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EXPONENTIAL DICHOTOMY OF
STRONGLY DISCONTINUOUS SEMIGROUPS

P, PREDA AND M. MEGAN

In this paper we give necessary and sufficient conditions for

exponential dichotomy of a general class of strongly continuous

semigroups of operators defined on a Banach space. As a

particular case we obtain a Datko theorem for exponential

stability of a strongly continuous semigroup of class C

defined on a Banach space.

1. Introduction

Let AT be a real or complex Banach space. The norm on X and on the

space L(X) of all bounded linear operators from X into itself will be

denoted by ||«|| . T{t) will stand for a semigroup of linear operators on

X which is of class CQ ; that is, T(t) is strongly continuous on

R+ = [o, oo) and T(0)x = x for all x in X .

Throughout in this paper we suppose that the set

(1.1) Xx = {x € X : T(-)x € L°(X)}

00

is a closed complemented subspace of X . Here L (X) denotes the Banach

space of A-valued functions / almost defined on R , such that / is

strongly measurable and essentially bounded. If X is a complementary

Received 19 June 198U.

Copyright Clearance Centre, Inc. Serial-fee code: 000U-9727/8U
$A2.00 + 0.00.

435

https://doi.org/10.1017/S000497270000215X Published online by Cambridge University Press

https://doi.org/10.1017/S000497270000215X


436 P. Preda and M. Megan

subspace of X then we denote by P a projection along X^ (that i s ,

P € L(X) , p i = Px . Ker P± = X2 } and by Pg = J - P a projection

along X .

We also shall denote

(1.2) Tx(t) = 3'(t)P1 and T^t) = T(£)P2 .

DEFINITION 1.1. The C semigroup T{t) is said to be

(i) exponentially stable if and only if there are N, v > 0

such that

(1.3) ||T(t)|| 5 i\fe~Vt for all t > 0 ;

( i i ) exponentially dichotomic if and only if there exist

N, N2, V > 0 such that

-V (t- t . )
(l.U) ^(tJarll S ̂ e ° ll̂ f̂ xll

and

for a l l t > tQ > 0 and x € X .

Clear ly , i f T(t) i s exponentially dichotomic and X. = ^ (that i s ,

P = 0 ) then T(t) i s exponentially s t ab l e . In t h i s case i s well known

the following theorem due to Datko (see [5] and [6 ] ) .

THEOREM 1.1. A necessary and sufficient condition that a strongly

continuous semigroup T{t) of class C defined on a Banach space X be

exponentially stable is that for some p (. [ l , °°) the integral

(1.6) I \\T(t)xfdt < » for all x 6 X .

Jo

In this note the above result is extended in a natural manner to the

general class of exponentially dichotomic C. semigroups of linear
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operators defined on a Banach space X .

The case Tit) = exp(At) , where A is a bounded linear operator has

been considered in [2], [3], [4], [7] and [JO]. The problem of exponential

dichotomy of C -semigroup on Banach spaces has also been studied in [9],

[JJ] and [72].

2. Preliminary results

The following simple lemmas will be needed in the sequel in proving

the main resul ts .

LEMMA 2 . 1 . Let f, g : R -»• IR+ be two continuous functions,

(i) If

(2.1) inf git) < 1 and fit) 5 g{t-t^\f[t^ for all t > tQ > 0

then there are N, v > 0 such that

-\>[t-t0)
(2.2) fU) < Ne ' /(*0) f o r a11 * - t0 - ° '

(ii) If

(2.3) sup git) > 1 and fit) > g[t~tQ)f{tQ) for every t > tQ > 0 ,

then there exist N, v > 0 sweft that

v (*-*«)
(2.1*) / U ) > fl?e / ( t Q l /or all t 2 tQ > 0 .

Proof. See [7] .

In the sequel for p € [l, <*>) we denote by

, if p = 1 ,

(2.5) p' = •

p/(p-D , if p > 1 .

LEMMA 2.2. For every a > 0 tfrere esrists b > 0 swc/2 that

(2.6) e
a t P

 2 fct17?' for all t > 0 .

