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Abstract

We prove a new formula for the number of integral points on an elliptic curve over a function field without
assuming that the coefficient field is algebraically closed. This is an improvement on the standard results
of Hindry-Silverman.

2000 Mathematics subject classification: primary 11GO0S; secondary 14H52.

1. Introduction

Serge Lang has conjectured that on a minimal Weierstrass equation of an elliptic curve
over a number field, the number of integral points should be bounded solely in terms
of the field and the rank of the group of rational points [4, page 140]. Hindry and
Silverman [3] proved an analogue of Lang’s conjecture for non-constant elliptic curves
over zero-characteristic one-dimensional function fields. Influenced by the original
work of Mason [5], we use a formula on 2-divison points given by Tan [7] and the
method of Evertse [1, 2] to prove another analogue of Lang’s conjecture for these
curves.

Let K be the field of rational functions on an algebraic curve of genus g over the
constant field k of characteristic 0. We do not assume that k is algebraically closed.
Let My denote the set of all places of K. For a finite subset S of My, denote by O
the ring of S-integers of K. Consider a non-constant elliptic curve E defined by

80} y*=x*+Ax+B, A,Bec0s.
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The set of S-integral points of this curve is E(Os) = {P € E(K) : x(P), y(P) € O%s}.
Let A = —(4A% + 27B?) be the discriminant of the equation (1) and Zg,x be the
divisor of the minimal discriminant of E/K. Then we have

@) (A)=Dex+12)_ p,- v,

UEMK

for some integers p,, where p, > 0, if v ¢ S. Let ¢, 8, y be the three roots of
x3 + Ax + B = 0 (in some extension field) and let m be the degree [K (o, 8, ¥) : K]
which is at most 6. Define

Si={veMg:vé¢ S vA)>0,p, =0} and
S, ={veMg:vé¢s, p, >0}

Denote by s, sy, 5; the cardinality of S, §) and §,. Denote the rank of E(K) by r. Let
hk(Dg,x) be the height of D¢,k (see Section 2.1). Put

Bri(g — 1)¥? if hg(Dejx) < 24(g — 1),
[20 10575 41 if hx (Pe/x) > 24(g — 1);
E —_

_ [144 if hg (Dejx) > 24(g — 1);

20 10%5+1058 + 1 if he(Dex) < 24(g — 1).

THEOREM. |E(Os)| < ag - (bg)” + 810 - 247 . 224mis+),

Let us compare the above theorem with the result of Hindry and Silverman ([3]).
Let

10" if hg(Dex) > 24(g — 1);
o =
T 1072 if (D) < 24( — D).

THEOREM 1.1 ({3, Theorem 0.6]). Let K be a one-dimensional function field of
characteristic 0 and genus g, and let E /K be a non-constant elliptic curve given by
an S-minimal equation (1). Then |E(0s)| < ag(ce/|S))"-

First, we note that in our theorem, we do not need to restrict ourselves to the
cases where E is S-minimal. Also, in [3], there is no explicit formula given for the
symbol | S|. Consider the elliptic curve E defined over K = Q(#) by Y?> = X3—p(1)X,
where p(¢) = t¥ + 2t' + 2, and ! is a large integer. Its discriminant is A = 4p (2)>.
Take § = {00, v,y} and R = (x,y) = (—1,¢ — 1). Then R is an S-integral point
of E. The Weil height of y is I, but the size of S is 2. If Proposition 8.2 in [3] is
to be true, then |S] should not be the cardinality of S which is 2 here. Instead |S|
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should be 2! + 1, which is the size of the places of Q(z) sitting over S. But then
we see that there are countably infinitely many cases where our bound is better than
Hindry-Silverman’s bound.

Here is the sketch of the proof. We first divide the set of S-integer points into
two subsets, the first contains points with heights bounded above by a constant which
depends on E, the second contains the remaining points. We bound the cardinality
of the first set by using the counting method from [3] which applies the result of
Mason [5]. For the second set, we associate to an S-integer point some unit equations
over certain field extension and use the machinery developed by Evertse [1, 2].

