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Abstract

Let X be a smooth projective curve of genus g > 2 over an algebraically closed field k of characteristic
p > 0. We show that for any integers r and d with 0 < r < p, there exists a maximally Frobenius
destabilised stable vector bundle of rank r and degree d on X if and only if r | d.
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1. Introduction

Let k be an algebraically closed field of characteristic p > 0 and X a smooth projective
curve of genus g > 2 over k. The absolute Frobenius morphism Fx : X — X is induced
by Ox — Ox, f +— fP. A rank-r vector bundle & on X is called maximally Frobenius
destabilised if the Harder-Narasimhan filtration of Fy (&),

HN(F;}((Q@)) 0=(9@rCéar_1C---CéDIC(9@0:F;(éD),

satisfies rk(&;_1/&;) =1 for 1 <i < r and w(&_1/&;) — u(&;/E11) = 2g — 2 for any i
withl <i<r-1.

If r> p, Zhao [11, Proposition 2.8] showed that any maximally Frobenius
destabilised rank-r vector bundle over an arbitrary smooth projective curve of genus
g > 2 in characteristic p > 0 is not semistable. If r = p, then Fy,.(.Z) is a maximally
Frobenius destabilised rank-p stable vector bundle for any line bundle . on an
arbitrary smooth projective curve X of genus g > 2 in characteristic p > 0 (see [5]
and [11]). If r < p, Zhao [11, Proposition 2.14] showed that for any given natural
numbers p >0, g >2 and r > 0 with r < p and p 1 g — 1, there exists some maximally
Frobenius destabilised rank-r stable vector bundle over some smooth projective curve
of genus g > 2 in characteristic p. Under the assumption p > r(r — 1)(r — 2)(g — 1),
Joshi and Pauly [3] gave a correspondence between maximally Frobenius destabilised
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stable vector bundles of degree 0 and dormant operatic loci, and proved the existence
of Frobenius destabilised stable vector bundles of rank r and degree 0. Further results
about Frobenius destabilised stable vector bundles can be found in [4, 6, 7] and [8].

The main goal of this paper is to study the existence of maximally Frobenius
destabilised stable vector bundles. We give a necessary and sufficient condition for
the existence of a maximally Frobenius destabilised stable vector bundle in terms of
its rank and degree. The main result of the paper is the following theorem.

THeOREM 1.1. Let k be an algebraically closed field of characteristic p >0 and X a
smooth projective curve of genus g > 2 over k. Then, for any integers r and d with
0 < r < p, there exists a maximally Frobenius destabilised stable vector bundle of rank
r and degree d on X if and only if r | d.

Moreover, we show that any maximally Frobenius destabilised stable vector bundle
can be realised as a subsheaf of the Frobenius direct image of some line bundle
(Proposition 2.5).

2. Maximally Frobenius destabilised vector bundles

Let k be an algebraically closed field of characteristic p > 0 and X a smooth
projective curve of genus g over k. For any coherent sheaf .# on X, there exists a
canonical connection (F3(F ), Vean) on the coherent sheaf F (%),

Vean : F3(F) = Fy(F) ®g, Qy,

which is locally defined by f ® m > m®d(f), whereme F, f € Oxandd : Ox — Q;(
is the canonical exterior differentiation.

DermniTiON 2.1 (Joshi et al. [4]). Let k be an algebraically closed field of characteristic
p > 0 and X a smooth projective curve over k. For any coherent sheaf .% on X, let

Vean : FxFx(F) = FxFx.(F) ®g, Q
be the canonical connection on Fy F (). Set
Vi i=ker(FyFx.(%) » F),
Vit 1= ker(V) <3 FyFx,(F) @0, Qk = (FyFxo(F)/V) ®, QL).
The filtration
FZ, FxFx.(#)=VyD>V,;DV,2---2V,,1DV,=0
is called the canonical filtration of Fy F ¥ (F).

TaeEOREM 2.2 (Joshi et al. [4] and Sun [9]). Let k be an algebraically closed field of
characteristic p > 0, X a smooth projective curve of genus g over k and & a vector
bundle on X. Then the canonical filtration of F5 Fx.(&),

OZVPCVP_1C"'CV1+1CV]C"'CVICV():F;FX*(éa),

has the following properties.
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(1) Vean(Vis1) CVi®p, Q) for0<i<p-1.

