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Abstract. A universal unfolding of a discrete dynamical system f, is a manifold F
of dynamical systems such that each system g sufficiently near f; is topologically
conjugate to an element f of F with the conjugacy ¢ and the element f depending
continuously on fy. An infinitesimally universal unfolding of f; is (roughly speaking)
a manifold F transversal to the topological conjugacy class of f,. Using Nash—Moser
iteration we show infinitesimally universal unfoldings are universal and (in part II)
give a class of examples relating to moduli of stability introduced by Palis and De
Melo.

PART 1. GENERAL THEORY

0. The philosophy of unfoldings

(0.1) Let us imagine we are studying a space 9 of objects which we call ‘systems’.
We suppose this space is endowed with an equivalence relation g ~ f and a topology.
For each fe @ we denote its equivalence class by:

C(f)={gcD:g~f}
Our object is to classify elements of & up to equivalence. As a first step we should
classify elements in some neighbourhood ¥ < 9 of a particular element fy€ @ which

we understand. The simplest case will be when there is only one element in the
classification:

$< C(fo) (1)
In this case one says that f; is rigid or structurally stable. When @ is a smooth

manifold and the equivalence classes C(f)< @ are smooth manifolds one often
solves (1) by solving the ‘linearized equation’

T2 = T,C(f) @)
and applying (a suitable version of) the implicit function theorem.

When f, is not rigid the local classification problem is attacked as follows. One
considers (germs of) submanifolds Fc @ at f; (i.e. fo€ F). Such an F is called a
deformation or unfolding of f,. When we can solve

4= U C(f) (3)
feF

we say that F is universal. (Some authors say ‘versal’ as the element f € F such that
g€ C(f) need not be uniquely determined by g€ 4. In other contexts, F is called
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a ‘slice’.) Equation (3) says that the elements of F are ‘normal forms’ for perturba-
tions g of f,.
The appropriate linearized version of (3) is that C(f) and F intersect transversally:

C(f) A F
which in terms of tangent spaces is expressed by the equation
T2 =TC(f)+TF (4)

Again one often proves (4)=>(3) using the implicit function theorem.

(0.2) Two particularly successful examples of this philosophy are Thom’s Elemen-
tary Catastrophe theory (henceforth called E.C. theory) and Mather’s theory of
singularities of maps. (For a good exposition of E.C. theory see [25]; for an exposition
of Mather’s theory see [4] and the original references cited there.)

Let us review the high points of E.C. theory. Take for the space & of systems the
ring @ = M. < &, of germs at the origin of smooth real valued functions which
vanish, together with the first derivatives at the origin. We take the equivalence
relation to be right-equivalence:

C(fy={fo¢: peDifl,}
where Diff, denotes the group of germs of diffeomorphisms which fix the origin.
Thus g and f are equivalent if they differ by a smooth change of coordinates. We
may take as topology the topology induced by the map &, > J™(n) which sends a
germ to its formal power series at the origin (J*(n) is a product of infinitely many
copies of R). The tangent space to C(f) at f is given by the product of the maximal
ideal with the so-called ‘Jacobian ideal’ of f, i.e. the ideal generated by the partials
of f:
TLC(fy=M,- (3 f,...,8.0).

To see this note that a typical element f € T,C(f) has form

A

d
f—Efoqol

t=0

where ¢, € Diff,, is a curve through the identity: ¢,(x)=x. Thus

f =Y (8:.f) &

where £(0) =0 (i.e. £€ M,) as ¢,(0) =0. We see that f is infinitesimally rigid - i.e.
satisfies (2) —exactly when the matrix of second partials is non-degenerate. We
expect that in that case f should be rigid as well. Indeed, this is so: that is precisely
the content of the Morse lemma (f is right equivalent to any quadratic form having
the same signature as )’ 3,0,f(0)xx;).

Now let us consider an unfolding of form F={f,: yeI'} where I' is an open
neighbourhood of the origin in R”. We then have for f=f, the tangent space
T;F = A(y)R? where A(y):R” > J is the linear map given by

. d
A(y)y =Efy+f‘9

=0
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The transversality condition (4) can be expressed by saying that the p-dimensional
real vector space spanned by the partials f, |37, is a vector space complement to
the ideal generated by x;9; f,. According to the C* preparation theorem, if this is
true for y =0 it is true for y in a neighbourhood of 0. As an application we conclude
that (with n=1) the unfolding

L) =X+ yx® oy x P 4 x P

is universal since x%, x>, ..., x?*! span a complement to the ideal generated by x**>
(by Taylor’s formula).

(0.3) Another instructive example is given by the theory of Lie groups. Here we
take & = G a finite dimensional Lie group (e.g. a closed group of matrices) and the
equivalence relation to be conjugacy in the group:
C(H={e°foo " pe Gl

There are no rigid elements since a conjugacy class can never be open (eigenvalues
are invariant under conjugacy) but universal unfoldings play a prominent role in
the theory. In fact, if f, is a regular element in a cartan subgroup H< G,andI'c H
is a neighbourhood of the identity then the unfolding F = {y-f5: v €I’} is universal.
For example if we take G =GL (n), f; to be diagonal with distinct eigenvalues, and

H to be the subgroup of all diagonal matrices, this says that any matrix near f, can
be diagonalized. See e.g. [23] where this approach is exploited.

(0.4) In this paper we study the case where the systems f are discrete dynamical
systems on a compact smooth manifold M, & = Diff (M), where Diff (M) denotes
the group of smooth diffeomorphisms f: M > M. There are several equivalence
relations which have been studied in this context; it is instructive to see what happens
in simple examples if we take the obvious equivalence relation, viz. conjugacy in
the group. (We call this smooth conjugacy.) We endow Diff (M) with the C* topology.

Suppose f, g € Dift (M) are smoothly conjugate. Then there exists ¢ € Diff (M)
with

g =pof"op”!

for n=1 and hence all integers n. Suppose x is a periodic point of period n of
f:ff(x)=x. Then y = ¢(x) is a periodic point of g and

Dg(y)" = De(x) Df(x)"De(x)™".

This shows that the eigenvalues of Df(x)" are invariant under smooth conjugacies.
It follows that no rigid system can have any periodic points.

It is unknown whether any rigid systems exist (the author believes they do) but
the most well studied systems have periodic points and so cannot be rigid.

Hence let us seek ‘universal’ unfoldings, say for the simplest systems: the gradient-
like systems. If f is gradient-like its non-wandering set consists of finitely many
hyperbolic fixed points, and so by Sternberg’s linearization theorem M can be
covered by finitely many coordinate charts on which f is linear. It is tempting to
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imagine that a universal unfolding can be constructed by simply varying the eigen-
values at the fixed points, but this is not so.
To see why let us suppose that M =[0, 1] and f: M > M satisfies:

0)=0; f(h)=1;
O<a=f(0)<l<b=f"(1);
f(H<u, 0<r<l. (5)
Choose diffeomorphisms a:[0, 1) - [0, o) and 8:(0, 1]-{0, ©) which linearize f:
(aofoa™")(x)=ax
(BefeB")(y)=by
and note that & and B are unique if we impose the conditions a'(0)=1=8'(1).
Indeed if ¢: [0, ) > [0, ©) satisfies ¢ (ax) = ay(x) then ¢(0)=0 and

$(x)= lim a™"¢(a"x) = §'(0)x.

It follows that we can assign an invariant vy, € Diff ((0, ©)) to f via the formula
¥ =Bea~'. We note that v, satisfies the condition vr{ax) = bys(x) but is subject to
no further restriction. Thus the smooth conjugacy class of f has infinite codimension
in Diff (M). Note further that f interpolates a flow (i.e. there is a group homomorph-
ism R~ Diff (M): t- f* with f=f"') if and only if the conjugacy invariant has form
¥(x)=x", where a” = b (i.e. 7 =log a/log b). This is essentially lemma 3 (page 172)
of [8].

This phenomenon occurs quite generally, viz. any time the basins of a sink and
source overlap. Thus (at the present state of knowledge) one must use a different
equivalence relation to obtain finite dimensional universal unfoldings.

(0.5) Hence we impose a coarser equivalence relation and seek rigid systems and
universal unfoldings for it. This relation is topological conjugacy i.e. conjugacy in
the group Homeo (M) of all homeomorphisms of M. Hence the topological con-
jugacy class of fe€ Diff (M) is defined by:
C(f)={¢pofop~": ¢ e Homeo (M)} n Diff (M).

There is no reason to suppose that C(f) is in any sense a submanifold of Diff (M);
note that is not even the orbit of a group action since ¢<f°¢ ' need not be smooth.
Nonetheless, we shall see that the infinitesimal methods described above apply.

For the equivalence relation of topological conjugacy, rigid discrete dynamical
systems are called structurally stable. Note that the map f:[0, 1]- [0, 1] of the interval
defined above is structurally stable; indeed if g also satisfies (5) we may define a
conjugacy ¢ by choosing any homeomorphism ¢:[f(3), 3]~ [g(3), 1] and extending
it to a homeomorphism ¢:[0, 1] [0, 1] by the equations:

(0)=0, e(l)=1,
p(t)y=g"cpof (1),

for 0< t <1 when n is chosen so that £ "(t) € [f(3), 3]. Reflect on the fact that ¢ can
be a diffeomorphism on the open interval and that one can estimate quite precisely
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how rapidly the derivatives of ¢ blow up as we approach the endpoints. This is the
key to the constructions described below.

(0.6) We attempt to prove fe Diff (M) is structurally stable using the implicit
function theorem. Thus for each ge Diff (M) we must solve

g=¢ofop” (6)
for ¢ € Homeo (M). Rewrite this in the form
fog_lo<o=f0(pofl_ (7)

If we take g =g, where t-> g, is a curve through f we should be able to solve for
¢ = ¢, where t > ¢, is a curve through the identity. Hence differentiating at ¢ = 0 gives

(I=f)l=w (8)
where
_4
{_dt¢t 1=0
__4.
w= dtf 8 o
f#£=Tf°§°f_l-

Here w, { are elements of ¥(M), a space of continuous vector fields en M, and
[+ Z(M)-> Z(M) is a linear operator on this space. Hence the solvability of (8)
for ¢ in terms of w is the appropriate linearized version of structural stability; if
feDift (M) satisfies this then f is called infinitesimally stable. Since the maps
CM, M)->C° (M, M), ¢->fog log fopof ' are differentiable (as maps of
Banach manifolds) the hypothesis that f is infinitesimally stable (with Z(M)=
%°(M), the space of continuous vector fields) implies that we can solve (8) for ¢
in terms of g. This is carried out in [16]. Actually Robbin uses a slightly different
space Z(M)=Z;(M) of vector fields which enables him to prove that the solution
of (7) is a homeomorphism so that (6) holds. This is all quite easy; the hard part
is to prove certain geometric conditions (viz. Axiom A and strong transversality)
imply infinitesimal stability. The conjecture that Axiom A and strong transversality
is equivalent to structural stability is due to Smale [21]; the other direction is still
open. Mané [10] however has proved that infinitesimal stability (with Z(M)=
Z°(M)) is equivalent to Axiom A and strong transversality.