2. Heights and 2-division points

2.1. Heights Let us fix our convention on the heights on fields. We can consider K
as a finite extension of a rational function field k(z).

Let I be a maximal set of pairwise non-associate irreducible polynomials in k[7].
For (1) € k(1)*, write £(1) = C[],., n™®, where C € k* and only finitely many of
the integers n, (&) are non-zero. Put v,(¢) = deg(n)n,(£). Define deg(v,) = deg(n).

If & = & /6, with £,& € k[r], put v(§) = deg(§z) — deg(£)). Also, define
deg(ve) = 1. Then we have the product formula

Yo v =0,

UEML-(,)

where M,y = {voo} U {v, : € 1} is the set of valuations on k(z).

Following Evertse [2, Section 1.3], we have on K a set M of valuations which
are normalized with respect to My, and the product formula " . My v(§), for every
£ € K* alsoholds. Thus each valuation v € My is obtained from a rational irreducible
divisor, denoted as [v].

For any v € My, there is an associated vy € My, and a positive integer e, such that
v(€) = e,vp(£), for every € € k(¢)*. Let K, k(t),, be respectively the completions
of K and k(t). Then the degree of v is defined as follows

deg(v) = [K, : k(#)y,] deg(vo).
The height hgx on K is defined by hx(§) = )

For adivisor € = )_ ), mu[v], put hg(€) = 3_ oy, max{0, m,} deg(v).

max{0, —v(¢)},if £ € K* and

veMy

2.2. 2-division points In this section, we quote some results from [7]. All the
statements can be easily checked.
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Let P=(E’ 77) € E(ﬁs)v Kl =K(av ﬂ? }’) and L=Kl(\/€_av */E_:Bv \/S—y)
Fix a choice of square roots, and let

t—a=(VE—a+VE—B)(VE-a+/E=y).

Then there exists T € L such that the point Q = (£, t) in E(L) satisfies 20 = P.
Moreover, if Dy = (¢, 0) € E[2)and Q' = (¢',1") = Q + Dy in E(L), then

3 G —a)¢ —a)=(a—-Bl-y).

From this, we see that if T, T, T, are respectively valuations in M, sitting over
respectively thosein S, Sy, $;,and T =TUT U T, then¢ —a, & — B,¢ — y are all
T;-units.

Note that if P’ is another point in E(K) such that P — P’ € 2E(K), then from
the Kummer sequence, both P and P’ determine the same class in H!(K, E[2]) and,
in particular, they determine the same extension L/K. Therefore, the extension L/K
only depends on the image of P in E(K)/2E(K).

3. The units equation

3.1, The units equation For P = (¢, n), there are four choices of Q=(¢, 1) € E(L)
such that 2Q = P. For each such Q, let

m=max (i (=5 ) m (52 ) om (S22}

An element o in {(§ — a)/(@ — B), (& — BY/(B — ¥), & — y)/(a — y)} is called
maximal if h; (o) = M.
Let us write any one of the following equations

f-a\ (t-B) ..
@ (a—ﬂ)-(a—ﬂ)+l_a

C—ﬂ) (C—y)

TPV (2" ) +1=0,

@) (ﬂ—y B—v

) (‘:_y)—(‘:—‘ﬁ)H:o
y—«a y —«a

as

) Xo+x; +x3 =0,

where § € {a, B, y}. Put x = (x¢, x1, x;) and say that (Q, x) is associated with P
(through (8)). We call x maximal, if x, is maximal. We define

he(x) = Z max{—w(xp), —w(x), —w(xz)}.

weM;
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Then we have h; (x) = h; (xp).

Let C be a constant whose value will be determined latter. Let I be the set consisting
of those (P, Q, x) such that P € E(0%), (Q, x) is associated with P, x is maximal,
and h (x) < Chp(De/k).

