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1. Resolutive compactification and harmonic measures. Let R be an open
Riemann surface. A compact Hausdorff space R™ containing R as its dense
subspace is called a compactification of R and the compact set 4=R*—R is
called an ideal boundary of R. Hereafter we always assume that R does not
belong to the class Oy,. Given a real-valued function f on 4, we denote by
P (resp. ¢5 ™) the totality of lower bounded superharmonic (resp. upper

bounded subharmonic) functions s on R satisfying
lim inf gsppe S(P) =f(P*) (resp. lim SUpgwspope S(P)<f (™))
for any point p* in 4. If these two families are not empty, then
HP®(p) =inf (s(p); s€@f %) and HF*(p) =sup (s(p); s€¥¢F*)

are harmonic functions on R and H} *' > H}™ on R. If these two functions
coincide with each other on R, then we denote by H7 *" this common function
and call f resolutive with respect to R* (or 4). We denote by C(4) the totality
of bounded real valued continuous functions on 4. If any function in C(4) is
resolutive with respect to 4, then following Constantinescu and Cornea [1] we
say that R* is a resolutive compactification of R. Important examples of resolu-
tive compactifications are Wiener’s, Martin’s Royden’s, Kuramochi’s and
Kerékjarto-Stoilow’s compactifications (see [1]). Hereafter we always consider
the resolutive compactification R* of R.

Fix a point p in R. It is easy to see that f— Hf *'(p) is a positive linear
functional on C(4) and so by Riesz-Markoff-Kakutani's theorem, there exists a

positive regular Borel measure x5 on 4 such that
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HE®(p) = j/(p*)dﬂp(p*).
The measure pp is called the harmonic measure on 4 with the reference point

». We shall investigate the interdependence between each members of the

family (up; p€ R) of harmonic measures.

2. Harnack’s function. v Let % be the Harnack's function on RX R, i.e. the
function % defined by

k(p, p)=inf(c>0; ¢ 'u(p) <u(p') <cu(p) for any < HP(R)).

Then 1<k (p, p') <o for any p and ' in R and limp,p k(p, p') =1. In fact,
let U be a relatively compact simply connected domain in R containing p and
pand ¢ a 1: 1 conformal mapping of U onto (z; |z| <1) with ¢(p') =0. Then
by putting ¢(p) = re”

2 7 .
u(p) =(1/2 n)jo ((1=7)/(1=27cos (8—1)+7))ulgp™'("))db

for any # in HP(R) and so
((1=1)/A+r)u(p)<u(p)<((1+7)/(1—7))ulp).
Thus 1<k(p, pPY<(1+7)/(1-7)< and if p-p', then -0 and so

limp,p k(p, p') =1. Moreover it is easy to see that k(p, p) =1, k(p, p') =
k(p', p) and k(p, p'")<k(p, p)YR(p', p") for any p, p' and p" in R.

3. Harmonic kernel. Let p and g belong to R. By the definition of k(p, q),

we see that
(1) k(p, @7 dpg< dup < k(p, @)dpq.

Thus measures pp(p E R) are absolutely continuous with respect to each other
and so the u,-integrability and the up-nullity do not depend on the special choice
of p in R. We denote by (du,/dus)(p*) the Radon-Nikodym density of ug with
respect to up.

We fix a point 0 in R. Then we can easily see that the function p-—
S F(p*)dpup(p™) is harmonic on R if f is po-integrable on 4. The main assertion
A

in this note is the following

THaeorREM. There exists a function Po(p, p*) on RX 4 such that

(@) Polp, p™) = (dup/duo) (p*) (uo-almost everywhere) on 4 as the function
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of p* for any fixed p in R;
(b) Po(p, p*) is harmonic on R as the function of p for any fixed p* in 4;
(c) k(o, p)T'<Po(p, p*)<klo, p) for any (p, p*) in Rx 4;
(d) Po(p, p™) is Borel measurable on Rx 4 as the function of (p, p*).

Needless to say, such a function P,(p, »*) is not unique in the proper
sense, but unique in the following sense: if P,(p, p*) is another function on
R x 4 satisfying the above four conditions, then P,(p, p*) = P.(p, p*) #o-almost
everywhere on Rx 4. Here /i, is the product measure 7 x u,, where 7 is a
measure on R which is equivalent to the Lebesgue measure in each parameter
neighborhood of R. Such a Po(p, p*) may be called a harmonic kernel (or
Poisson type kernel) on Rx 4 with the reference point 0. For any Borel func-

tion f, uo-integrable on 4, we then have

HF ™) = § Pop, 5*)/(5") duol 7).

The harmonicity of the function p -~ Po(p, p*) increases the usefulness of the
above integral representation.

4. Proof of Theorem. Let P(p, p*) be an arbitrary but fixed function on
Rx 4 such that P(p, p*) = (dup/dus)(p*) (po-almost everywhere) on 4 as the
function of p* for any fixed p in .~ We may assume that P(o, p*) =1 on 4.
Since R is separable, there exists a countable dense subset D of R with o= D.

