UNION CURVES IN A SUBSPACE Vv, OF A
RIEMANNIAN vV,

M. K. SINGAL

1. Introduction. A union curve on a surface in a euclidean 3-space,
relative to a given congruence is characterized by the property that its
osculating plane at each point contains the ray of the congruence through
that point. Springer (2) and Pan (1) have studied union curves in a hyper-
surface V, of a Riemannian V,;;. In the present paper we proceed to obtain
the equations of union curves in a subspace V, of a Riemannian V,,.

2. Subspaces of 17,,. Consider a subspace V, of co-ordinates x?, 7z = 1,

2,...,n and positive-definite metric

(2.1) ds® = gy; dx'dx’

imbedded in a V,, of co-ordinates y*, @ = 1,2,...,m and positive-definite

metric

(2.2) ds* = aqpdy’dy’.

For points of V,, the y’s are expressible as functions of the x's, the matrix
9"
dx’

being of order n. The coefficients of the fundamental forms of V,, and V, are
connected by the relations

(2.3) €is = Qas V0’

where (,) followed by an index indicates the covariant derivative with respect
to the x with that index.

In V,, there are (m — ») mutually orthogonal independent unit vectors
normal to V,. If N3; be the contravariant components in the y’s of any such
system of unit normals to V,, they must satisfy the relations

(2.4) aasNND: = 1,

(2.5) aasNiNpL = 0 (i 5 »),

and

(2.6) N3y’ =0 (v=n+1,...,m),

since y* ; are the components of a vector tangential to the curve of parameter x?.
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3. Tensor derivatives. Let
T3
be a set of quantities over 1, having twofold tensor character indicated by the
two types of indices, and let

{[;} and {JZ}

be the Christoffel symbols formed with the tensors a.s and g;; respectively.
Then
Thihie = SF+ T {;‘7 }(2) Ty
2R
-2
- 240

are the components of a tensor, called the tensor derivative of the tensor
T::-. Here <>\>T denotes that the suffix a, of 7"::: is to be replaced by .

(623
Throughout the present paper we shall use (;) followed by an index to
indicate the tensor-derivative with respect to the x with that index.

4. Congruences of curves in V,. Let us consider a set of (m — n) con-
gruences of curves, one curve of each of which passes through each point of
the subspace V,. Let A5, be the contravariant components in the y's, of a
unit vector in the direction of the congruence 2,. Since the vector 2, is, in
general, not normal to V,, it may be expressed linearly in terms of »%; and
the set of normals N%;. Thus

(4.1) >\t:1 = t:ly‘,ll + Z CVTN:'xl

where the parameters ti, and ¢,, are such that if 6,,; is the angle between the
vectors N3; and \7; then

(4.2) Cor = COS 0,71 = AaghiNo1
and
(4.3) 1 — thtpni= 2, cos’ 0,
for

aaﬁ)\?l)\‘zl = aaﬂ(tfly?i + Z Cerﬁ) (tilyéj + Z CnNel)

or
1= gijt‘fltgl + Z 0311-
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5. Union curves in V,. A curve in a subspace V, of a Riemannian V,,
is a union curve relative to a set of (m — n) congruences d,; if Ay(r=n+1,

., m) are tangential to the osculating variety of C (that is, the variety
determined by the tangent to C and the first curvature vector of C in V,,) at
every point of C, that is, if there exists a linear relation between the vectors
t,Aa(r=n+1,...,m) and q, where t is the unit tangent vector to C and
q is the first curvature vector of C relative to V.

Let ¢,1 be the angle which A,; makes with the tangent to C, then, by (4.1)
we have

[+3 d j [+3 (3 d j
(5.1) COS Gr1 = Auphiy’; o = aaﬁ[ﬂly,i + 2 cN vl]y'?f'x—
ds > ds

e

= fijlr1 ds ’

by virtue of (2.3) and (2.6).

Let ¢7; be the contravariant components of a unit vector at a point P of
the curve C in V, which satisfies the following conditions:

(1) It is linearly dependent on A.; and the unit tangent vector t.