For § € {a,B,y}, let II; be the set consisting of those (P, @, x) such that
P € E(0s), (Q,x) is associated with P through (8), x is maximal, and h;(x) >
ChL(QE/K).

Let 1, II; be the image of I, II; under the projections I — E(&), Il - E(0),
by (P, Q,x) — P.

3.2. Casel Suppose that (P, Q,x) € I and Q = (£, 7). Then

4 —_— —_— —
0w (E) a2 (22) o (22) s

Let hg (respectively, h;) denote the canonical height of E over K (respectively,
over L).

LEMMA 3.1. If P € I, then hx(P) < (1/3)(1 4+ 6 C)hx (D x)-
PROOF. Let (@, x) be associated with P. We have
hx(P) = (1/[L : KDho(P), hx(Dex) = (1/IL : KDhi(Dg/x)
It suffices to show sz(P) < (4/12)(1 4+ 6C)h (D¢ k). This will follow from
hi(Pe) < h(Desx), h(P) = 4h.(Q), (4) and [3, Proposition 8.3] which says
that A, (Q) < (1/12)h (t*/A) + 1/12h (D ,L)- O
LEMMA 3.2. Let I' be the set of P € E(K) such that

hx(P) < (1/3)(1 4+ 6C)hx (D k).

Then I C I' and E(K)x C I'. Moreover,

(1) |I'] < 144(4(10"3(1 + 6C))'* + 1Y, if hx (D) = 24(g — 1);
Q) I < Br2(g — )2 (410381 + 6C) 2 + 1), if hy (k) < 24(g — 1).

PROOF. We follow the method used in the proof of [3, Theorem 8.1], where a
counting lemma from [6] is used. Thus we have

IPI S 1E(K)wl (2//30 +60hx(E) /i + 1)’,
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where hy(E) = (1/12)hx (D k), and

_ 107K (E)  if he(E) 2 2(g - 1),
- [10“"238hx(E) if he(E) <2(g—1).
Also,

144 if hg(E) >2(g - 1),

E K torl =
|E(K )l < [(87t2(g— 1))?3 if he(E) <2(g - 1). a

3.3. Local calculations Let v € S; and K, be the completion of K at v. Then (1)
is a local minimal Weierstrass equation of £/K,. Let L, be the completion of L at w
sitting over v. For P = (§,n) € E(K,), Q= (¢, t) € E(L,) suchthat2Q = P, let

Xo=E —a)/(@a=PB), xia=—-C—-B/l@—PB), x.=1,
&) Xop =G —a)/B-y), xip=—C—¥)/B—-V), xip=1,
X,=CG-V)/y—a), xi,=-(C-a)/(y —a), x3y,=1
Suppose that E /K, has multiplicative reduction at v. Then exactly one element among
the set {« — B, B — y, ¥ — «} has positive valuation and the others are local units.
We assume that v(8 —y) > O0and v — B) =v(y —a) =0. Let @ = (¢, 7)) =
Q + (a, 0). Then (3) implies that w(§ — a) = w(’' —a) = 0.

Similarly, if Q"= (", ") = @+ (8, 0), then from ({ —B)(¢"—B) = (B—a) (B—V),
we get w(¢ — B) < w(Bf — y). We also have w(¢ — y) < w(B — y). Therefore,

w(x1,4) = max{w(xoq), Wx1q), wWX24)},
w(xz,p) = max{w(xgg), wx;z), w(xzp)},

w(xo,y) = max{w(xo,), wlx1,), wlxz,)}
We have proved the following lemma.

LEMMA 3.3. Suppose that v € 8, and w is a place of L above v. If E/K, has
multiplicative reduction, then there exist iy, ig, i, € {0, 1, 2}, which depend on E /K,
only such that for every P € E(K,), we have

w(xi,.a) = max{w(xo_a), w(xl.a)y ‘U.)(.szu)},
w(x;, p) = max{w(xo g), w(x) ), wxzg)},

w(x;,,y) = max{w(xy,,), wlx,,), wxz,)}.