(0.7) Now we apply the same reasoning to an unfolding F. To prove it universal
we must still solve (6) but now ¢ € Homeo (M) and fe F are the unknowns.
Reasoning as before with an additional curve t— f,e F we obtain a linearized
equation

(1-f)+B=w )

where

d :
B=Ef:°f i

0
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so that Be (M) and Bofe T;F. Note that (when F is finite dimensional) the
solvability of (9) for £ and 8 in terms of w implies that | — f,, has finite dimensional
co-kernel; i.e. that its image has finite codimension. '

We must confront two difficulties that weren’t present before. In the first place
the map F X C%(M, M)~ C°(M, M), (f, ¢) > fo@of""is not differentiable as a map
of Banach manifolds since ¢ is only continuous. (However the map ( f, ¢) > feg oo
is differentiable.)

However the map

FXC'™*(M,M)->C(M, M),
(fe)=>fopof,
is of class C*: since there is a loss of differentiability one is tempted to try to solve
using Nash—Moser iteration; but this would give a smooth conjugacy ¢ and hence,
as we have seen, cannot cover any known examples.

The second difficulty seems to be related: Maié [10] shows that when (M) =
Z°(M) the condition that 1—f, should have finite dimensional co-kernel implies
Axiom A and strong transversality and hence that f is structurally stable. This seems
to suggest that the method cannot lead to non-trivial universal unfoldings.

The solution is to use a space (M) of vector fields with

(M) Z(M)< Z°(M).

This space must be ‘adapted’ to the unfolding F which means that equation (7)
satisfies the hypotheses of the Nash—-Moser implicit function theorem. In particular,
the map F XxZ(M)-> Z (M), (f, {) > f.L is C™ although there is a ‘loss of differentia-
bility’. (The topology of Z(M) is given by a countable family of norms like that of
= (M).)

(0.8) In part I of the present paper we implement this program. For the convenience
of the reader we have included a proof of the Nash—Moser implicit function theorem
in the form in which we use it. In § 13 we state the conjecture on universal unfoldings
analogous to Smale’s structural stability conjecture in that it asserts that certain
geometric conditions on an unfolding imply that it is universal. In part Il we work
out in detail an example and present some additional theoretical material (e.g. the
‘tame’ preparation theorem) which we feel is not yet in its final form.

It is probably not necessary to use the implicit function theorem to attack problems
in this area. Thus Robinson [17] proved the structural stability theorem of Robbin
[16] mentioned above without linearizing and achieved a sharper result to boot. We
prefer the linearization technique on the grounds that it is always easier to solve a
linear equation than a non-linear one. This is because one can combine ‘local
solutions’ by adding; to do the analogous thing in the non-linear case one must
change the equation. Against this point one could object that the present paper
proves more than we are interested in; we only wanted a homeomorphism ¢ but
the one we construct in part II is in fact a diffeomorphism on a large open set.
Perhaps the direct approach yields a homeomorphism with less work (without
proving the additional smoothness).
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The examples in part II are essentially versions of the examples of Palis [14] and
De Melo [3]. Note however that these authors do not construct unfoldings in our
sense although their arguments can undoubtedly be improved to do so. The reason
is that the definition of unfolding requires the map g - (¢, f) to be continuous and
this implies ‘continuous unfolding’ of the non-transversal intersection of stable and
unstable manifolds in these examples. The existence of (even merely continuous)
unfolding of singularities is relatively deep and requires some form of the C™-
preparation theorem.

(0.9) This work was conceived during a long stay at the Warwick symposium on
turbulence and dynamical systems in 1980. The author thanks the Mathematics
Institute at Warwick for a very profitable experience. The main theorem was born
in Truro shortly after a stay at Sydney University and the Australian National
University in July 1982. The author also thanks the Mathematics departments of
these two institutes and in particular Mike Field and Derek Robinson, for support,
hospitality, and stimulation. The author is also indebted to the dynamical systems
seminar at Sydney (e.g. Catriona Glenton, Tse-Char Kuo, and Steve Smale) for
suffering a series of talks which must have been beneficial only to the speaker
(author). The writing of the final draft of this paper was supported by National
Science Foundation grant # 144-T167. Finally, thanks to Mike Field, Jon Jacobs,
and the referee for helpful criticisms.

1. Notation

(1.1) Throughout N denotes the natural numbers (=non-negative integers), Z
denotes the integers, R denotes the real numbers, and E, F,H (possibly with sub-
scripts) denote vector spaces over R (often infinite dimensional). We denote by
L"(Ey,...,E,;F) the space of multi-linear maps from E, X- - - XE,, to F; thus using
the canonical identification (these days called ‘Currying’ by the computer scientists)
we have

L°(F) =F
Ln(IEla [EZ’ tevs lEII;IF) = L(lEl, Ln_l(EZ’ Ty IEn N 'F))

where L(E,F) denotes the space of linear maps from E to F. Note that even when
E and F are topological vector spaces we do not impose a continuity condition for
membership of L(E,F) and we do not give L(E,F) a topology. This is in contrast
with Banach space theory where L(E,F) denotes the space of continuous linear
maps and is itself a Banch space. The reason is that in the tame category (defined
in § 2) the tame linear operators do not form a tame linear space in any reasonable
sense. We use the abbreviations

L(E) = L(E, E)
L"(E;F)=L"(E,...,E;F)
;—W‘/
n
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and we denote by L{(E;F) the space of symmetric multilinear maps; i.e. for
A€ Li(E;F) and o a permutation of 1,2,..., n we have

Avl R ¥ =Ava(1) te vcr(n);

for v,,...,v,€L.

(1.2) If M is a topological space and X = M we denote by ¢l (X) and int (X) the
closure and interior of X in M respectively. If f: M > N and u: N > E we denote
by f*u the map f*u: M - [E defined by

(ffu)(x) = u(f(x))
for x € M. When f is bijective we denote by f, the inverse of f*: (f,,v)(y) = v(f'(»))
for v: M ->E and ye N.

When f: M - N is a smooth map of smooth manifolds we denote derivative of f

at xe M by:
Df(x): TM-> TN
so that
d
Df(x)o =" f(e(1))
t=0

where c:R - M is any curve through x (i.e. ¢(0) = x) and tangent to v (i.e. ¢(0) = v).
We denote by Tf the tangent map of f;i.e. Tf: TM > TN covers f and Tf| TM =
Df(x).

Let 2°(M) denote the space of continuous vector fields and assume f: M > N is
a diffeomorphism. We then have isomorphisms f.: Z(M)->Z(N),f*:Z(N)~>
Z(M) defined by

fev="Tfovof",

ffw=(Tf) 'owef,
for ve Z°(M) and we Z°(N). These operators (like f, and f*) are inverse to one
another.

If Z<cR™ is open we may identify TZ with Z xR™. Strictly speaking a vector
field on Z isamap w: Z > TZ = Z XxR™ of form w(x) = (x, wy(x)) where wy: Z >R™.
However we shall not distinguish w and w, and hence we identify Z°%(Z) = C%(Z)®
R™, where C°(Z) is the ring of continuous functions on Z. Thus if z: My~>Z is a
coordinate patch on M (i.e. Myc M is open and z is a diffeomorphism) each
we Z°(M) (in fact each we °(M,)) determines a map z,w: Z >R"™.

(1.3) A vector bundle is a generalization of a vector space i.e. a vector space is a
vector bundle over a point. With that in mind we generalize notations used with
vector spaces to vector bundles. For example if E,>M,... E,>M F-> M are
vector bundles over M, L"(E,, ..., E,; F)> M denotes the vector bundle whose
fibre at xe M is given by:

L"(Eh' .. ,En; F)x:Ln(Elxa""Enx; Fx)

For example a section ® of the vector bundle L(TM)—> M is the same as a vector
bundle endomorphism ®: TM -» TM covering the identity.
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Now let #(M) be a ring of functions on a manifold M. Generally we assume
C(M)c F(M)< C°’(M), where C'(M) (r=0,1,...,) denotes the ring of r-
times continuously differentiable real valued functions on M. Now if E is a finite
dimensional vector space then F(M)®E would denote the #(M )-module of maps
M > E such that each component (with respect to any basis) lies in F(M). For
example F(M)®R" denotes the space of all maps u=(u,,..., u,): M>R" such
that u,,...,u,€ ¥(M). Thus if E-> M is a vector bundle, it is natural to denote
by F(M)® E the space of sections of E represented by elements of #(M) in local
coordinates. (This is meaningful as C*(M) < F(M) and F(M) is a ring and hence
closed under multiplication C*(M) X F(M) > F(M).) Alternatively we can define
F(M)® E by embedding E in a trivial bundle: E < M XR" (so that E,<R" for
x € M) and defining:

FM)PRE ={we FIM)PR": w(x)e E, for all xe M}.
The definition is independent of the embedding as #(M) is closed under multiplica-
tion by an element of C*(M). We generally use the abbreviations
ZM)=FM)QTM
F(M)=F(M)®L(TM)
Z(M)=C'(M)®TM
so that Z"(M) is the space of C'-vector fields on M.
(1.4) We adhere to the convention that |u|, denotes (some variant of) the C’-sup
norm of u while ||u||, denotes a more exotic norm determined by the derivatives of

order <r. Thus the norms |u|,, reN, determine the topology of C*(M) and the
norms ||ul|, r €N, determine the topology of #(M).

(1.5) For feDiffi(M) (the space of C* diffeomorphisms from M onto M) and
X © M we denote by X/, X’* X’ the orbit, the positive orbit, and the negative orbit

f X by f:
° ' X = f(x)
neZ
X/t = UNf"(X)
X~ = UNr"(X).

2. The tame category
(2.1) Let E be a vector space. An N-norm on E is a sequence of norms

E->[0,0):u->|jul], reN
on E which are non-decreasing:
Nello=llully = llull,=<- - -

Two N-norms are tamely equivalent iff there is an integer p such that for each keN
there exists ¢ = c(k) e R with
lullic= cllullcp

lullc= clullkz,,
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for all k e N; the N-norms are equivalent iff this holds with p = 0. An N-normed space
is a vector space E together with an N-norm on E. (All our results are invariant
under the replacing of an N-norm by a tamely equivalent N-norm; to emphasize
this fact we may define an N-normable space to be a vector space E together with a
tame equivalence class of N-norms on E but generally we shall eschew this ter-
minology.)

A subset U of an N-normed space [ is called open of degree p iff for every u,e U
there exists £ >0 such that

|u—uol, <e=>uelU.
The set U is open iff it is the union (as p varies) of sets which are open of degree
p- This makes the N-normed space E into a topological vector space. We shall always
assume that E is complete in this topology.