2) Vi/Vi Jom & Qpy Qg is an isomorphism for 0 <1< p — 1.

(3) If g=>1, then Fx. (&) is semistable whenever & is semistable. If g > 2, then
Fx.(&) is stable whenever & is stable.

(4) Ifg=2and & is semistable, then the canonical filtration of Fy Fx (&) is just the
Harder—Narasimhan filtration of F ;F v (&).

TaeorEM 2.3 (Sun [10, Corollary 2.4]). Let k be an algebraically closed field of
characteristic p > 0, X a smooth projective curve of genus g > 2 over k and £ €
Pic(X). Then, for any coherent subsheaf & C Fx. (L),

—1k(&
U(E) - p(Fx (D)) < —’%()(g 1),

Prorosition 2.4. Let k be an algebraically closed field of characteristic p > 0, X
a smooth projective curve of genus g > 2 over k and & a maximally Frobenius
destabilised vector bundle of rank r and degree d on X. Then r| pd.

Proor. Suppose that tk(&) = r and deg(&’) = d. Let
HN(F3(&): 0=6&,cé_yc---Cé Céy=Fy(&)

be the Harder—Narasimhan filtration of F}(&’) and F3 (&) » £ = &,/&) the quotient
line bundle with minimal degree in the Harder-Narasimhan filtration of F}(&). Since
& is a maximally Frobenius destabilised vector bundle on X,
r—1
deg(Fy(&)) = ) deg(&/ &) = rdeg(L) + r(r = 1)(g = 1) = pd.
i=0
It follows that deg(.%) = (pd/r) — (r — 1)(g — 1) € Z. Hence, r| pd. O

ProrosiTion 2.5. Let k be an algebraically closed field of characteristic p > 0 and X
a smooth projective curve of genus g > 2 over k. Let & be a maximally Frobenius
destabilised semistable vector bundle of rank r and degree d on X and Fy (&) » £
the quotient line bundle with minimal degree in the Harder—Narasimhan filtration of
Fy(&). Then:

() u(Fx (L) = u(&)=((p—-n)/p)g—1); and
(2) the adjoint homomorphism & — Fx (L) is an injection, that is, 1k(&) < p.

Proor. Since & is a maximally Frobenius destabilised vector bundle on X, we have
deg( L) = (pd/r) — (r — 1)(g — 1) from the proof of Proposition 2.4. Moreover, from
[4, Section 2.9],

d d
deg(Fy.(L)) = ”7 —(r=Dg-D+(p-1)g-1)= ”7 +(p-r)g-1).

It follows that _,

U(Fx (L)) — u(&) = ”T<g —1).
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By adjunction, there is a nontrivial homomorphism & — Fy,(.£). Denote the
image by 4. If k(%) < 1k(&), then, by [10, Corollary 2.4] and the stability of Fy,(.%),

— 1k
WD) - u(Fx (L)) < —%(%@ -1,
— k(¥4 d — k(¥4
WD) < u(Fy (L)) - %”(g -D=2- %}%g ~ ).

Thus, u(¥) < u(&). This contradicts the semistability of &, so 1k(¥) = rk(&).
Therefore, & = ¢, that is, the adjoint homomorphism & < Fx,(.Z) is an injection. O

It is easy to deduce [ 1, Proposition 2.8] from Proposition 2.5.

CorOLLARY 2.6 (Zhao [11, Proposition 2.8]). Let k be an algebraically closed field
of characteristic p > 0, X a smooth projective curve of genus g >2 over k and & a
maximally Frobenius destabilised vector bundle on X with tk(k) > p. Then & is not
semistable.

ProrosiTion 2.7. Let k be an algebraically closed field of characteristic p >0, X a
smooth projective curve of genus g > 2 over k and £ € Pic(X). Let & be a coherent
subsheaf of Fx.(.Z) such that k(&) = r < p and

U(Fx (L) = (&)= ~r/p)g-1).
Then:

(1)  Fx.(Z) is a maximally Frobenius destabilised stable vector bundle;

(2) Fx.(2)/& is a maximally Frobenius destabilised stable vector bundle; and

(3)  the adjoint homomorphism Fy (&) — L is the quotient line bundle with the
minimal slope in the Harder-Narasimhan filtration of Fy(&).