For P = (£,7) € E(K,), Q = (£,%) € E(L,) such that 20 = P, define
XjarXj g, Xy, ] =0,1,2, asin (5). We denote by Eq¢(K,) (respectively, E,(K,)) the
set of elements in £(K,) whose reduction at v are smooth (respectively, the identity).
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LEMMA 3.4. Suppose v € S, E /K, has additive reduction at v and w is a place
of L sitting over v. For P € E(K,), Q € E(L,) such that 2Q = P, there exist
za, ig, I, € {0,1, 2} whzch depends on E/K, and Q and such that lfP € E(K,),
Q € E(L,) with 2Q P and Q 0 € Ey(K)), then

w(x,;, ) = max{w(Xo,), W(X1a), WEza)},
w(X;,,) = max{w(Xo ), w(X1,4), w(Xzp)},

w(x;,,) = max{w(Xo, ), w1, ), wEz,y)}.

PROOF. Put R = 0 — O = (&, %). Let a be min{w(a — B), w(B —¥), w(y —a))}.
Then a > 0. Let L, be an extension of L,, such that

min{w'(a — B), w'(B —y), w'(y —a)} =

for some positive integer m. Then E/L;, has semi-stable reduction at w’. In fact,
if m,, is a prime element of L, then the substitution

F=n"(x —a),
(6) - N
{y ="y,
transforms (1) into
) E:j’=@F-a)F-AE-7)

where@ =0, 8 = n;%"(B — ), ¥ = 7,*"(y — «) are all local integers and at least
two elements in the set {& — 8, B — ¥, ¥ — &} are local units. We assume that

8) w@—-Bf)=0=w'@-7y).

Denote the transformation of R (respectively, Q, Dy = («,0), D; = (8,0),
=0, @ =0+ Dy, @ := @+ Dy, Q" := @+ D,) under (6) by
R = (Zo, 7o) (respectively, Q = (. 17), Dy = (@,0), D, = (ﬂ 0), D; = (7, 0),
Q=@¢.7)=0+Dy 0 = (t” y=Q0+D, Q" =" 1) = Q+Dz)
We introduce similar notations for Q Because R € Ey(K,), we have R e El (L,).
Since Q’ O+ Dy+R=¢Q -+ R, the reductions at w’ of Q’ and ( are the same.
In particular, the reduction of (¥ is the identity if and only if that of Q is identity.
Consequently, we have that w’(f(,va) < Oifand only if w'(xy,) < 0. From (3) and (8),
we have that w'(§0‘a) > 0if and only if w'(¥¢4) > O.
Note that forj =0, 1,2,and 8 = a, B, ¥, we have X; s = x; 5, and X, ; = X, 5.
IfE/ L’ has good reduction at w’, then w’(8 — y) = 0 and so as before we see that
w'(x;5) > 0 is equivalent to w'(x; ;) > 0,forj =0,1,2and § =, B, y. We then
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choose i,, ig, i, in the following way. If fora é € {a, B8, ¥}, we have w(x; ;) > O for
some j, then we choose i; = j. Otherwise, we choose i; = 2. This proves the lernma
for the potentially good reduction case.

It remains to prove the case where E/ L;, has multlphcatlve reduction. By (8), we
must have w (,B y) > 0. From Q Q + R we have Q ¢ Eo(L ,) if and only if
Q ¢ Eo(Lw,) Consequently, we have w (;‘ ﬂ) > 0 if and only if w (Z‘ - 5) > 0.
From (8), we see that w'(£,,) > 0 if and only if w'(%; ) > 0.

Also, the reductions at w’ of Q" and (" are the same, and this leads to the
equivalence between w(&” —B) <0and w' (" — B) < 0. From (¢ — )" - B) =
(B — a@)(B — 7) it follows that w'(Xg,4) > 0if and only if w’(fo'ﬂ) > 0.