Proof. I t is easy to see that for
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b = (ap'/p)p/P'

the above inequality holds.

[t, tQ) € FT : t > tQ\ , pi. [ 1 , °°) and let

f : A -• R+ ie a continuous function with the property that there exist

c, a > 0 such that

(2-T) T f[s, tQ)d8 <c{t-tQ)Xlp'f[t, tQ)

and

rt+
I
H

for all t > t . Then there are N, v > 0 such that

rt+1
(2.8) I f(u, t)du > a

H

(2 .9) f[t, tQ) >: Ne for every t > tQ + 1

Proof. If we denote by

tt
(2.10) <?(*, tQ) = f / ( s , tQ)ds and h[t, tQ) = J •

t h e n from t h e i n e q u a l i t i e s ( 2 . 7 ) and ( 2 . 8 ) we o b t a i n

(2.11) e + , ( t

which implies

. -h[t,
(2.12) £(-«. l '

By integration on [*0
+1» *] i* follows that

(2.13) « - P / o - cxe l * °J < g[t, tQ)e

and hence using the inequality (2.11) we obtain
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> 0 ' ±a + g(t, tQ) iclt-tj1'? • f[t,tQ) .

From Lemma 2.2 and the preceding relation it follows that there exists

N > 0 (independent of t and tQ ) such that

h[t,t )/2
(2.15) /(*, tQ) ̂  Ne ° for all t > tQ + 1 .

The lemma is proved.

LEMMA 2.4. If T(t) is a C semigroup on a Banaah space X then

there exist M > 1 , to > 0 such that

(2.16) \\T(t)\\ £ AfeU* for each t > 0 ,

(2.17) ||T(* +l)a:|| < Me*\\T(t)x\\ £ /e^Vft,,*) || ,

A+1

(2.18) iPJ* - \\T(t)xfdt >

and

*0+1

(2.19) ( ) r p p u p
r*0Jt

for all tQ > 0 , x d X , t € £tQ, tQ+l] and p 6 [l, «) .

Proof. It is well known (see, for example, [J], pp. 165-166) that

there are M > 1 and

(2.20) w > inf

such that (2.16) holds.

From

(2.21) H*0+l)x|| ^ \\T{to+l-t)\\\\T(t)x\\ 5 ^IWtJxIl

and

(2.22) ||2-(t)x|| < \\T{t-to)\\\\T(to)x\\ <
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the relation (2.17) resul ts .

The inequalities (2.18) and (2.19) follow immediately from (2.17).

LEMMA 2 . 5 . Let T(t) be a C. semigroup on the Banadh space X

and let P respectively P be the projection along the closed

complemented subspace X defined by ( l . l ) respectively X = XQX .

Then we have that

(2.23) TXU) = P±Tx{t) for every t > 0 ,

(2.2U) T2(t)x * 0 for all t > 0 and x \ X^ ,

and

(2.25) if T±(t)x + 0 for every i 2 0 then T(t)x + 0 for all

t > 0 .

Proof. For (2.23) i t is sufficient to prove that the subspace X is

an invariant subspace for T{t) .

Indeed, if x € X and t > 0 then from

(2.26) \\T{s)T{t)x\\ = ||r(*+s)x|| 5 ||r(*)||||r(s)x|| S Meat sup ||T(a)a||
S20

it follows that T(t)x € X .

If there exist t > 0 and x $ X such that TAt)x = 0 then from

(2.27) T(s)x = TAs)x for all s > t

and 2'1(')x € L (X) i t follows that x € X. . This contradiction proves

the property (2.2h).

The implication (2.25) is obvious from the equality

(2.28) X±n X2= { 0 } .

3. The main results

We are now ready to prove the following

THEOREM 3.1. Let T(t) be a strongly continuous semigroup of
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operators of class C. defined on the Banaah space X . Then T(t) is

exponentially dichotomic if and only if there exist c, p > 1 such that

,t
(3.1) \\T(t-s)fds < <?

