UNIQUE CONTINUATION FOR PARABOLIC
EQUATIONS OF HIGHER ORDER

LU-SAN CHEN and TADASHI KURODA

1. Let x=(x;, ..., %s) be a point in the z-dimensional Euclidean space
and let .Z be the unit sphere |x| = (l_}i‘;xf)"’< 1. In the (x4 1)-dimensional
Euclidean space with coordinate (x, ¢), we put

2=Qnr={(x 1) ;xe2, T'St<T")
and
S=Spr={(x 1) i x€.9, T'<t=T"),
where . denotes the boundary of .Z. We also use the following notation:
Zr={(x, 1) ;x€Y, t=T)

For real-valued functions %, = k;(x, ¢) and % = k:(x, t) square integrable in

2, we put
(s, hs) = (hs, hada = \§ s dxat
and

Vaulf =l = § i dza.

We denote by B the family of all the functions v =v(x, ) € C*(2US)
which vanishes on £ and satisfies D3v =0 (la|<s—1) on S. Here C*°(2US)
is the class of all functions 2s-times continuously differentiable in (a neighbour-
hood of) 2U S and D3v is the derivative

oy
oxgre - vox
of v for a multi-index a = (ay, . . . , an) (@i=0) of integers with length |a|=
ar+ * T an.

2. Consider a differential operator
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(1) L=A—(—1)‘%

defined in 2U S, where A4 is of the form

A= >} a,D:.

Y

We assume that all the coefficients a. = a.(x, ¢) are s-times continuously
differentiable in 2 U S and are real-valued.

In this note, we shall prove the following theorem.

THEOREM. Suppose that L is an operator of the form (1) and that A is uni-
Sormly elliptic in QU S, that is, suppose that there exists a positive constant ko
depending only on A and satisfying, at every point (x, t) €U S,

>3 adx, DE k(&4 - - - 4+ £%)8

lef=2s

for any real vector £ = (&1, . .., En), where £*=E7 - « - &3 for a = (ay, . . ., a@n).

If in 2
(2) (Lu)*<k | Tu: | D5ul?

for some constant ky and if u=0 on D1 and Diu=0 (lal<s—1) on S, then

u vanishes in 2.

In the case when s is even, our theorem gives a backward uniqueness
property of a solution of the equation (A - aaT)u =0. Ifsis odd, our theorem
gives a uniqueness of a solution of the boundary value problem for ( A- ~éat—)u =0.

Analogous theorems were given by many authors, Ito-Yamabe [3], Mizohata
[7], Yamabe [10], Lees-Protter [5], Protter [9] and Edmunds [1]. In abstract
way, such results were stated by Yosida [11], Lions-Malgrange [6] and Lees

[41.

3. To prove the theorem, we prepare two lemmas which are analogous to

Lees-Protter’s estimates.

Lemma 1. Assume that A in (1) is uniformly elliptic in QUS. If v is in
B, if f=1() is in C(LT', T'"]) and if g=g(t) continuous in [T', T'"1 has no
zero, then there exist two positive constants k. and ks depending only on A such
that
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kol ols<l relol’ + ((af* = 2 £ + £787)v, ) + j L [,
T
where [vlls = > 1Dl
la|=s

Proof. 1t is obvious that
(3) (=D%2(fv, fL) = feLol’ + 1l fg I

Since A is uniformly elliptic in QU S, it is easily proved in a manner quite
similar to Nirenberg’s [8] that Géarding’s inequality [2] holds, that is, there
exist two constants k. and %; depending only on A such that

kbl o< (=1)°%2(fv, fAV) + ksl folP.
So we have
4) Bl foll2< (=12 (fo, va)+k3nfv1|2+z(fv, f%).

As to the last term of the right hand side of this inequality, we see by integra-
tion by parts

2(ro, 1 2)= —2(s0, /) + 527,, Frtdx.

Here we have used the assumption v&®B. From (3), (4) and this, we have

our lemma.

Lemma 2. Suppose that v is in B and that f=ft)C*(LT!, T"]) and
g=g() continuous in [T', T"] have no zero. Then for a given operator L in

(1), there exists a constant ky depending only on A such that
(fo, ) lfLol?+ kllfgoli+ll /g7 ]|3) + LT ffv'dx.

Proof. Putting # = fv, we see easily

(5) - 2(%- /1) SI7LoIP =2~ D*(Au, 1) =l /1ol
Obviously # is in B. Integrating by parts we get
(6) —2( G )= = e 0 = rtan,

Now we estimate the integral (a.D%v, f'v). Repeated use of integration

by parts and Leibniz’ formula gives us
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[(@sDru, f'0)|=1(D%, Di(a.f'»))l
<Mkl fgDiolll /g vlk,

where a =8+7, |BI<s, |r|<s and %; is a constant depending only on s and #
and further the constant M depends only on L. Hence it holds that

(7 - 2(= DA%, fo)<k(lfgolls+Ilr'g7 o9

for a constant ks depending only on A. From (5), (6) and (7) we obtain the

required.

4. Now we give the proof of Theorem.
Take two numbers »(>T") and Ty (T'<T:<T") such that

(8) b1+ E)a-1) < 2.

where K = ki(y — T1) +1 and ki, k. and ks are constants appearing in Lemma 1
and the assumption of Theorem.

It is sufficient to show that # vanishes in Qz,,w.

Let ¢ = ¢(¢#) be a function infinitely many times differentiable in [.T’, 7"]
such that

o { 1, T.<tL<T"
“lo, Tr<t<Ti(< T
for some T fixed. Put w= Yu. It is evident that wisin 8 and w=0 on Zr..
Taking an integer m(>0) and applying Lemma 1 for v =w, f= (3 —¢)""
and g = (3 - )*, we have

(9) kol (=) Pwlli<l (= )" Lwl* + Kli(n ~ £) "™ wl|™.
Next we apply Lemma 2 for v =w, f= (- )" and g=m"*(3 —£)"** and
we get

1

—-m-1, |2
(p—28) w ém

Cltn = )" Lwl® + 2 kam|(n — £) =" |51,

Substituting this into (9), we get

kolltn = 8) " P
2 ks

<(1+ 5= 0Ll + ZBE = gy,

The function w is identical with # in @r,r. and the assumption (2) implies that
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My =)™ Lwli®=l(y— t)—mLuhQTz ot (n— t)—me”z)Tl, 72
Skl =0 ""wlls + 1 ~ )""Lwll,, ,,,

whence follows that

kol =07 lis (14 B )0 - 7" Lwlk

191‘ Ty

+[ a1+ £)a- 1)+ ZEE i - pmmm,

This is valid for any positive integer m. We can choose an m, such that

2kK _ kb
m—+1 <%

for any m=m,. From this and (8), we have
" - o wlis (14 K) - T ILwlhy,

for m=m,. Restricting the integral of the left hand side over 2r, r. for such a
Ts: as T:<T3<T'", we get

B TN oy, < (14 ) 0 - T L,

» T2

or

T (1+ )(n-T3)< Ts) | Lawl?

—T, Qr, 7,

for m=m,. Making m tend to infinity, we see # =0 in 2, ... Since T; is
arbitrary as far as 72 < 73<7T", it is seen that # vanishes in 97, 7~. Further,
T: is arbitrary as far as 71< 7, <T". So u vanishes throughout 2z, 7+. Thus
our theorem is proved.

Remark. 1t is not difficult to see that, in our theorem, we can replace the
assumption # =0 on .Zr. by the condition

lim{_ $y(3e ) ax=o.
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