Proor. The canonical filtration of F} F (),
FZ,: 0=V,cV, c---cVicVy=FyFx.(2),
induces the filtration
0CcVuNFY(E)C Vot NFY(E)C---CcViNFy(E) VN Fy(&) = Fy(&),
where m = max{l| V,N F3(&) #0,0 <1< p—1}. Let

_vin Fy (&) v
[

=2 pyi=tk(W) forO<l<m.
Vi NFy(&) ~ Via® ! :

Then the injections W, > W_| ®¢, Q}, 1 <I<m, imply that ro > r; > ry > -+ > 1.

Since rg = 1, itfollowsthatm=r—landro=ri=rn=---=r_; = 1.
Let 4 C & be a subsheaf of & with 1k(%) < rk(&). By [10, Corollary 2.4] and the
stability of Fy.(.%),

-1k
W) - p(Fx.(2)) < —1+(%(g - D.
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It follows that

p—1k(¥)

W) < u(Fx (L)) - T(g -1 =u(&)

- Lk(g)(g - 1.
p

Thus, & is a stable vector bundle. Summing over i,

r—1 r—1

deg(F(&)) = ) deg(Wy) < " deg(Z ®0, QOF) = pd.

i=0 i=0
Hence, the previous inequality is an equality. It follows that

V
W= L = L ®e QY forO<I<r-1.
VZ+1
Thus, u(W;) — u(W;_1) =2g — 2 for 1 <i < r — 1 and the Harder—Narasimhan filtration

of F} (&) is

0CcV o NFYE)CV,aNFY(E)C---CViINFY(E) CVoNFy(&) = Fy(&).

Hence, & is a maximally Frobenius destabilised stable vector bundle and the adjoint
homomorphism F} (&) - 2 is the quotient line bundle with the minimal slope in the
Harder—Narasimhan filtration of F5(&"). This completes the proof of (1) and (3) of the
proposition.

Now we will prove the stability of Fx.(.£)/&. Let % be the subsheaf of Fy,(£)/&
with 1k(F) =t < p — r = tk(Fx.(£)/&) and % the preimage of .% under the
projection Fy,(.Z) » Fx.(.Z)/&. By [10, Corollary 2.4] and the stability of Fy.(.¥),

p - tk(F)

u(F) < p(Fx. (L) - (g—1)=/1(<50)+12(g—1)-

Hence,

tr+1)

deg(.7) = deg(.F) — deg(&) <1~ u(&) + (g-1),
u(F) < u(&) + %’(g — 1),
On the other hand, u(Fx.(.£)) — u(&) = (1 — r/p)(g — 1) implies that

deg(Fx.(£)/&) = deg(Fx.(£)) — deg(&) = (p — Nu(&) + (p = (g = 1),
H(Fx (L)) &) = w(&) + (g = 1).

Thus,
W(F) < u(&) + ’TH(g — 1) <p(@) + (g - 1) = w(Fy. (L)) E).

Hence, Fx.(.£)/& is a stable vector bundle.

https://doi.org/10.1017/S0004972718001314 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972718001314

200 L. Li [6]

Projecting the canonical filtration F&"
Fy(Fx.(£)] &) gives the filtration

of FyFx.(Z) to the quotient sheaf

0=V,CcV, C--CV,CVy=Fx(Fx.(ZL)]|&),

where V; := V;/(V: N Fy(&)for0<i<p-1.
Consider the commutative diagram

0 —— Viet N Fy(&) —= Vigg —= Vi1 /(Vie1 0 F(E)) —=0

0———=V;NFi&) Vi Vil(ViN F(&) 0

for 0 <i <r—2.Since (V; N Fy(&))/(Vie1 N F(&)) 2 Vi/Vipy = L @0, OF,
Vil(ViN FY(&)) = Fy(Fx.(L)/&)
for 0 <i <r— 1 by the snake lemma. This yields the filtration on F}(Fy.(.Z)/&):
0=V,cV, C--CV,CV, = Fy(Fx.(L)|&),

where Vi/Viy = & Qg Q‘;’}i for r <i < p— 1. This is just the Harder—Narasimhan
filtration of Fy(Fx.(.£)/&). Hence, Fx.(£)/& is also a maximally Frobenius
destabilised stable vector bundle. O

3. Existence of maximally Frobenius destabilised vector bundles

Let k be an algebraically closed field of arbitrary characteristic and X a smooth
projective curve of genus g over k. Let & be a vector bundle of rank n and degree d
over X. For any integer r with 0 < r < n, define

/(&) :=r-d—-n-max{deg(&)&" ¢ &, k(&) = r}.

