief

here. Note that
c,*,,_c,,,( ) ( (h n)) (Zhn) }'.

With Lemma 2.1 and § = I’i’f > 2n’, we estimate
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(oo ) ' (2) "

4.1
1- e-ﬂ 4 1-— e-ﬂ i 5 ( )
1 - ; -1 1.01e77,
< max (l n e'”) (1 — 3e"’) < e
which is similar to (3.1). Analogously,
L (z_h)* . *(zhnZ -
W ) \u@hnt, D) u(hn?, 2 n .
Here we estimate with y = ﬁ, > %
11 4 2hn2)**_1
u(4hn®, 2y u(hn’,?) n
1—¢e7? 1— e—47 i 1— e—‘/ 1— e—4y % (42)
<maxj{l— (21+e_"— ] —3e“") ’(21—38_’_1+e"7> -1
< 2.03e7".
With (4.1) and (4.2), we complete the estimates as in the proof of Theorem 3.2. O

5. Conclusion

For Breitenberger’s periodic uncertainty principle of Theorem 2.1, we have shown
that the lower bound 0.5 cannot be attained. On the other hand, the bound is optimal
as we have constructed functions ¢,, whose uncertainty products, according to
Theorem 2.2, are arbitrarily close to 0.5. Using equally spaced translates, these
functions ¢, give rise to a multiresolution analysis. In Theorem 3.1 we construct
corresponding wavelet functions which are again asymptotically optimal with respect
to h. However, the localization of the wavelet is estimated only in dependence on the
level n. This means that for fixed h the localization is lost for large values of n.
Nevertheless, for fixed n and small h, the shape of the wavelets approaches the shape
of the Theta functions. Analogous results are stated in Section 4 for orthogonalized
bases. It remains an open question whether there is an orthogonal basis of L}, which
is asymptotically optimal independent from the level n.
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discussions concerning the uncertainty principle for periodic functions and especially
for pointing out the proof of Theorem 2.1.
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