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1. Let x = (xu - • , Xn) be a point in the n dimensional Euclidean space

( n v

Σ # Π 1 / 2 < 1 I n t h e (w-hl)-dimensional
t = l '

Euclidean space with coordinate {x, t), we put

Ω = Ωτ>,τ>. = {(*, t) xeί^?,

and

S =Sr>,τ» = {(x, t) XEEJ, T'^tiZT"},

where J& denotes the boundary of 3. We also use the following notation:

-^ y = {(x, t) xf=J0, t=T}.

For real-valued functions hi^hiix, t) and ht^hzix, t) square integrable in

Ωy we put

(hu h2) = (Ai, fe)Q = jjlj A1

and

We denote by % the family of all the functions v = v(x, t)<EC2s{ΩUS)

which vanishes on 3*> and satisfies Div = 0 (\a I^s - l) on S. Here C 2 5(£ U S)

is the class of all functions 2s-times continuously differentiable in (a neighbour-

hood of) ΩϋS and Div is the derivative

of v for a multi-index α = (0:1, . . . , ccn) {cci^O) of integers with length |α|

f +α:n.

2. Consider a differential operator
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(1) L^A-i-lY^

defined in Ω U S, where A is of the form

A= Σ a.m.
\a\£2s

We assume that all the coefficients aa~a*(x, t) are s-times continuously

differentiable in Ω U S and are real-valued.

In this note, we shall prove the following theorem.

THEOREM. Suppose that L is an operator of the form ( l) and that A is uni-

formly elliptic in Ω U 5, that is, suppose that there exists a positive constant k<>

depending only on A and satisfying, at every point (x, t) e= ΩΌS,

for any real vector ξ = (?i, . . . , ξn), where ξ* = ξV f%n for a = (OΊ,

// in Ω

(2)

for some constant kι and if « = 0 on J&τ*> and DχU = 0 (\a\^s-l) on S, then

u vanishes in Ω.

In the case when 5 is even, our theorem gives a backward uniqueness

property of a solution of the equation [A - ~>^r)u = 0. If s is odd, our theorem

A —?jt)u~®'

Analogous theorems were given by many authors, Ito-Yamabe [3], Mizohata

[7], Yamabe [10], Lees-Protter [5], Protter [9] and Edmunds El l In abstract

way, such results were stated by Yosida [11], Lions-Malgrange [6] and Lees

[41

3. To prove the theorem, we prepare two lemmas which are analogous to

Lees-Protter's estimates.

LEMMA 1. Assume that A in ( l ) is uniformly elliptic in ΩΌS. If v is in

%> iff-At) is in C\lT', T"]) and if g = g(t) continuous in [Γ ' , Γ"] has no

zero, then there exist two positive constants k% and kz depending only on A such

that
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vf + {{k3f - 2//' + fY2)v, v) + ί /Vdx,
J 3 j ,,
ί

3 j ,,

where ||»|lϊ = Σ IU»IF
| α | = a

Proof. It is obvious that

(3) (-l)s2(/e;, fM^WfgLvf + Wfg^vt

Since A is uniformly elliptic in Ω U 5, it is easily proved in a manner quite

similar to Nirenberg's [8] that Garding's inequality [2] holds, that is, there

exist two constants ki and kz depending only on A such that

kΛfv%^-ϊ)52(fvyfAυ) + fell fvf.

So we have

(4)

As to the last term of the right hand side of this inequality, we see by integra-

tion by parts

2(fυ, / | f )= ~2(fυ, f'υ) + J ^ fVdx.

Here we have used the assumption Ϊ G E From (3), (4) and this, we have

our lemma.

LEMMA 2. Suppose that v is in 55 and that / = /U) G C W ( [ T 7 , T"])

^ = ̂ (Z) continuous in [T 7 , T'G Λαf̂  no zero. Then for a given operator L in

(1), there exists a constant k\ depending only on A such that

(fv, f"v) ^WfLvW2 + kΆfgvWl + Wf'g-'vWD + f / / ' Λ .

Proo/. Putting ii-fv, we see easily

(5) - 2 ( - | p /'») ^li/Lz f - 2 ( - l)β(Λ«, /'ι;) - Wf'vf.

Obviously u is in $. Integrating by parts we get

(6) - 2( |^ . f'υ) - ((//" - Z'2) v, v) - 5^//'ι;8Λ.

Now we estimate the integral (aaD^v, fv). Repeated use of integration

by parts and Leibniz' formula gives u§
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\{a*Diu, f'v)\ = \(Dlu, Drχ{aΛf'υ))\

where α = j9-f 7, \β\^s, \γ\^s and k5 is a constant depending only on s and n

and further the constant M depends only on L. Hence it holds that

(7) - 2 ( - l

for a constant k4 depending only on A. From (5), (6) and (7) we obtain the

required.

4. Now we give the proof of Theorem.

Take two numbers -η{>T") and 7Ί ( T ' < T i < T " ) such that

(8) i

where if = kz(y — 7Ί) + 1 and fo, fo and fo are constants appearing in Lemma 1

and the assumption of Theorem.

It is sufficient to show that u vanishes in Ωτuτ".

Let ψ = ψ(t) be a function infinitely many times differentiable in IT', T'Ί

such that

1, Tz<t<T"

0, T'<t<T1{<T2)

for some T2 fixed. Put w = ψu. It is evident that w is in 33 and w; = 0 on &τ».

Taking an integer m ( > 0 ) and applying Lemma 1 for v -w, f = (y ~ t)~m~112

and g = (T? - ί)1 / 2, we have

(9) foil (v - rt""1-171 wiiί^ii (^ - rt"miwi!1+AΓIKV - rt-^-^ii2.

Next we apply Lemma 2 for v = tι>, / = (7 - /)~m and ̂  = m1/2(τ? - /)~1/2 and

we get

Substituting this into (9), we get

The function w is identical with u in 42r,fT" and the assumption (2) implies that
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IK* - t)-mLw\\*= \\(v ~ t)-mLu\faTiyT,, + | |(V -

£ * , | | ( * - t)-mw\\l + \\{η - t)

whence follows that

This is valid for any positive integer m. We can choose an m0 such that

2kjK . h
m+1 4

for any m>m0. From this and (8), we have

|MI0? - tΓm-1/2w\\lφ + •£)(*- Γ2)-2ΊIL^I!L^T2

for m>m0. Restricting the integral of the left hand side over 0rι.τ" for such a

T3 as T2 < T3 < Γ", we get

or

for tn^mo. Making m tend to infinity, we see u = 0 in ΩTi,τ». Since T3 is

arbitrary as far as T 2 <T 3 <Γ' / , it is seen that a vanishes in Ωτz,τ>. Further,

T2 is arbitrary as far as Tx< T2<Tn. So u vanishes throughout ΩTχtτ»- Thus

our theorem is proved.

Remark. It is not difficult to see that, in our theorem, we can replace the

assumption u = 0 on 3Ί*> by the condition

limf ±{^
t->T"J2ti=\\ oXi
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