Let E and F be N-normed spaces and U cE be open. A map P: U ~>F satisfies a
tame estimate of degree p iff it is continuous and for every k € N there exists ¢ = c¢(k)
such that we have the ‘tame estimate’:

[P ()l = e(1 +[ullpi)
for ue U; the map P is tame of degree p iff every point u, € U has a neighbourhood
U,< U such that P| U, satisfies a tame estimate of degree p; it is tame iff it is tame
of degree p for some p.

PropPoSITION 1. A composition of tame maps is tame.

In other words, we have a category whose objects are open sets in N-normed spaces
and whose morphisms are tame maps. This category is a generalization of the
category of open sets of Banach spaces and continuous maps between them.

(2.2) If E and F are N-normed spaces so is the product E XF; the N-norm is defined
to be:
[, )i = Nlulle +ollk
for (u, v) eE XF, keN.
Given N-normed spaces E;, ..., E,, define a ‘multi-norm’ by:

m
e cumllpse= E lwllpeidialls - -l - - lunll,

for u,€k,, ..., u,ck,. (The hat indicates that the factor ||u, is omitted.) For
example:

e pre = N2l +x
sz ol e = N llpaclltaallp + ol Nl el s

If p is not present, 0 is assumed:

PrOPOSITION 2. A multi-linear map Ac L™(E,, ... ,E,,:F) is tame of degree p if and
only if for each k there exists ¢ = c¢(k) such that

foru, €k, ..., u, €k,
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Proof. See [5, p. 141].

(2.3) There seems to be no way to make the space of tame multi-linear maps into
an N-normed space, but we achieve the same effect by focusing on the evaluation
map. Define

[uzug:--- :um]]p,kz(l +|Iu“p+k)”ul”p' T ”urn”p+||u1: T :um“p,ka
for uck and u,€E,,...,u,€E,,. Call a map A:U<E->L"™(,,...,E,;F) a con-
tinuous [resp. tame; resp. tame of degree p] family iff the evaluation map
UXxE, x: - XE,~>F
(u, ug, ..., up)> A(Wu, - - - U,

is continuous [resp. tame; resp. tame of degree p].

ProPOSITION 3. The family A is a tame family of degree p if and only if it is a
continuous family and for each u,€ U there exists a neighbourhood U, of u, in U such
that for each k€N there is ¢ = ¢(k) such that

forue Uy, u,eky,...,u,€E,,.
Proof. See [5, lemma 2.1.7].

(2.4) Amap P: UcE~>Fis tame-C' [of degree p] iff there exist (necessarily unique)
tame [of degree p] families D™P: U~ LT(E,F), m=0,1,...,r, with D°P= P such
that

d

D"P(wu, - - u, =— D" 'P(u+m)u, - - - u,
dt t=0

forueU;u,,...,un,ck; m=1,...,r.
PROPOSITION 4. Assume P is tame-C™"' of degree p and for u,u+he U define

Q(u, h)eF by

Pu+h)= ¥ Wh"‘ +0Q(u, h).

m=1

Then for each keN there exists ¢ = c(k) such that

r+1
Proof. Use Taylor’s formula.

(2.5) A splitting E=E,@E,D- - -®DE,, of an N-normed space is called tame iff the
associated projections e; € L(E) determined by

l=e +e;+---+e,

E; = ¢l
are tame. More generally let & be an open subset of an N-normed space. A tame
family of splittings of E indexed by & is a function which assigns to each ze ¥ a

splitting
E=E,(2)DE(2)D" - -DE,n(2)

such that for each i=1,..., m the map ¢;: /' L(E) is a tame linear family.
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(2.6) A family of smoothing operators on the N-normed space E is a map S:[1, ) >
L(E) such that there exists d €N (called the offset of the family) and constants
c=c¢(q), q €N, satisfying
ISt ully=ct®="*||ul,,
lu=S(ull,=ct?~|ul,
forueEand p=q.
The N-normed space E is said to satisfy the interpolation inequalities iff for each
triple p, g, re N with p < g < r there is a constant ¢ =c(p, g, r) such that

lleell g7 = elfull ;|77

for u € E. Some authors call these ‘convexity inequalities’ since they have the form
lullg=cllullzllull;™ where 0=A=(r—q)/(r-p)=<1.

ProrosiTION 5. If E admits a family of smoothing operators with offset d =0, then
it satisfies the interpolation inequalities.

Proof. Write u=S(t)u+(1—S(t))u to obtain:
Nully = (2" lull, + 17" ul,).
Then take ¢=(|lu|,/|u],)"/" " so that
P lull, =7l = Nullplull,

Example. Let X < R™ be open and denote by B(X)c C¥(X) the N-normed space
given by

ue B(X)o|u|, <o forall reN,

where |u|, = sup {|*u(x)|: x € X, |@| =< r}. For X =R™ one can construct (using con-
volutions) a family of smoothing operators with offset d =0. If X is the interior of
a smooth compact manifold, we construct smoothing operators u - S(t)u by smooth-
ing the function x > u(x + ¢ '£(x)) where £ is a vector field which points in on the
boundary. This family has offset d = 1. It seems to be unknown which spaces B(X)
admit smoothing operators and what is the smallest possible offset. On the other
hand, regardless of the nature of the boundary of X the space B(X) satisfies the
interpolation inequalities if X is convex. (See [5, p. 143].)

(2.7) Notes. Our definitions follow [§] and [19]. Hamilton calls N-normed spaces
‘graded Frechet spaces’ but we prefer the term ‘N-normed space’ as it suggests the
possibility of generalizing to other index sets. Sergeraert (essentially) calls open
subsets of M-normed spaces ‘L-objects’ and tame maps ‘L-morphisms’. We do not
adopt Hamilton’s notion of ‘tame space’ as his tame spaces all admit smoothing
operators with offset d =0 and it is not clear that this will be true in the applications
we have in mind. Sergeraert also assumes offset d =0 but the original treatment of
Moser [11] allowed arbitrary offset. The proof of proposition 5 comes from [19, p.
604] or [26, p. 118]. Note the similarity to the abstract interpolation theory exposed
e.g. in [15, p. 32]; see also {12, p. 272].
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3. The tame implicit function theorem
Suppose H, E, F are N-normed spaces, Z<H, U <E are open, zo€ Z, u,e U, and
P:ZxU-F.
THEOREM. Assume P is tame-C?, that

P(zo, uo) =0, (1)
and that there is a tame family L: Z x U » L(F, E) such that

D,P(z,u)L(z, u)v="10

for ze Z ue U veF. Assume that E admits a family {S(t): t=1} of smoothing
operators and satisfies the interpolation inequalities. Then there is a neighbourhood Z,
of 7, in Z and a continuous map G: Zy~> U such that G(z,) = u,, P(z, G(z)) =0 for
zZe Zo‘

Proof. We may assume that U has form
U={uek: u—u, <M} (2)

where peN and M is a large positive number. Note that we may increase p and
M (thus shrinking U) in the course of the proof without loss of generality; we may
also shrink Z. The hypothesis that P is C? gives inequalities

1Pz, w)q=M (3)
ID.P(z, u)iilly < M dl, (4)
IP(z, u+d)— P(z, u)— D,P(z, u)ii], = M| i (5)

for y, u+iic U and z€ Z; here p—q is the degree of P.

We shall specify an integer m eN below. The hypothesis that P is tame allows
us to conclude that

1P(z, W)l gom =M1+ |ull prm) (6)
for ze Z and u € U provided that we assume that ||z|| ., is bounded on Z, i.e. that
Z satisfies
Zc{zeH: ||z| pem < M}.

We now define an ‘approximate right inverse’ to D,P. Let L:[1,00) xZ x U -» L(F, E)
be given by L(t, z, u) = S(t)L(z, u). We then have inequalities

”L(t, Z, u)vllpSMtb”U”q (7)
I1L(t, z, u) o] o = Mt°[u: v] (8)
|lo—D,P(z, u)L(t, z, u)v|,= Mt *[u: v] 9)

for zeZueUveF where [u:v]=+|ull,«m)lvlgtlvlgem b=p—r+d,
a=m—b;thedegree ofthetamemap Z x U XF—>E,(z, u, v)> L(z,u)visq—r;and d
is the offset of the family S of smoothing operators. We need (7), (8), (9) only when
v= P(z, u) in which case (enlarging M if necessary) they take the form:

| L(z, z,u)P(z,u)”pSMt"HP(z,u)”q (10)
IL(t, z, w) P(z, 0)|] po = M(L+|[u]| p1m) (11)
| P(z, u) — D,P(z, u)L(t, z, u) P(z, u)||, = Mt *(1 + ||u]| psm) (12)
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for te[l,00), ze Z, ue U. Note also that for each fixed ¢ the map
ZxU->E:(z,u)—> L(t,z,u)P(z, u) (13)
is continuous. We take
m=8(p—r+d)+1 (14)
so that 7b <a. We define G by G(z)=1im,_, u, where the sequence u,e U is
defined inductively by
U, =u,—L,P, (15)
with the abbreviations L, = L(t,, z, u,,), P, = P(z, u,), and where ¢, - 00 is a sequence

of real numbers specified below. We shall define sequences 6, >0 and A, >0 and
establish inequalities

ttn =ty || p =< 8, n=1, (6:n)
1+|[un"p+mSAn n=0. (A: n)

In order to assure that the sequence u, is well defined (i.e. that u, € U) we require
the inequality

Y s, <M (16)
n=1
which together with (6: k), k=1,...,n—1, (2), and the triangle inequality assures
that u,_, € U (so that u, is well-defined).

Step 1. For a sufficiently small neighbourhood Z, of z,in Z we have (8: 1) for z€ Z,.

Proof. One takes Z,={ze Z: ||u; —uy|| , < 8,} which is open by (13) and (15) (with
n=0).

Step 2. We have (A:0) if

1+ to]| pvme =< Ao (17)
Step 3. We have (8:n+1)a(A:n)=>(6:n+2) if
2MP1 01,00, < 8,40, (18)
2M?1,4187., = 8,1, (19)
Proof. By (15) and (10) [[tys = tsil ,= Mt || Py llq and by (15), (12), (5)
“Pn+l”qSMt:aAn+M6i+2- (20)
Step 4: We have (A:n)=>(A:n+1)if
28, <A, (21)
2MtEA, <A, (22)

Proof. By (15) and (11) |ty — || psm =< Mto(1 + |||l p+m). Now use

1 + ||un+l ” p+m = l + ”un " p+m + “un+1 - un ” p+m:
Now note that (8) generalizes to
| L(t, z, w) 0| poi =< M2’ 2, u: 0], (8:k)
where

[z w: ol =1+ |zl poie +ull i) lollg 0l 0o
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which specializes {making M, larger) to
| L(t, 2, ) P(z, )] poie =< Mt ® (1 + | 2] s + ] 1] pos) (11:k)

as before. This estimate holds for ze Z,, u € U, and t€[1, c0) without shrinking Z,
or U, further and of course M, is independent of 1, z, u.