We can use methods similar to the above to show that w'(x; ;) > 0 if and only if
w'(xjs) > 0ford € {a, B, v}, €{0,1,2}. We then let

iy =

j if w/(xj"s) > 0;
2 if w(xps) = wixs) <0. 0

3.4. Casell Forx = (xq,x;,x3) € P2(L), w € M, put
m,, (x) = min{w(xo), w(x,), w(x2)} — max{w(xe), wlx1), wixz)}.
LEMMA 35. Ifs e {a B,y}, P € 1I5, and (Q, x) is associated to P, then

> mu@ = —(1/Dh(Dex)-

weTy
PROOF. Without loss of generality, we may assume that

_ _ [tz -8
e £_<a—ﬁ' a—ﬁ’l)'

Let O = (¢', ') = Q + Dy as before. Then (3) implies that

—w(a - B) = w(¢ —a)/(a@—B)) < wl@-y).

Similarly, we have

~w(e — ) < w((§ — B)/(@—B)) <w(B —v).
If max{w((¢ — @)/ (@ — B)), w((¢ — B)/(@ — B)), 0} > O, then
min{w(({ — a)/(a — B)), w((§ — B)/(x - B)),0} =0

and my,(x) > —(1/2)w(Ag/x) -
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If max{w((§ — a)/(a = B)), w((& — B)/(@ — B)), 0} = 0, then
min{w (§ ~ B/a ~ B), w (& —B/a—B),0} <0
and m,, (x) > —(1/2)w(Ag/x). Therefore,

Y mu@) = Y —(1/2w(Agx) = —(1/Dh (D). =

weT weTy

LEMMA 3.6. If§ € {a, B, y), (P, O, x) € II;, then

©) > mu) < =301 = (1/6C)Dh).

weTUD

PROOF. Recall that T; = T U Ty U T;. Following the proof of [2, Lemma 2] and
using the product formula we have

S

weTh

=) (wxo) + w(xy) + w(x2)) = 3max{—w(xo), ~w(x1), ~w(xz)})

weT

= Y (wlxo) + wlx1) + wlx)) — 3max{—w(xo), —w(x1), —w(x2)})

weM;

= -3hL(£).

By Lemma 3.5, we have

Y Mm@ = /@) = Y mu@ + ) ma® = =3k,

weTUT, weTUT weTy

and therefore,

}: my,(x) < —(Bh,(x) ~ (1/20) k() = =3(1 = (1/6C))h. (»). O
weTUT;

The extension L/K depends only on the class of P in E(K)/2E(K). For each
class P, in E(K)/2E(K) and for § € {a, B, v}, denote by II; 5 the set of (P, Q, x)
in II; such that P = Py; and by I~15‘ R, its image in E(0;). Every P in I~15' p, determines
the same field extension L/ K.

The following lemma is the additive form of {2, Lemma 1].

LEMMA 3.7. Let B be a real number with 0 < B < 1, let Y be an index set of

cardinality ¢ > 1 and put R(B) = (1 — B)"'B3/®®=D_ Then there exists a set W of
cardinality at most max(1, (2B)~')R(B)?"}, consisting of tuples (Ff) ey with Ff >0,
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j €Yandy; ,T) = B with the following property: for every setof real F;, j € Y,
and real A with F; <0,Vj € Y and Zjey F; < A there exists a tuple (I';)jcy € W
such that F; <A, forallj € Y.

For a real number 0 < B < 1, write B, = B(1 — (1/6()).

LEMMA 3.8. Ler B be a real number satisfying 1/2 < B < 1. For each P, €
E(K)/2E(K), there exists a set W5, of cardinality at most 3'*% R(B)"*"', consisting
of tuples (i(W)werury, Tw)werun) with i(w) € {0,1,2}, T, = 0forallw e TUT,
and }_ . rur, Tw = Bl such that : for every § € {a, B, v}, (P, Q, x) € Il; 5, there is
a tuple (i(W)werun, Tw)werun) in Wg, such that

(10) ~w(x;w) — max{—w(xg), —w(x;), —wlz2)} <3Tyuh(x) for we TUT.