For any p and ¢ in D, by (1), we see that
kD, @) (dual duo) (p*) < (dup/ duo) (p™) < E(p, @) (dptg/dpo) (HF)

smo-almost everywhere on 4 as the function of p*. Hence there exists a Borel
set E(p, q) in 4 such that

and
k(p, @) 'Pq p*)<P(p, p*)<k(p, 9P (g p*)

for any p* in 4— E(p, q). Let
E= Uy enE(D, q).
Since D is countable, #(E) =0. Hence

k(p, @ 7'P(q, p*)<P(p, p*)<k(p, @) P(q, p7)
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for any p and ¢ in D and p* in 4— E. In particular, since P(o, »*) =1 on 4,
(2) k(p, 0)'<P(p, p*)<k(P, 0)

for any p in D and p* in 4—E. Thus

3 |B(p, p*) = P(q, p*)|<k(p, 0) max(k(p, ) =1, 1-k(p, @7")

for any p and ¢ in D and p* in 4—E. We saw in Section 2 that

1<k(p, @) <Ek(D, po) k(D, qo), 1<k(p, 0)<k(o, po) k(D, Do)

and

limDBP»pok(p) Po) = limDSQ—d’ok(q, ﬁo) = ].
for any p, in R. From these and (3), it follows that
limpsp, g0 | P (D, ™) = P (g, ™) | =0,

or equivalently that

ﬁmpsp»pofj(ﬁ, P*)
exists for any p, in R and if p, belongs to D, then

limpspop P (P, 2*) =P (po, p*).
Hence if we set
P(.p» p*) :limDBﬁ'—)PP(p') P*)

in Rx (4— E), then the function p— P(p, p*) is continuous on R for fixed p*
in 4= E. For arbitrary point p in R, take a sequence (p,)»-; of points in D
with p,—>p. Then for any function f in C(4), by using (2), the definition of
P(p, p*) and Lebesgue’s convergence theorem,
§ o) dupip*) = HE )
=limus JHF * (pn)

=limusa|  P(pn 5515 ) duo(5*)
A-E
= JimaaoP (pu, 5°)7(6") dino($)

= L_EP‘ 2. 257 (5%) dpop™).

This shows that dus(p*) = P(p, p*)duo(p*). Hence P(p, p*) = (dup/dpo) (»%)
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uo-almost everwhere.

Let ¢ be an analytic mapping of the open unit disc (z; |z|/<1) onto R.
Now we prave that the function p- P(p, *) is harmonic on R for almost every
fixed p*in 4. For the aim, we have only to show that the function z— P(¢(2), p™)
is harmonic on (z; |z]<1) for almost every fixed p* in 4, since p— P(p, p*)
is continuous on R for any fixed p* in 4—E. Since p*— P(¢(2), p*) is
Borel measurable on 4 for any fixed z in (z; |z|<1) and z- P(¢(z), p*) is
continuous on R for any fixed p* in 4~ E, it is easy to see that the function
(z, p*) > P(¢(2), p*) is Borel measurable on RXx 4.

Let (2x)7-1 be a countable dense subset of (z; |z]<1). Fix an arbitrary
positive integer n and choose a countable dense subset (7m)m-1 of the open
interval (0, 1 —|z|). Then for any f in C(4), since SAP(¢(Z)’ PIVADF) duo(p™)

is harmonic in z of (z; |z|<1), by Fubini's theorem,

27 .
§ P, 250 a5 = 5§ | § P Cant ), 50567 o) Jao
4 TYo A
2 7 . N
=S (*zl—j P(¢(2n+1me®), p*)d0 |F(¥)duo(p™).
A TJo -

Hence there exists a set Fu,m in 4 with uo(Fu m) =0 such that for any p* in
4— Fu,m it holds that

2 7 .
) Plo(zn), %) = ~2Lj0 Pg(zn+ rme™), p*)do.

3

Let Fu=EU(Ume1Fam). Then u(F,)=0 and the identity (4) holds for any
m=1,2, ... and p* in 4— F,. By the continuity of P(¢(z2), p*) in z for any
fixed p* in 4— E, we conclude that

2 T .
(5) P(p(za), $") = 5| Plo(an+7e"), p*)a0

T

for any 7 in 0<7<1—|2,| and p* in 4— F,. Finally let F= U.,F». Then
#o(F) =0 and (5) holds for any #=1,2,... and any 7 in 0<7r<1-—|z,| and
any »* in 4~ F. By the continuity of P(¢(z2), »*) in z for any fixed p* in
4 — E, we conclude that

2 7 .
P(¢(2), p*) = 2—1{L P(p(z+ 7€), p™)db

for any z in the unit disc and 7 in 0<7<1-|z| and p* in 4 — F, which shows

https://doi.org/10.1017/50027763000011880 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000011880

76 MITSURU NAKAI

that z— P(¢(2), »*) is harmonic in (z; ]z]<1) for any fixed p* in 4— F.
Thus the function p— P(p, p*) is harmonic on R for any fixed p* in 4— F

with uo(F) =0. Let

P(p, p"), for (p, p*) in Rx(4—F);

P( ) *)=
olf P {1, for (p, p*) in RxF.

Then for any fixed p» in R, Pu(p, ™) = P(p, ™) = (dus/duo) (™) (uo-almost
everywhere) on 4. Thus (a) is satisfied by P,(p, p*) thus constructed. It is
also clear that P,(p, p*) satisfies (5). The condition (¢) follows immediately
from (), the definition of k(o, p) and the fact that Po(o, p*) =1 for any »* in
4 (see (2)). The last condition (d) is an easy consequence of (a) and (d).
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