Jo 1

and

f \\TAu)x\rPdu 5 C-P •(3.2) | ||T.(u)*iri'du £ c~F • \\TAt)xWP

>t d

for all t > 0 and x € X .

Proof. Necessity. We omit the simple verification (using Definition

1.1 (ii)j that if T(t) is exponentially dichotomic then it satisfies the

above inequalities (3.1) and (3.2).

Sufficiency. Suppose that the C semigroup T(t) has the

properties (3.1) and (3.2).

Let t > 0 , x € X be fixed.

( i ) F i r s t l y , we suppose t ha t

(3.3) TAt)x tO for a l l t > 0 .

Let / : A -»• R be the function defined by

From Lemma 2.k i t fol lows t h a t t h e r e e x i s t M, w > 0 such t h a t

(3 .5 ) f(u, t) > e"U/M||P1| | = a for a l l u € [t, t+l] and t > tQ .

Hence

rt+1

H

t h a t i s , t h e i n e q u a l i t y ( 2 . 8 ) from Lemma 2 . 3 h o l d s .

From Lemmas 2.U and 2 . 5 , u s i n g H o l d e r ' s i n e q u a l i t y , we have

rt+1
(3.6) f(u, t)du > a ,

H
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,t {t

0

,t {t

ft-t^H J f[s, tQ)ds = I 112̂  £-3)^(8-^)11/(8, tQ)da
tO 0

(3.7) ^ ^ J
t

t

0 0

1/P

This shows t h a t the inequal i ty (2.7) from Lemma 2.3 i s ver i f ied .

By Lemma 2.3 there are M , X > 0 such tha t

-X (t-t)1/p

(3.8) H ^ [t-tQ) || < Mxe
 X for a l l t > tQ + 1 .

From this inequality and

(3.9) WT^VXW 5 112^(t-tQ)|| • lirjt^xll

we obtain that there is N > 0 such that

-X [t-t ) 1 / P

(3.10) Hr^tjxll < Ne X' ° W^itJxW , for all * > *0 •

( i i ) Suppose now that

(3.11) there exists a > 0 such that T [sQ)x = 0 .

Then

(3-12) T1(s)x = 3'1(s-s0)2';L(s0)x = 0 for a l l 8 > sQ .

Let tx > 0 such that T
±[t

x)
x = 0 and T^{t)x * 0 for every

I f t > t > t or t > t >*„ then 7, (t)x = 0 and hence the
Ox x 0 1

inequality (3.10) holds.

If t > t > t ^ > 0 then from the preceding case (3.10) is also
x 0

verified.

From Lemma 2.1 i t follows that there exist N-. , v, > 0 such that

-V [t-t )
(3.13) ||f '-1--11 " " - °' '
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for al l t 2 t > 0 and x € £ . This shows that the semigroup TAt) is

exponentially stable.

For T (t) we consider the function g : (t , °°) -* IR defined by

(3.11*) 0(t) = J ||T2(u)a!|rP<a< •

The inequal i ty (3-2) shows tha t

(3.15)

and hence, by integration, we obtain

(3.16) g(t) 5 g[tQ) • e for al l t > tQ ,

which implies that

(3.17)

Therefore

(3-18) j

g(t)e ° 5 g(tQ) 1 c-

t+1 (*-*

l l i r ^

for every t > t .

to
I f we denote by a = Me then from Lemma 2.k i t follows t h a t

[t-t- p r P °(3.19) a-p||T2(t)x

and hence there is N, V > 0 such that

v2v2 (ttn1
(3.20) \\T2(t)x\\ > ff2e ll^tto)*!! for a l l t > tQ > 0 and x € ^ .

If V = min{v1, Vg} then from (3-13) and (3.20) i t follows that the

inequalities (l.lt) and (1.5) hold and hence fit) is exponentially

dichotomic.
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THEOREM 3.2. The C semigroup T{t) is exponentially dichotomic

if and only if there are a, p > 1 such that

rt

(3.21) ||T (t-s)xfds ±c?\\xt

and

(3.22) J" \\T2{u)xfPdu 5 c-p\\T2(t)xfP ,

for all t > 0 and x € X .