Step 5. For each k there is a constant C, such that

1+”un|lp+k$Ck(1+“2”p+k)An (23)
provided that
t2A,
lim =0. (24)
n-» n+1

Proof.
T [t pore = Tt ll poie + st~ 4 || 5k
=1+ {un]l i [ LoPo] i
< 1+l posc + Mitn(1+ | 20l poic + 4] i)
=(1 +M}_§tﬁ)(1 || par) +(1 +Mth)(1+ Izl psie)-

Hence we can prove (23) inductively if 2(1 + Mt5)A, < A, ., so by (24) the inequality
(23) holds for all n = n(k) if it holds for n = n(k). But for any fixed value of n, (23)
merely expresses the tame estimate on the map z - u, and can be proved (with Cy
depending on n) by induction on n.

Step 6. The sequence u, converges uniformly in each norm ||| ,.; provided that
there exists /€N such that

OZO 8UVIA T < 0, (25)

n=1
Proof. Given j let k = Ij. By interpolation

”un —Up— “ pij = C” u, — un—l“ l;:(j/k)“un - un—|| {z/fk .
But
ety = s 55 = Nt ] sk + [t i)
=2C (1 +|z|| p1a)A*

by step 5. The result is immediate by the Weierstrass M-test and the inequality (5: n).
Step 7. The limit u = G(z) satisfies P(z, u) =0 as required.

Proof. lim || P, ||, =0 by (16), (18), (20).

It remains to find the sequences L,, 8,, A, satisfying (16)-(19), (21), (22), (24),
(25). For this take t,=exp(yK"), 8,=exp(—ayK"), A,=exp(ByK"), with
a, B, v, K positive. (16) and (17) can be achieved by choosing y large while (18),
(19), (21), (22) take the form:

bK —a+B<-ak’ (18)
b—2a<-aK (19
1<K (219

b+B < BK. (22
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These in turn yield:
b(k—1)"'<B, b2-K)'<ea, aK?’+bK+B<a,
so:
2-K)'K*+K+(K-1)"'<a/b.

The expression on the left is minimized for K =4/3 and takes the value 7. This
leads to the solution:

K=4/3, a=Bb+2e)/2, B=3b+s¢,

where 3e <a—7b.
Now (24) follows from (22'); for (25) we require

—a(l-1)+B8<0 (259
which is satisfied with /=3.
Remark. The proof has been arranged so that all the steps follows from the hypotheses
(1)—=(9). Thus, if one can construct L(t, z, u)v satisfying (7), (8), (9) one can conclude
the existence of G(z), even if E does not admit smoothing operators. (The interpola-
tion inequalities and the hypotheses (8:k) are required only to obtain convergence
and continuity in the higher norms.)

Notes. We have followed very closely the proof of Sergeraert [19] who in turn
followed Schwartz [18], [18a]. This is also the argument of Moser [11]. Our formula-
tion is slightly different from that of Sergeraert in that he proves the inverse function
theorem whereas we prove the implicit function theorem. Also he proves more;
namely that if P is tame-C"*? (and L is tame-C"), then G is C".

Note (as Sergeraert did) that we have not proved that G is tame; indeed, from
step 6 we can only conclude || G(z)| ,+; < C(1 +||z]| ,.3;). Hamilton [5] gives a proof
which yields the tameness of G but his hypotheses would require that both P and
L be tame-C; this is tedious to verify (I think) in our applications. Hamilton uses
the original method of Nash [13] defining the solution as the limit of the solution
to a differential — rather than a difference — equation.

An earlier version of the proof presented here had the hypothesis 11b < a instead
of 7b < a. Thanks to Raz Stowe and Mike Field for pointing out the improvement
and indicating that this is in some sense the best possible. As 7b < a leads to K =4/3
which agrees with Sergeraert, I presume that he followed this reasoning as well.

4. The tame contraction principle
In this section we present another (easier) version of the tame implicit function

theorem. It has stronger hypotheses and a stronger conclusion: viz. that the solution
map G is tame.

Let H and E be N-normed spaces, Z<H and U cE be open, zo€ Z and u,e U
and S: Z x U ->E be C*-tame of degree 0. Assume

S(2o, o) = ug (1)
and

| D,S(z, u)'i|, < Co"[z, u: ], (2)
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for ze Z; u,u+de U Here [z, u:d], =(1+|z|, +|ull ) élo+|d], 0<o<1, and
the constants C and o are independent of z, u, i and neN. (They are as usual
allowed to depend on reN.) Note that were it not for the requirement that C and
o be independent of n, the inequality (2) would follow from the tame estimate on
D,S.

THEOREM. Under these hypotheses there exist neighbourhoods Z, of z, in Z and U,
of ug in U and a tame map G: Z,~ U, such that
S(zyu)=ueu=G(z)
Jorze Z, and u e U,.
Proof. We solve the equation S(z, u) = u by Newton’s method:
Up 1 =ty — (1= D,S(z, 1)) (4 — S(z, u,)),
G(z) = lim u, (3)

The inverse operator can be calculated via the Neumann series:
oo
(1 - DzS(Z, u))_lﬁ = Z DZS(Z9 u)"ﬁ’
n=0

and (2) gives the tame estimate (enlarging C):
(1~ DyS8(z, u))~'itl, = Clz, u: ], (4)
Now
un—s(zy un)zo(za un—l’un_un~l), (5)
where Q is defined by
S(z,u+d)=8(z,u) +D,S(z, u)ii + Q(z, u, i),
so that (3), (4), and the appropriate tame estimate on Q yield:
||un+l — U, “r = ClIZ, U, U, — un—ll]r”un — Uy "0 (6)
In the case where r=0 this becomes [u,.;— t,]o= Cllu,—u,_,||5 so that by
induction:

”un+l_un “056,,, (7)
provided that this holds for n =0 and 8, = (C8,)>'C~". Let E, denote the completion
of E in the norm ||+ || and for £ >0 let

Up={uck: |lu—uy|,<e}
U ={uecky: |[u—uello<e}.
Choose Z, and £>0 so small that S(z, u)=u has a unique solution uec U¥ for
ze Z, (e.g. by Banach’s contraction principle) and shrink Z, further so that (7)
holds for n =0 when z€ Z,. Assume §, is so small that ¥ §, <e.
It remains to prove that the sequence u, converges in each norm || ||, (so that

G(z) € Uy), that u= G(z) solves S(z, u)=u, and that G is tame. First (6) and (7)
imply

Hun-#—l _un”rS C(l +||Z||r+“un”r +“un—l”r)8n~l (8)
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(for sufficiently large n) which in turn implies
Ntnarll, = (Ul z1) + 20 ua ], +20 0,
for sufficiently large n, say n = m. By induction we obtain the crude estimate:
lwa [l =277+ 2]l + [l + [t ]].)- 9)
But u,, u,,_, are tame functions of z so that (8) and (9) give
Ny —uall, = C2"(1+| 2| ,)8,. (10)

But} 2", <coso that (10) gives both convergence and a tame estimate. The equation
G(z)— S(z, G(z)) =0 follows by replacing u, and u,_, by the limit G(z) in (5).

5. N-jet semi-Finslers

(5.1) Let M be a smooth manifold, not necessarily compact and let E—> M be a
vector bundle. A semi-Finsler [resp. a Finsler] on E—-> M is a continuous map
©: E - [0, o) such that for each x € M the restriction to the fibre ©|E, is a semi-norm
[resp. a norm]. Two semi-Finslers @ and ' on E > M are called locally equivalent
iff there is a continuous function ¢: M - (0, o) such that

c(x)'0(w) =0 (v) < c(x)O(v)

for ve E, xe M.

PROPOSITION. Any two Finslers on E » M are locally equivalent. If M is compact, any
two locally equivalent semi-Finslers on E > M are equivalent.

(5.2) The following trivial observation is useful for constructing semi-Finslers with
specific local properties.

Patching construction. Suppose {M;:ie I} is a collection of open sets which cover
M and @O’ is a semi-Finsler on E, = E|M,. Then there is a semi-Finsler ® on E > M
such that O|E; is locally equivalent to ®' for each ic I if and only if for each
i,je I, ®|E,n E; and ©’|E, N E; are locally equivalent semi-Finslers.

Proof. Use partitions of unity.

(5.3) An r-jet semi-Finsler {resp. r-jet Finsler] on M is a semi-Finsler [resp. Finsler]
on the bundle J (M) > M of r-jets of real-valued functions on M. Given ue C™(M)
and xe M let

ull,x =0 u(x))
and
llull, =sup {|jull,.: xe M}.
If we require more precision we may use @ as a superscript, ”“H?x=||u||,,x,

llull®=]lul., but generally it will be clear from the context which semi-Finsler we
are using. When © is a Finsler we shall use single bars rather than double:

|l = Ntal] o Jua], = -
An N-jet semi-Finsler [resp. N-jet Finsler] is a non-decreasing sequence
®={0,: reN} where 0O, is an r-jet semi-Finsler [resp. r-jet Finsler] such that the
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first one is a Finsler. Thus
lullox=llullyc=---=<lull,.=---
and
lull,x=0=>u(x)=0.
We call two N-jet semi-Finslers @ and ©’ equivalent [resp. locally equivalent] iff for
each reN the semi-Finslers ®, and @/ are equivalent [resp. locally equivalent].

An N-jet semi-Finsler determines an N-norm on C§(M); we denote by B(M, O)
the completion. Thus

ue B(M,0)s|lul, <o forall reN.
This is an N-normed space. We denote by #(M, 0) = B(M, ), the ‘localization’;
ie.
ue F(M,0)o yuc B(M, 0) for all ye C5(M).

When M is compact we have F(M, ®)=B(M, @) while if M is not compact,
#(M,0) is not an N-normed space in any natural way. It is of course an
‘N X Cg{M)-normed space’ where |ul,, = |¢ul, for reN, ¢y € C5(M).

PROPOSITION. If ® and O’ are equivalent then the corresponding N-norms are
equivalent so that B(M, 0)=RB(M, 0'). If ® and O are locally equivalent, then
F(M, 0)=F(M, O"). In particular, when O is an N-jet Finsler we have (M, ©) =
C*(M).

Of course, we always have the inclusions
CY(M)c B(M,0)c F(M,0)c C(M).

(5.4) When U< R”" is open the bundle J'(U) - U is trivial

J(U)=UxJ"(n)

J(n)=RxL(R",R)x LA(R",R) X+ - - X L}(R", R)
with
ju(x)=(u(x), Du(x), D*u(x), ..., D'u(x))

for ue C™(U), x € U. There is correspondingly a ‘trivial N-jet Finsler’ 0, defined
by

lulo= 3 ID*u(x)].

k=0

Thus |u|, =sup {|u|,,: xe U} is the usual C'-sup norm. We define B(U)=
RB(U, B,,) so that

ue B(U)o|u|, <o  forall reR.
(5.5) We can generalize this to define %B(U) for certain open subsets U< M:

LeMMA. Let U< M be open with compact closure and let ® and @' be N-jet Finslers
on M. Then the N-jet Finslers ®|U and ®'|U are equivalent so that

B(U,B|U)=B(U,O|U).
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Hence (when U has compact closure) we define B(U) = B(U, O|U). (The lemma
is of course an easy variant on propositions 1 and 2.)