Then s,(&) =r-d (mod n) and & is semistable (respectively stable) if and only if
s, = 0 (respectively s, > 0) for any integer 0 < r < n.

Lemma 3.1 (Hirschowitz [1, Theorem 4.4)). Let k be an algebraically closed field of
arbitrary characteristic, X a smooth projective curve of genus g > 2 over k and & a

vector bundle over X. Then, for any integer r with O < r < n, there exists a subbundle
&' C & of rank r with

r-d—-n-deg(&)<rn—-r)g-1) +¢,

where ¢ is the unique integer with r(n —r)(g — 1)+ e=r-d (mod n) and 0 < & <n,
that is, s (&)<r(n—-r)(g—-1) +e.
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Prorosition 3.2. Let k be an algebraically closed field of characteristic p >0, X a
smooth projective curve of genus g > 2 over k and £ € Pic(X). Then, for any integer
rwithO<r<p,

s{(Fx () =r(p—rg-D+e,

where € is the unique integer satisfying r(p —r)(g—1)+&e=r-d (mod p) and
O<e<np.

Proor. Let & be a rank-r subsheaf of Fy,(Z). By [10, Corollary 2.4],
p-deg(&) — 1 deg(Fx.(£)) < —r(p—1)(g — 1)
This implies that s,(Fx.(-£)) > r(p — r)(g — 1). Then, by Lemma 3.1,
s{(Fx. (L) =r(p-rg-D+e,

where £ is the unique integer satisfying r(p —r)(g—1)+e=r-d (mod p) and
0<e<p. O

TueOorREM 3.3. Let k be an algebraically closed field of characteristic p >0 and X a
smooth projective curve of genus g > 2 over k. Then, for any integers r and d with
0 < r < p, there exists a maximally Frobenius destabilised stable vector bundle of rank
r and degree d on X if and only if r|d.

Proor. For any maximally Frobenius destabilised stable vector bundle of rank r and
degree d on X, we have r|d by Proposition 2.4.

Conversely, suppose that 0 < r < p and r|d. Let .Z be a line bundle of degree
(pd/r) — (r — 1)(g — 1) on X. From [4, Section 2.9],

d
deg(Fx.(£)) = pT +(p-r)g-1).

Let & be a rank-r subsheaf of Fy,(.Z) with maximal degree. Then

d
s Fx (20 =125 4 (p =g = D) - p - deg@) = r(p = g = D + 5,

where & is the unique integer satisfying r(p —r)(g—1)+e=r-d (mod p) and
0 <& < p. It follows that € = 0 and deg(&’) = d. Thus, & is a maximally Frobenius
destabilised stable vector bundle of rank r and degree d on X by Proposition 2.7. O

Remark 3.4. Joshi provided a conjectural formula [2, Conjecture 8.1] for the degree
of the dormant operatic locus under the assumption p > r(r — 1)(r — 2)(g — 1). By
Theorem 3.3, the left-hand side of the conjectural formula still makes sense after
removing the assumption p > r(r — 1)(r — 2)(g — 1). So, we can propose the conjectural
formula for any integer r under the condition 0 < r < p.

CoROLLARY 3.5. Let k be an algebraically closed field of characteristic p > 0 and X a
smooth projective curve of genus g > 2 over k. Then there exists a maximally Frobenius
destabilised rank-p nonsemistable vector bundle on X.
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Proor. Fix two integers r and d with 0 < r < p and r|d. Choosing any line bundle
& of degree (pd/r) — (r — 1)(g — 1) on X, by the proof of Theorem 3.3, there exists a
rank-r and degree-d subsheaf & of Fx,.(.Z). By Proposition 2.7, & and Fy,(£)/& are
maximally Frobenius destabilised stable vector bundles on X. It is easy to check that
& d Fx.(%)/& is a maximally Frobenius destabilised rank-p nonsemistable vector
bundle on X. O

By Corollary 3.5, we see that the condition r < p is necessary in [11,
Proposition 2.6].
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