(2) It is orthogonal to t.

We may write

a d * a
(5.2) tr1=an ‘l% + badn.
Multiplying (5.2) by
d B
[12%] %

and summing over a, we have
(5‘3) O =an + b-rl Cos ¢rl

because of (5.1) and Condition (2).
Using (5.3), we may write (5.2) as

« _ B 1 e
(5.4) A= ds 08 $r1 + b &

Since A\, and &7; are components of unit vectors, from (5.4) we have

a * 1 . \(d 1
1 = Gup\oNy = aaﬂ(d_y cos ¢ + 7 &1) <—yﬂ cos ¢ + E’ﬂ)
b‘rl dS b

ds
or
1 .
(5.5) 5., = sin ¢r1.
71l
(5.2) may now be written as
o a d *
(5.6) £71 = A1 cosec ¢, — -(-13;— cot ¢1.
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Using (4.1), (5.6) may be written in the form

5.7) £ = <tf1 cosec ¢,; — % cot ¢,1>y‘f,» 4+ Z €11 Ny1 cosec ¢,

The set of (m — n) linear equations (5.7) in the quantities N3;, when
solved, vyield,

- o a . d :
(5.8) Ny= I:Sﬂ sin ¢,1 — <tf1 - di cos ¢71) :|C."
where C,. is the normalized cofactor of ¢,. in the determinant |c,.|.

Also, we have

o a do’dx’ | o

(5.9) ¢" =¥+ 2 By o N
where p? and ¢* are the contravariant components of the first curvature
vectors p and q of Cin V, and V,, respectively (3).

Using (5.8), (5.9) may be written as

“_ .o de'ds’ (o dx’
(5.10) q = y,il:pi —_ ; Q,”jgg (If,l — s ©08 ¢T1>Cvr]
dx'dx’

+ 3 Esin onCullisy g

Since each A, is linearly dependent on t and &,;, by the definition of a union
curve, t, & and q must be linearly dependent; » = n + 1,...,m. Again,
since t is orthogonal to &,; and q, it follows that &,; and q must be linearly
connected (r =#n <+ 1,...,m). Therefore, from (5.10) we find that the
equations of a union curve are

. dx’dxf<,. dx’ >
(5.11) pt— ;;Q,.,j 7 2o \tn— —=cos 61 )C,r = 0.

The quantities

dx’ dx dx’
(5‘12) 77 = P - Z Qvll] ds ds <t11 - 'ECOS ¢71)C

are the components of a vector in V,, which may be called the union curvature
vector in analogy with the corresponding result for a curve in a hypersurface
V,of a Vi1 (2).

The magnitude of this vector is called the union curvature of the curve whose
unit tangent vector has components in (dx?)/(ds) in the x’s. The union curva-
ture vector is a null vector for a union curve, and consequently the union
curvature of a union curve is zero.

6. A particular case. If m =#n + 1, N5, = N= 6,, = 0,
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1
cos

b1 = d’y Ccr-rl =

and equations (5.1) reduce to

dx' d’ ( o de!
ds ds ds
which are the equations of a union curve in a hypersurface I, of a Riemannian
Vyus1. Also (5.12) reduces to

(6.1) ph—Qy

cos ¢>>sec =20

dxldxj<i dx' >
Y gs ds t— s cos ¢ Jsec @,

which are the components of the union curvature vector of a curve in V,, (2).

(6.2) n'=p'—Q

REFERENCES

1. T. K. Pan, On a generalisation of the first curvature of a curve in a hypersurface of @ Riemannian
Space, Can. J. Math., 6 (1954), 210-216.

2. C. E. Springer, Union curves of a hypersurface, Can. J. Math. 2 (1950), 451-460.

3. C. E. Weatherburn, 4# introduction to Riemannian geometry and tensor calculus, Cambridge
(1950).

Ramgjas College, Delhi

https://doi.org/10.4153/CJM-1963-011-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1963-011-5