(5.6) Finally we introduce a bit more notation. Assume that M is compact and that
E - M and F—> M are vector bundles. Given open V < E with compact closure we
have B(V)< C*(V) as above. Suppose F is embedded as a sub-bundle of a trivial
bundle F< M XR" and define an N-normed space B(V, F) by

g B(V)OR"

g(VAE,)c F, for all xe M.

(In other words, g: V< E > F a fibre preserving C* map with bounded derivatives
of all orders.) Note that each element ge B(V, F)c B(V)®R" has form
q=(qi,...,q,) where g;€ B(V) so the N-norm has form

qge B(Y, F)@{

lgl, =sup {lgl.,: ye V}
lq|r,y = |ql|r,y +ee +|qn|r,y'

It is easy to prove that the definition of B(V, F) is independent of the embedding
(up to an equivalent renorming).

6. The composition inequality
(6.1) Let M be a compact manifold and #(M) be an N-normed space of functions

on M. We assume )
C*(M)c F(M)< CYM)

with continuous inclusion on the right.
|ulo=1lullo (1)

for ue #(M). (As usual we denote the N-norm of F(M) by |u||, and the usual
C’-sup norm by |u|,.)

Given an open set U< M XR" define an open set (M, U)< F(M)®R" by the
requirement that

ueFM, U)o (x, u(x)elU for all xe M.

Thus each ue (M, U) and g€ B(U) determines v: M - R via the formula

v(x) = q(x, u(x)) (2)
for xe M.

We say that (M) satisfies the composition inequality iff (for every U) we have
ve F(M) and for each r=1 there is an inequality

loll, =cXlqllully - - - lull, (3)
where ¢ = ¢(r, U) is independent of g € B(U) and u € #(M, U) and the sum is over
all terms with l=k=rand 1=j,,...,j,=r,and j, +---+ji,=r.

THEOREM. Assume F(M) satisfies the composition inequalities and the interpolation

inequalities. Then the map
BUYXFM, U)»F(M)

(g, u)->v
is tame-C* of degree k for each k eN.
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Proof. Interpolation gives estimates

|q|k5 C|q|
el = clfuf) 7D w90/,

-k -1 k-1 -1
(lr M(r )lql(r )/ (r=1)

Hence
il - Nl = el 7 a7
so that if ' B(U) X F(M, U) satisfies
(g e Ne|gli+]uli<c

we have the estimate
loll,=c i |g|¢k= 171y =R =)
k=1

Since the right hand side is homogeneous of degree one in (|g|, ||u]|,) (or by using
the convexity of the log) this gives the tame estimate

loll. = c(lql, +1ull,)
for (g, u) € N. The derivative (q, u, g, #) > of the map (g, u)-> v is given by
6(x) = §(x, u(x)) + D,g(x, u(x))d(x)
which is a map of the same form. The tame estimate on the derivative implies the
continuity of the map by the mean value theorem; this completes the proof.
Remark. For fixed q one can use the interpolation inequality ||u|; = c|lul|s ™" |u||//"

and obtain the global estimate ||v]|, < c(1 +||ul|,) for ue F(M, U).

CoRroOLLARY 1. Under the hypotheses of the theorem, (M) is a tame algebra; i.e.

luoll, = c(lullo] oll, +lullvllo),
Joru,ve F(M).
Proof. Take n=2, q(x, u, v) = uv, and U ={(x, u, v): |u| +|v| <1} in the remark and
use proposition 2 of § 2.

COROLLARY 2. Under the hypothesis of the theorem, each ¢ € C*(M) gives a tame
linear map (M) > F(M): u- u of degree 0.
Proof. C*(M)< F(M).

(6.2) Now let E—> M be a vector bundle and suppose there is a vector bundle
embedding E < M XR" in a trivial bundle. We define

FMQE={uec FM)DR": u(x)e E, for all xe M}

so we obtain an N-normed space of sections of E ‘of class #(M)’. By corollary 2

this space is well-defined; i.e. using a different embedding gives an equivalent
N-norm.

Suppose F - M is another vector bundle and U < E is an open set with compact
closure. Let

FMU)={uc FIM)QE: u(M)= U}
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and let B(U, F) be the N-normed space of (5.6). One easily generalizes the composi-
tion theorem to:

CoroLLARY 3. The map
B(U, F)YxFM,U)> FM)RQF

(g,u)>qou
is tame-C" of degree r for every reN, '

(6.3) Now let ® be an N-jet semi-Finsler on M. We say that O satisfies the composition
inequalities iff for every N-jet Finsler on M XR" there exist continuous functions
¢=c,: M XR" > (0, o) such that for ge C*(M xXR"), ue C*(M)®R", we have the
pointwise estimate:

”v”r,xS C(J’)Z Iqlk,y”u“j,,x' t “u”jk,x’

where v is given by (2) and the indices in the sum range as in (3) and y = (x, u(x))
€ M xR". (Note that the definition is meaningful even when M is non-compact.)

PrROPOSITION. If the N-jet semi-Finsler @ satisfies the composition inequalities and M
is compact, then the N-normed space #(M, ©®) satisfies the composition inequalities.

Proof. This is immediate from Faa di-Bruno’s formula for the higher derivatives of
a composition of maps. Note that in particular an N-jet Finsler satisfies the composi-
tion inequality so we recover the result that the map

B(U)xCP(M, U)-> C*(M)

(g, u)>v
is tame-C" of degree r.

(6.4) Notes. This section follows [5, p. 147]. See also [6]. The formula of Faa
di-Bruno is (in the one dimensional case)
D'(gou)(x) =Y cD*q(u(x)) D u(x) - - - D*u(x),

where the sum is over indices as in (3) and ¢ = ¢(k, ji, ..., ji, r) are certain integers.
(See e.g. [7, p. 50].) In the general case the formula is true if the multiplication on
the right is appropriately interpreted; see e.g. [1, p. 3]. Thanks to Bob Welland for
pointing out that the formula there only holds on the diagonal; the authors neglected
to symmetrize the right hand side (mea culpa).

7. Unfoldings

Let M be a compact manifold. An unfolding is a pair (F, f;) where F is a finite
dimensional submanifold of Diff (M) and f, € F; we call f, the centre of the unfolding
and say F is an unfolding of f;,.

Two unfoldings (F, fo)} and (F’, fy) are germ-equivalent iff fo=f; and ¥n F=
9~ F' for some neighbourhood ¥ of f; in Diff (M). We are interested only in the
germ (i.e. germ-equivalence class) of the unfolding. Thus we are always free to
‘shrink F’, i.e. to replace F by an open neighbourhood 4~ F of f, in F. We shall
often abuse language and denote an unfolding by F rather than by (F, f,).
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We state the definition more precisely: a subset F < Diff (M) is an unfolding of
Jo iff there is a finite dimensional vector space F, an open neighbourhood I' of the
origin in F, and a map I' > F: y > f, satisfying the following conditions

(i) the evaluation map I'xM - M: (1, x) = f,(x) is smooth;

(ii) f'yl'y=0=f0;

(iii) the map y- f, maps I bijectivity onto F;

(iv) for each yeT the linear map A(y):F-> &(M) defined by

. d _
A(7)7=Efy+t&°fyl

t=0

is injective.

Remark. We could if we like use a more general definition; namely we could define
an unfolding with centre f; to be a map I'» Diff (M) : vy f, satisfying (i) and (ii).
The reason is that if I' is a submanifold of T containing 0 such that for F = T, cF
the restriction A(O)l!? is injective, then we may shrink I' and obtain an unfolding

[>F={f:yel}:iy~f,
which satisfies (i)—(iv). (This is by the implicit function theorem.) The theorems we
prove about unfoldings satisfying (i)-(iv) can be reformulated as (more general)
theorems about unfoldings satisfying (i), (ii); the general case can then be reduced
to the special case by judiciously choosing the submanifold I". (We work with the
more restrictive definition since it is more suggestive geometrically and makes the
notation somewhat less cumbersome.)
Now for fe Diff (M) let C(f) denote the topological conjugacy class of f:

C(f)={¢p°fo¢ '|¢ € Homeo (M)} n Dift (M).

Roughly speaking, the unfolding F is universal iff there is a neighbourhood ¥ of
Jo in Diff (M) such that

Y< | C). (1)

feF

Make the (unwarranted) assumption that the sets C(f) are submanifolds of finite
codimension in Diff (M) and that they fit together nicely (like the orbits of a group
action). We can then solve (1) by the implicit function theorem, if we can solve it
infinitesimally; i.e. if

T,%=T,C(f) + T,F. )
(Note that (2) expresses the idea that the ‘submanifolds’ C(f) and F are transverse
at f)

Let us examine (2) more closely. Suppose N is another smooth manifold (even-
tually we take M = N) and that fe C®(M, N) i.e. that f: M > N is smooth. If
R-> C*(M, N):t-f, is a smooth curve through f (i.e. f;|,_o=f) we expect that f
defined by

2 d
F=gh| 3)

lies in the tangent space T,C*(M, N) to the manifold C*(M, N) at the point f.
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This leads to the definition
T,C™(M, N)=Z(f),
where Z(f) denotes the vector space of vector fields along f:
feC*(M, TN)
f(x)e TN for all xe M.
Now if Wc C°:’(M, N) is a submanifold and fe W we define T,W < Z(f) by the
condition that f € T,W iff there is a curve - f; as above with f,€ W for all teR.

Now if f is a diffeomorphism, i.e. f€ Diff (M, N) there is a linear isomorphism
S : Z(f) > Z(N) given by

f‘e%(f)@{

SN =F(f (%))
for x& N. Thus take M = N and apply f, to both'sides of (2):

F(T58) = [, T(CY ) + £ TF. (29
Since ¥ Dift (M) is open we have
F(T9) =2 (M). (4)

For we (M) we expect
d e
Wef*TfC(f)Qw=E‘Px°f°‘Pt ‘°f lIr=o
for some curve R-> Homeo (M) through the identity (i.e. ¢,|,—o= e =identity map
of M). This gives
LEC(H=1-f)Z(M), (5)
where the linear operator f,: Z(M)->%(M) is defined by f,é = Tfopef ' for

PeZ(M) (ie. fod(x)= Df(y)¢(y) where y = f ~'(x), x e M). Finally in the notation
of (iv) note the equation

S TF =A(y)Fc Z(M) (6)
for f=f,, yeI'. We thus reformulate (2') in the form
Z(M)=(1-f.)Z(M) +£, T(F, (2

which asserts that for any we (M) there exists { =@ X(M) and B=A(y)ye
¥ (M) satisfying

w=(1-f){+B,  Bef,T;F. (7

The solvability of (7) implies that the image of (1 —f,) has finite codimension,

i.e. that dim coker (1 — f,)=dim (F) <co. (This as we have just seen expresses the

idea that the conjugacy class C(f) has finite codimension.) We may express this

by requiring a linear map «(f): Z(M)-F, where F is a finite dimensional vector
space such that

ker (@(f)) cim (1-f,). (8)
Given (8) we can solve (7) if the additional hypothesis
w(N)|f T,F > F is surjective (%)

is satisfied.
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Now as we indicated in (0.7) there is no hope of solving (7) if Z(M) denotes
some familiar space of vector fields say (M)=C°(M)®TM or Z(M)=
C*(M)® TM. We shall however show that sometimes one can solve (7) get (M) =
F(M)® TM with F(M) a suitable N-normed space of functions between C*(M)
and C°(M). Roughly, we call the unfolding F preversal if it satisfies (8), i.e. if C(f)
has finite codimension and infinitesimally universal if (in addition) it satisfies the
transversality condition (*). In §§ 8, 9 we show how to make these heuristic consider-
ations precise and apply the tame implicit function theorem to prove:

THEOREM A. An infinitesimally universal unfolding is universal.