PROOF. We apply Lemma 3.7. Take A = —3(1 — (1/6C))h . (x). Let TU T, be
the index set, set ¢ = [T U T;|. For each w € T U T3, take F,, = m,,(x) and denote
r,= I’g(l — (1/6C)). Then apply the inequality (9). For each (x), choose i(w) such
that —w(x;u) = min{—w(xy), —w(x;), —w(xz)}. In general, foreach w € TU B,
there are three choices for i(w). O

InLemma 3.8, fora (P, Q, x) € II; p,, we can actually extend the tuple (i(w)yerur;,
(rw)weTUTz) toa tuPle (i(w)we'rs’ (rw)WETJ) by takjngy forw € le l"Iw = 0and l(w) to
be the i; described in Lemma 3.3 and Lemma 3.4. Then we have

(11 ~w(Xiw)) — max{—w(xe), —wx1), —wxz)} < =3Tvh (@), w € T.
Note that for w € T, the choice of i, may depend on (P, Q, x).

DEFINITION 3.1. For fixed § € {a,8,y}, Po € E(K), two triples (P, Q, x),
(P', @, x) in Il 5, are equivalent if there is an R € 12E(K) such that @ =
O + R. They are strictly equivalent if they are equivalent and there is a tuple
(i(w)werutys Tw)werur,) in Wi, such that both x and x’ satisfy (10).

If w € T, w|v and E/K, is of additive reduction, then 12E(K) C Ey(K,).
Therefore, by Lemma 3.3 and Lemma 3.4, if (P, Q, x) and (P, @, x') are strictly
equivalent they both satisfy (11), for the same extended tuple (i(w)yer,. (Fw)wen)-

This proves the following lemma.

LEMMA 3.9. Let B be a real number satisfying 1/2 < B < 1. For each § €

{a, B, ¥), Py € E(K)/2E(K), and each equivalent class © in 1l 5, there exists a
set Wo of cardinality at most 3't2 R(B)'*2-, consisting of tuples (i(W)yer,, (Fw)wer)
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with i(w) € {0,1,2}, T, >0 forallw € T; and Ewerg Iy = By such that for every
(P, Q,x) € O, there exists a tuple (i(W)yer;, Tw)wer,) in Wo such that

(12) —wxiw) — max{—w(xe), —w(x), —w(xz)} < 3Lk (x) for we T.
LEMMA 3.10. For § € {a, B, y), we have |II;] < 1080 (24)" 8% 8%:,

PROOF. According to [2, Theorem 2], if B; = 0.846 then associated to a tuple in
Wa, (11) has at most 10 solutions. We take C = 4. Then B = 0.846-24/23 < 0.883.
and R(B) < 64/3.

Therefore, each strictly equivalent class in II; 5 contains at most 10 elements.
By Lemma 3.8, there are at most (12)"+23'*2R(B)*+2~! strictly equivalent classes
in II; 5. We have 3'+2(64/3)**2~1 = (3/64) 8%*?2. Since II; is decomposed into a
disjoint union of at most 2"*2 subsets of the form II; 5, there are at most 10 x 4 x
24" x 24? x 3/64 x 8%*2: elements in II;. O

Letm = |K(a, B,y) : k|. Then r < 4ms and 1, < 4ms,.
LEMMA 3.11. |E(G,)\ I| < 810 - 247 . 2%4mls+s),

PROOF. If P € E(O,)\ I, then four choices of signs give at least four elements in
11, U1z U II,. Therefore, E(O;) \ [ has cardinality not greater than (|11,| + |ll4] +
|11,)/4. |

Using the above and Lemma 3.2, we prove the following:

THEOREM 3.12. We have

(1) |E(6,)] < 144(20- 10575 4 1) + 810 - 24" - 2%m(s+52) if b (P ) < 24(g — 1);
() |E(6))] < (8m2(g—1))*/3(20-1055+115 4 1)7 4-810-247 .2%m6+D if by (P <
24(g — 1).
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