Proof. Necessity is obvious from the preceding theorem.

Sufficiency. From the hypothesis (3.21) i t results that

(3.23) f \\T(s)xfds 2 c? • \\x\f for all x € X .

From Theorem 1.1 and (2.23) i t follows that TAt) is an exponentially

stable semigroup. Hence there is N , V > 0 such that

-V [t-t )
(3.2U) \\TAt)x\\ Z UT^t-tJW - UT^tJxH 5 N±e X °' H^ [tQ)x\\

for a l l t > t > 0 and x € X .

Then using this inequality and the proof of the preceding theorem we

obtain that T(t) is exponentially dichotomic.

As a particular case (when P = 0 ) we obtain Datko's result:

COROLLARY 3.1. Let T(t) be a C semigroup of linear operators

defined on the Banach space X . The following statements are equivalent:

(i) T{t) is exponentially stable;

(ii) there are c, p 2 1 such that

(3.25) f \\T{t)fdt ScP ;
Jo

(iii) there exist c, p * 1 such that
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(3.26) I \\T(t)xfdt 2 cP • ||x||P for all x € X .
0

Proof. Is obvious from Theorems 3-1 and 3.2.

REMARK 3.1. In the proofs of Theorem 3.1 and that of the equivalence

(i) <=* (ii) from the preceding corollary we have not used Datko's theorem.

THEOREM 3.3. A necessary and sufficient condition for the C semi-

group T{t) to be exponentially dichotomic is the existence of positive

constants m, c and p - 1 such that

(3.27) f \\TAu-t)fdu < <? ,
>t x

(3.28) \\TAt+Dx\\ > m\\T2(t)x\\ ,

and

(3.29) f \\TAs)xfds 5 cP\\TA.t)xf ,

for all £ > 0 and x € X .

Proof. Necessity is a simple verification.

Sufficiency. From

it _ r*
(3.30) f \\TAt-s)fds = f ||2-.(8)||pdB 5 I \\TAu-t)fdu 5 a?

h J o Jt •"•

and the proof of Theorem 3.1 it follows that the inequality (3.13) holds.

Let t > 0 and x € X . Let now / be the real function

ft

(3.31) f : R +R , fit) = I \\TAs)xfds .
J0

From the above inequality (3.29) we have that

(3.32)

and hence by integration it follows

(3.33) e'° e ° /(*0+l) S f(t) £ <? - \\TAt)xf
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for every t > t + 1 .

On the other hand from (2.18) and (3.29) it results that there exists

m > 0 such that

(3.3U)
rV

f[tQ+l) >
*0

= nPa-P\\T2{t0)xf , where a = Me" .

Finally, we ot>tain

(3.35) Hr2(*)*ll » N3e
 2 °' • \\T2{tQ)x\\ ,

for a l l t > t + 1 and x € X , where

(3.36) N = ^ - e~c 'P
3 ° " pcf

I f t S t •S t + 1 then from (2.1?) and (3.35) we obtain

V

and hence

(3.38) ||r2U)x|| > - ^ e u | |r2(t0)x|| for a l l t > tQ > 0 and x € X .

If tf = N /a and V = min{v v } then (I.1*) and (1.5) are

satisf ied and hence T(t) is exponentially dichotomic.

COROLLARY 3.2. Let T(t) be a C semigroup of linear operators

defined on a Banach space X . Then T{t) is exponentially dichotomic if

and only if there exist m, c > 0 and p > 1 such that

(3.39) f \\T (u-t)xfdu z aP . ||x||P ,
It 1

(3.uo) j ||r2(S)x||pds < cP . ||r2(t)x||p ,
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and

OAl) ||T2U+l)x|| > m||T2U)x|| ,

for all t > 0 and x € X .

Proof. Similar to the proof of Theorem 3.2.
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