8. Spaces adapted to an unfolding
(8.1) Let M be a compact manifold, F< Diff (M) an unfolding, and ¥$(M) an
N-normed space of functions on M:
Co(M)c F(M)<= C°(M).

Definition. The space ¥(M) is adapted to the unfolding F iff it satisfies the following
conditions:

(i) (M) satisfies the composition inequalities of § 6;

(i) #(M) satisfies the interpolation inequalities of (2.6);

(iii) #(M) admits a family of smoothing operators as in (2.6);

(iv) the map F X F(M)-> F(M), (f, u)> f,u is tame-C?;

(v) there exists reN and C>0 such that for ue F(M), x, ye€ M there exists
neZ with

lu(f"(x)) = u(f" W)= Cllul,d(f"(x), /" (»)),
(where d is any metric on M compatible with the usual differential structure on
M i.e. such that the co-ordinate charts are Lipeomorphisms on compact sets).

As usual put Z(M)=F(M)QTM, (M) =F(M)® L(TM), and note that (i), (ii)
and (2.2) give a tame bilinear map

F(M)XZ(M)->F(M)
(P, ) > dL
(8.2) The purpose of this crucial definition is to enable us to rewrite the equation
g=e¢°foo, (1)
which involves g € Diff (M), ¢ € Homeo (M), and f¢€ F in the form
P(w,{, v)=0, (2)

which involves we (M), {€ #(M), and y€T. In other words we are going to
rewrite an equation on a non-linear space as a (non-linear) equation on a linear space.

To do this let exp: TM > M be a smooth exponential map: i.e. for each xe M
expx =exp | T,M is a diffeomorphism onto an open subset of M and

expy (0)=x
Dexp, (0)£=%
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for xe M, e T M. (We require no relation to sprays or geodesics.) Given
Le X (M)=CM)® TM define exp ({): M > M by exp ({)(x) = exp ({(x)). Thus
the equation

p=exp({) 3)

establishes a bijective correspondence between #°(M) and a neighbourhood of the
identity map in C°(M, M) and the equation

g=exp(w)efy (4)

(where f, is the centre of the unfolding F) establishes a bijective correspondence
between a neighbourhood of 0 in (M) = C*(M)® TM and a neighbourhood ¥
of f, in Diff (M).

Fix a finite dimensional vector space F, a neighbourhood I" of 0 in F, and a bijection

F>F:y>f=f, (5)

asin § 7.

Fix a neighbourhood # < (M) xZ(M) xT of the origin. If ¥ is sufficiently
small there are maps Q;: # » Z(M), i=1, 2, defined by

fO(pof_l =€Xp (f#§+Ql(w5 ga 7)),
fog_IO(p =exp (£+QZ(W, {s 7))’

where ¢, g, f are determined from ¢, w, ¥ by (3), (4), (5). (Q, does not depend

on w.)
Define P: %> Z(M) by:

P(W, ga ‘Y) = (1 _f#)§+QZ(W’ {a 7)_ Ql(w’ {’ 7)'

(8.3) We assume that #(M) is adapted to F and derive some basic properties of
these constructions.

I. The maps
GcDIff (M)>Z*(M):g-»>w
Z(M)>C M, M):¢>¢
I'>F.y>f
determined by (3), (4), (5) are continuous.
(From now on assume (g, ¢, f) and (w, ¢, v) are related by (3), (4), (5).)
II. Equation (2) holds if and only if
fepofI=foglog. (1)
Hence P(0,0,0)=0.
III. The map P is tame-C>.

Proof of II1. Shrink ¥ and construct a neighbourhood U of the zero section in TM
so that the maps Q; have form

Qiw, {, Y)=q1°f%¢
QZ(W’ g, ‘Y) = q2°§
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where the maps v- q; and (w, y) > q, are tame-C* into B(U, TM). (Thus q,, g,
are fibre preserving: ¢(Un TM)<c T.M for xe M.) Now use (i), (ii), (iii) and
corollary 3 of (6.2).
IV. The partial derivative D,P: % - L(Z(M)) has form
D,P-{=(1+®,){~(1+®)f,.{

where D,P=D,P(w, ¢, v), ®,=®,(w, ¢, v) and the ®; are given by maps ®,;: ¥ >
Z(M) such that the evaluation maps

HXZ(M)>Z(M);

(W’ {’ ')', f)_>¢l(w’ {, Y)f
are tame and ¢,(0,0,0)=0.
Proof of IV. @, is the derivative along the fibre of g, The vanishing follows from
the equations D,Q,(0,0,0) =0 and Q,(0, , 0)=0.
V. The partial derivative D;P: % - L(F, Z(M)), (which is tame by III) satisfies
D;P(0,0,0)y = A(0)¥, where A(y):F- f, T,F is the isomorphism of § 7(iv).
Proofof V P(O’ O’ ‘Y) = QZ(O, 05 7)9 exp (QZ(O’ 0’ Y)) =f°f0_l'
VI. If (1) holds and ¢ is sufficiently small, then ¢ is a homeomorphism (so that
(1) holds).

Proof of VI. This is the purpose of (v) of definition (8.1). (See [16, p. 462].) We
shall sketch the proof under the simplifying hypothesis that M is an affine manifold
(e.g. or torus) so that the exponential map has form exp, (£) = x +X. Assume (1').
Then

gep=gpof" (1"
for ne Z. Since ¢ is homotopic to the identity and M is compact, ¢ is surjective
so it is enough to prove ¢ is injective. Thus we assume ¢(x) = ¢(y) and prove x =y,
By (1"} we may replace x, y by f"(x), f"(y) for some n to obtain:

LG = ¢I=CliglIx - yl.

Thus if C||{||, <1, x =y follows from

x+{(x)=e(x)=@(y)=y+{(y)

9. Universal, preversal, and infinitesimally universal unfoldings
We continue the notation of §§ 7, 8.

Definition. The unfolding F is universal iff there is a neighbourhood ¥ of f; in
Diff (M) and continuous maps ¥-> Homeo (M):g— ¢, 4> F: g f, such that
g=p°fop”
for ge % (The topology on Homeo (M) is the topology it inherits as a subset of
C'(M, M).)
Now define T: (M) x F-> L(Z(M)) by
T((I’sf){ = (l +¢)Jf#£’
for e (M), fe F, { € (M).
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Definition. The unfolding F is preversal (with respect to the N-normed space F(M)
which is by assumption adapted to F) iff there is a neighbourhood ¥ c (M) X F
of (0, fy), a finite dimensional vector space F, a tame family J: /' > L(Z(M)), and
a continuous family w: ¥ - L(Z(M), F) such that we have

(1-T(®,N)=w (1)

whenever (D, f)e & and ¢, we Z(M) satisfy
{=JP, Nw, (2)
(P, lw=0. (3)

The unfolding is infinitesimally universal (with respect to ¥(M)) iff in addition it
satisfies the ‘transversality condition’

w(®, ) f TF) =F. (*)
(By continuity (*) will hold for (®, f) e & with A sufficiently small if it holds at
((I),f) = (0; fO)')
THEOREM A. An infinitesimally universal unfolding is universal.

Proof. According to I, I1, VI from § 8 it is enough to produce a neighbourhood %
of 0 in £°(M) and a continuous map B< F*(M)->Z(M) XTI, w- (¢, v), such
that P(w, £, v) =0 for we B. According to the tame implicit function theorem and
II1 of § 8 it is enough to produce a tame map

HXE(M)->F(M)xF
(%, &% %)~ 9)
which is linear in W and satisfies
D,P(w, &, v){ + DsP(w, £, v)7 = .
By IV this may be rewritten in the form
(1-T(@, ME+Aw, g, )7 =, (4)
where
1+ =(1+d,)"'(1+d,),
AW, §, 7) = (1+®x(w, {, ) "' DsP(w, L, 7),
W =(1+®,)"'w.
By continuity, V, and (*) we may choose ¥ so that
w(®, AW, {, v)¥ = (P, H,

and then solve (4) by taking f= J(®, N(W,— A(w, £, ¥)¥). The tame estimates follow
from the tame estimates on J and IV of § 8.

10. Level decompositions
A level decomposition respecting f € Diff (M) is a collection

RO’ SI, Rl, SZ’ ey SI, Rl
of open subsets of M satisfying the following conditions:

(i) McRUS where R=U,_(R, S=U,_, S;;
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(i) cl(R)nc(R)=C i#],
c(S)ncl(S)=9 i#j,
cd(S)ncl(R)=0 i#zjj—1,
A (S)nc (f(S)H=0 In|>1;

(iii) f(el (Siyzyu M) M7,
(e (Siu M) e M7,

where M =\J;_, R,U S, M7 =\UJ;_, R, U, (in these unions take So= R;, = ).
A level decomposition respecting an unfolding F is one respecting each fe€ F. Note
that the conditions are open so that a decomposition respecting f, respects a
neighbourhood F, of f, in F.

Now define

Q,(f)= ﬂ fn(Ri),

ne

W (Q, f)= U ﬂ SR,

m=0n=m

wH(Q, N)=U M f(Ry),

m=0 n=m

so that Q,( )= W*(Q,, /) n W*(Q, f) and we have two decompositions
WS(Qiaf)

1
M=U
i=0
!
M= U w*(Q, f)
i=0
of M into disjoint f-invariant sets.

These definitions are inspired by the ‘spectral decompositions’ and ‘filtrations’ of
Smale [20] but we assume no hyperbolicity of {);. For us the decomposition serves
a ‘bookkeeping’ purpose. An orbit in W*(Q;)~ W*(£,) (this implies i =<j) can be
thought to ‘originate’ in {2; and ‘terminate’ in (). On its journey it passes successively
through the sets R;, S;, R;_y, S;_y, ..., Si+1, R: It has at least one point and at most
two points in each S; where j= k=i and so these strips serve as ‘fundamental
domains’. The recurrent behaviour occurs in the sets R, The strip S; serves as an
‘interface’ between R;_, and R,

By (iii) an orbit cannot leave and re-enter some R, Moreover (ii) and (iii) imply

cl (f_l(Ri)n Rinf(R;))<= R,

Thus Q;(f) is a (compact) isolated invariant set and R; is an invariant set and an
isolating neighbourhood for it. (The terminology is from [2].) Thus

W@, )= () S(N)

W@, 0)= () 1 (N)

for any neighbourhood N; of Q,(f) in R.
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PROPOSITION 1. Let N; be any neighbourhood of Q;(fy) in R. Then there is a
neighbourhood F, of f, in F and open sets P}, P; < R; such that

R;=N;u P{uU P},

W, f)ncl (P}) =0,

W (Q, f)nel (P)=0,
Jor fe F,. Thus for a suitably large m

S (P)) el (R) =0,

S (PY))nel (R) =,
for fe Fy and n=m.
PrOPOSITION 2. Given N; as in proposition 1 (for each i=0,1,...,1) there is an

integer m and a neighbourhood F, of f; in F such that for each f € F, and each xe M
we have f"(x) & U:=O N, for at most m values of ne Z.

Proof. From the open cover M= U:=o N/ extract a finite subcover M=
U:=0U:.”‘=-m,.f"(Ni) and take m=2Y m,

11. Local preversality
Continue the notation of § 9. In particular, assume #(M) is adapted to the unfolding
F.

Definition. Let N ¢ M be open. Say that F is preversal at N (with respect to #(M))
iff there is a neighbourhood & < #(M) x F of (0, f,), a finite dimensional vector
space E, a tame family J: ¥ > L{Z(M)) and a continuous family §: ¥ > L(Z(M),F)
such that we have

(1= T(®,/)){)|N =w|N (0)
whenever (®, f)e N and £, we Z(M) satisfy { =T (P, /iw, §(P, flw=0.
Remark. Tt is enough to define J(®, f)w and 8(P, f)w under the additional assump-
tions that supp (®),supp(w)cZ, where Z< M is an open set satisfying
cd(NUf ' (N))<Z for (®,f)eN. For then we may choose ¢e Cy(Z) with
YINUSYN)=1 and take

J'(@, Nw=J(y®, /)(Yyw)

3(®,NHw=38(y®, NH(yw).
Since T(®, /)¢|N = T(y®, f){|N, w|N = yw|N, for {, we Z(M) it follows that J'
and &’ satisfy (0) if J and & do. The linear maps ® - y®, w— yw are tame so that
J', 8' are tame if J and & are.

Now let Ry, S, ..., R; be a level decomposition respecting F.

Definition. Say that the level decomposition is locally preversal iff for each
i=0,1,...,1 there is a neighbourhood N; of ,(f,) such that F is preversal at N,

Recall that §=$, U -+ -U S, and define 2(S),={we Z(M): supp (w) < §}.

THEOREM. Assume the level decomposition is locally preversal. Then their is a neighbour-
hood N =« £(M) X F of (0, f,), a finite dimensional vector space E, a tame family
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J: N> L(Z(M)) and a continuous family 6: N > L(Z (M), E) such that we have
(1=T(®, )L —we X(S)o
whenever (D, fYe N, {, we F(M) satisfy { =J(D, fHw, 8(®, HHw=0.

Proof. In other words we can solve the equation (1—T){ =w on M\S. Take N= N;
in definition of ‘preversal at N’ to obtain ¥, E; J, &; and define

N=NonN " NN

E=E,XxE, x- - XE,

8=1(8p, 61,...,8).
Shrink & further to obtain the decomposition R, = N;u P;u P} as in § 10. This
gives an open cover

1 1
MNXU N,c U{P{uP}uS
i=0 i=0

so a suitable partition of unity gives a decomposition

i 1
w—Y wi=1 wi+w (1)
i=0 i=0
where w¥=(1-T(®, ) (D, fw, w,=w]+w!, supp(w;])< Pj, supp(w)c P},
and supp (w') < S. (We can assume that w¥ vanishes on N; for i # j by multiplying
by a suitable cut-off function; hence the left hand side of (1) vanishes on
Ngu: - +UN,) Let
L=+

where

{i=

itIs

(D, f)"wi,

== X @)W,

The series converge pointwise since by proposition 1 of § 10 each contains only
finitely many terms. (They do not converge uniformly however.) Clearly

G—T(D, f)Li=w, (2)

supp (w;) < R, (3)

so we replace {; by ¢, for a suitable cut-off function ¢; and investigate the extent

to which this invalidates (2).
We take ¢, € C*(M) satisfying

YR UST(R)=1, (4)

f(supp (¥))Usupp ($)= S, ;UR US;; (5)

(we take S;_, = if i =0). First note that (shrinking & if necessary) proposition 1
of § 10 gives an m independent of (®, f) e ¥ with

supp (¢i) N f "(P}) =0,
supp (¢;)) N f"(P}) =,
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for n= m. Hence ¢{; may be represented by a finite series so that the map w - ,{;
is tame. Let

A; = (f(supp (¢:)) Usupp (¥:))\R;

so that A;= §;_, U S; and let w] denote the error in (2) when ¢; is replaced by ¢.¢;:

(1= T(®, Nl = wi + wi. (6)

We claim supp (w!)< A, Clearly wi(x)=0 whenever (x)=4¢(f '(x))=1 since

T(®, )di = T(P, f)¢ at such a point x. Hence w/|R;=0. In particular, wj(x)=0

at any value of x where w;(x)=0. On the other hand wi(x)=0 at any x where

Y(x)=¢(f'(x))=0 and w,(x) =0 for then the three other terms of (6) vanish.

Hence wj(x) # 0 only when x ¢ R; and either y(x) # 0 or ¢(f ~'(x)) # 0 as required.
We now put

£=I@, W= ¥ (@, f)w+bd)
so that (1) and (6) give
(1-T(®,N){= _)’:0 (WF+w)+w"
where w'=w' +Zi=0 wi. Hence supp (w")< S as required.

12. The interface condition _
Continue the notation of §§9, 10, 11. Define N-normed subspaces by:
Z(Sj)o={we Z(M): supp (w) <= S;}.

We say that the unfolding F satisfies the interface condition (with respect to the
space F(N) and the level decomposition) iff there exist peN, o€(0,1)<=R, a
neighbourhood N < Z(M) X F of (0, f,), finite dimensional vector spaces F, ... ,F,
tame families =, 7} : N > L(Z(S;)o, Z(M)) and continuous families ¢;: ¥ >
L(Z(S)o, F;), j=1,...,1 satisfying:

(1) w=m(®, NHw + 7 (D, NHw;

(ii, s) || T(D, N7 (D, NHw| = co"[DP:w] 5

(i, u) | T(®, ) "m/ (@, Hw|i = co[®: W], i;
whenever (®, ) € ¥ and w e Z(S;),, satisfy ¢,(P, f)w=0. Here we use the abbrevi-
ation:

[®:w] =1+ ped Wl + 1wl o
and c = c(k) is independent of @, f, w and n.

THEOREM B. Assume that the level decomposition is both locally preversal and satisfies
the interface condition. Then the unfolding F is preversal (with respect to F(M)).
Hence if it also satisfies the additional transversality condition

(P, N)(fx TF)=F (*)

it is infinitesimally universal and hence (by theorem A) universal.

https://doi.org/10.1017/50143385700002558 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700002558

Discrete dynamical systems 453

Proof. Let J: N> L(%#(M)), 8: N > L(Z(M),E), denote the maps constructed in
§ 11, so that 8(®, Hw=0, { =J(®P, f)w, imply that
. . !
{" T(d)’f){= w+ Z] wj
Fan
where w; € Z(S;)o. Define
F=EXxF, x---xF,;
w(fb,f)w = (S(Q)a.f)w’ El(q’,f)wl’ Py 8l((I),.f)vvl)
- 1
J(<I>,f)w=§=§—_2l &
J=
where

=4+

5= I T@.N"mi(®,Nw,

£f== 5 T(®,0) " nH(@, N)w,

The tame estimates
[Z5l=<c(l =) " [D:w], 4
1£5 =< co(1 =) '[®: Wl s

follow from (ii) and the formula for summing a geometric series. This gives the
tameness of the map N/ XZ(M)-> Z(M), (P, f, w)~> {. The continuity of the map
NXE(M)->E, (P, f, w)> o(D, f)w and the equation

(1-T(®,N=w

are immediate.

We now give a criterion for verifying (*) in terms of § and ¢,..., &.
Remark. Condition (*) holds if 8(®, /)(f, T,F)=E and

&(®, N{(f; T;F) nker (8(®, 1)) A Z(S,)o} =F,

for j=1,...,L (As usual it is enough to check these conditions at (®, f) = (0, f;).)
13. Summary and prospects

(13.1) Robbin [16] proves:

THEOREM A. An infinitesimally stable diffeomorphism is structurally stable.
THEOREM B. A locally Anosov diffeomorphism is infinitesimally stable.

THEOREM C. A diffeomorphism satisfying Axiom A and the strong transversality
condition is locally Anosov.

We have extended two thirds of this trilogy to unfoldings.

THEOREM A. An infinitesimally universal unfolding is universal.
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THEOREM B. An unfolding which admits a locally preversal level decomposition satisfy-
ing the interface condition is preversal (and hence infinitesimally universal if it also
satisfies the transversality condition).

Conjecture C. An unfolding whose centre satisfies Axiom A, the no-cycle condition,
and the strong finite codimension condition is isomorphic to an unfolding which
has a locally preversal level decomposition satisfying the interface condition.

We define the terminology used in conjecture C.
Definition. Call two unfoldings (F,f,) and (F', f) isomorphic ifi f,=f, and
there exists a homeomorphism (F,f;)—> (F’, fy):f—>f and a continuous map
F~>Homeo (M): f- ¢ such that

f=¢efop™
for fe F.

ProPOSITION. Suppose (F, fo) and (F', f,) are isomorphic. Then F is universal if and
only if F' is.
For references on ‘Axiom A’ and the ‘no cycle condition’ see [22] (the updated and

annotated version of [20]). From our point of view the most important consequence
is that the stable and unstable manifolds

W(x, f)={ye M: lim d(f"(x), f"(y) =0}

W (x, f)=W*(x f")
are actually (immersed) manifolds for each x € M. This justifies the following.
Definition. A diffeomorphism f satisfies the strong finite codimension condition iff
for each x e M (the sets W*(x, f) and W"(x, f) are immersed manifolds and) the
codimension of the singularity of the intersection of W*(x, f) and W*(x, f) at x is
finite. In particular, f satisfies the strong transversality condition iff for each x this
codimension is zero, i.e. W*(x, f) and W*“(x, f) intersect transversally at x.

(13.2) We now sketch the ‘proof” of conjecture C.
Step 1. Using Axiom A and the no-cycle condition construct the ‘spectral decompo-
sition’

Q) =Q(NHo (N vQ(f)

of the non-wandering set of f; then construct a corresponding level decomposition.
Here one follows [20]; a level decomposition is more or less the same thing as a
‘filtration’. Fix neighbourhoods N; of Q;(f).

Step 2. Construct the tame splittings

Z(ND)=E(NHD®EAN®EI(S), (1)
which are invariant under f,. Roughly speaking, the spectrum of
L €N, BN S), £ €4(f) should lie inside, near, outside the unit circle but since

we are using N-normed spaces rather than Banach spaces this must be expressed
in terms of tame asymptotic estimates. The splitting will in general be different from
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the one determined by the hyperbolic structure of ), In particular, usually it will
not come from a splitting of the tangent bundle. This means that &;, €7, €} will
not be invariant under multiplication by a real valued function and the projections
onto the summands will not be local (i.e. pointwise defined).

Step 3. It is at this point we must define the space F(M). Introduce N-jet semi-
Finslers ®; on N/ and prove the asymptotic tame estimates. The ®, will be chosen
so that certain derivatives can blow up at W*({},, f) or W*(Q,, f). Replace F by an
isomorphic unfolding to achieve the conditions

We(Q, o N, = We(Q, fo) o N; (2)
fore=s,u,i=0,1,...,1 Thus ®,|N; will be independent of f.
Step 4. Use the tame contraction principle to define perturbed splittings
Z(NT) = &(D, D €YD, N D E1(D, f) (3)

which are invariant by T(®, f). Take E; = €%(0, f;) and define §,(®, ): Z(NT) > E;
to be the projection on (P, f) by (3) followed by the projection on E; by (1). Thus

ker (8,(®, f)) = €D, ND €D, f)

and the operator J;(®, f): Z(N{)> Z(N7Y) is defined using Neumann series. This
verifies local preversality.

Step 5. At each point x € S; of the interface set determine i and j with i<k=j so
that

xe W (Q, fo) » W*(Q,, fo). (4)

Then use a tame version of the C™ preparation theorem of Malgrange-Mather (et
al) to obtain a neighbourhood U of x and a decomposition

wlU =7 (D, f, Uw+mi (P, f, U)w (5)

with
mi( D, f, Uywe €, NH|U (6.5)
7P, f, Uywe €4, NH|U. (6.u)

Then piece these together to achieve a decomposition
w=m (D, NHw+ 7P, NHw
for we Z(Si),. The decomposition (5) will require a hypothesis
e (D, lw=0
where £,.(®, f) € L(Z(Si)o, F«) and the dimension of F, is related to the codimension

of the singularity of the intersection (5). (In particular, we should have dim (F,) =0
if the intersection is transversal.)

Step 6. Prove the following compatibility condition. Each point x € S, has a neigh-
bourhood U such that for we Z(S;), we have

(@, Hw|U n Nfe €D, f) (7.5)
7(®, )wlU n Nfe €4(d, f) (7.u)
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for i < k=j By proposition 2 of § 10 there is a bound independent of x on the
number of points on the orbit of x which are not in Nyu N;u - - - U N. Whenever
we are in some N; a tame asymptotic estimate holds. This verifies the interface
condition.

(13.3) In part II we shall carry out this program for a specific class of examples.
The examples are restricted to make the technicalities as manageable as possible;
our only aims are to show that the theory of part I is not vacuous and to provide
some guidance in the general case. We see the following obstacles to proving
conjecture C in full generality.

(13.3.1) The splittings are not local; hence equations (5), (6), (7) are meaningless.
We need a weaker condition, say ‘locality at the stable and unstable manifolds’ to
circumvent this difficulty.

(13.3.2) We do not know good general techniques for constructing N-jet semi-
Finslers. Finding smoothing operators seems to be a problem. In part II we have
to work fairly hard to construct the N-jet semi-Finsler near the source and the sink.
This seems absurd; nothing can go wrong there. (Famous last words!) Mike Field
has suggested a way around this. He proves a ‘hybrid tame implicit function theorem’.
(Of course, I prefer to do it my way.)

(13.3.3) 1 do not know the appropriate generalization of the tame preparation
theorem (see § 16 in part IT) from 1 to n dimensions. This is because the correspond-
ing argument for germs loses too much differentiability in the induction step.
Probably the way around this difficulty is to incorporate the loss in the N-jet
semi-Finsler. Thus suppose that for each r e N there exists k = k(r) > rsothatforxe S

lullix=0=>j"u(x)=0.

Then %(S, 0)=C™(S) as sets but the N-normed spaces F(S, ®) and C*(S) will
not be tamely equivalent.

PART II. ANALYSIS OF AN EXAMPLE

14. Overview

In part IT we carry out the program sketched in the ‘proof’ of conjecture C given
in § 13 for a simple example. Some general theory is also given (e.g. the ‘tame
preparation theorem’ of § 16) but this theory is probably not yet sufficiently general
to handle conjecture C in general (although it does suffice for the example). In this
introductory section we show how to solve

(I-f)=w (1)
under the hypothesis
w-w=0. 2)

We shall worry neither about perturbing f. to T(®d,f) nor convergence. (The
construction of the N-normed space %(M) in which the various series converge is
motivated by the heuristic argument and is given in detail in the sequel.)
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(14.1) The diffeomorphism f: M -» M has a non-wandering set consisting of a sink
Q,, two saddles 1, and ,, and a source ;. Thus M is a two-dimensional torus.
We assume W"(Q,)\Q, < W*(Q,), W (Q,)\ Q= W*(Q,), and define

W™ = W*(Q,) n W*(Q,).
Thus ¢l (W*)=W*“0uQ,uQ, and
M = WH(Qq) Ul (W*)u WH(Q,).

(14.2) Now to solve (1) we may assume without loss of generality that supp (w)c Z
where Z is a neighbourhood of ¢l (W*). Indeed if w|Z =0 then w=w" +w* where
supp (w") < W*(Q;), supp (w*) = W*(Q,), so (1) is solved by

{=0+0
where

gu —_ E:lf‘;"wll

=3 faw'
n=0
(14.3) Next we assume that there are coordinate systems z; = (x, y;) : Mi>R* i= 1,2,
which linearize f at ;. Thus Qe M, cl (W*)c Z< M, U M,, and:

I (x yi) = (Aixy, wiyi),
where 0<<pu, <1<A,0<A, <1<y, We write w=w, +w, where supp (w;) < M,;
the arguments for i=1 and i=2 are the same (replace f by f~') so we suppose
without loss of generality that supp (w) < M,.
We first try to solve (1) by the Neumann series

(=% fiw. (3:5)

Note that if supp (w) < {|y,| < L} then supp (faw) < {|y;| < u"L}, so that (3.s) conver-
ges on M if it converges on M,. To investigate this write

Ziaw = (u;, v;)
zigl = (& m)
so that

gl(x’ Y) = Z A;'ul()‘l_"x, l“’l‘"y)’
n=0

mixy)= ¥ uiot(A7"x, ui"y).
n=0

The series for i, converges as u, < 1. The series for £, apparently diverges as A, > 1
however if we differentiate twice with respect to x we obtain

@65 = T AR wi"),

which also converges.
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(14.3) We have reduced to the case
ui(x, y)=uo(y) +uy(y)x
vl(x’ y) = 0'

In this case we try the other Neumann series

(== % fiw (3.)
This gives
&ilx, y) = &oy) + &1 (¥)x
(%, y)=0
£u() == £ ATuiuly) (40)
£a) == 3w (i) (1)

This series for &, converges as A, > 1; as u, <1 the series for &,, also converges
provided that
un(0)=0 (5)

and u,, satisfies a Holder estimate.

We have solved (1) on M,. We cannot stop here however for the series (3.u)
blows up on M,. Indeed since supp (w) < M, { will be invariant by f, near €}, and
Q5. Near (), this causes no problem, for any invariant vector field which is continuous
on W“(Q2;)\Q; and vanishes at ), is automatically continuous at };. Near Q,
however we are only assured of continuity if & =0.

(14.4) To get a feeling for how to attack this problem, assume the W* consists of
a single orbit W* ={f"(p): n€Z} and that S is a small neighbourhood of p. We
assume further that the coordinate systems z, and z, are related by formulae

X, =x,+b(y)
y2=c¢(y) (6)
on S. (We shall relax these assumptions somewhat in § 22.) Instead of seeking the
solution of (1) in the form z,.¢ =(§,,0) we allow z,,{=(£,, ,) but impgse the
condition that z,,.¢ =(0, n,) so that { will be continuous on M,. Thus we seek ¢
such that z,.{ = (&, n:), i=1, 2, where
&(x, y)=&0(y) +én(y)x
71(%, ¥) = m0(») + nu(y)x
&(x, y)=0
7%, ¥) = n20(y) + n1:(¥)x (7

where &, £, are given by (4.0) and (4.1) as before and the 7, are to be determined.
(6) and (7) give the overlap relations

CE(x+b(y), c(y)=&(x y)+b' (M)ni(x, y)
M(x +b(y), c(y))=c'(y)m(x, y)
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on S which reduce to:
0=¢£10(y) +b'(¥)n10(y)
0=¢1(y)+b'(y)nu(y)
N20(c(¥)) = ¢'(¥)mo(y)
nule(y)) =c'(y)nu(y).

Now ¢'(y) # 0 so it is enough to solve the first two equations to obtain a solution
on S. Once we have the solution on S, the invariance

Mol iy) = pwimio(y)
Mo (YA = uimi(y)

assures that 7, is continuous on M; and hence that { is continuous on M. Now we
see that we can solve by dividing through by b’(y); this requires that at any zero
of b’, £, and &, vanish to the same order as b’.
Now W*({,) ={x,=0}, W*(Q,)={x, =0}, so by (6)
{p}=W*nS={x,=0,b(y,)=0}
Thus the order of the zero of b’ at y,(p) is the degree of tangency of W*({},) and
W*(Q,) at p. If this degree is r we require the 2r conditions

dkf,o(y,(p))=0
dkfn()’l(P))=0

k=0,1,...,r—1forsolving (1). This in addition to (5) and the analogous condition
u,,(0) =0 (to handle the case supp (w)< M,) gives 2r +2 sufficient conditions for
solving (1). (We have solved (1) on a neighbourhood of ¢l (W*); we have already
argued that this is enough.)

(14.5) We now argue that these 2r +2 conditions are necessary as well as sufficient;
i.e. that dim coker (1 —f,)=2r+2. For this we construct 2r +2 f,-invariant linear
functionals §,, 8;, w,, ..., w,,- They are given by:

(8;, w)=0,u;(0, 0)

(@ W)= T (e, f1w)

forj=1,...,2r where z,,w=(u; v;), i=1,2 and ¢; is defined by:
<8j’ W>= aé_lui(oa .V.(P)),
<£r+j, W) = (ag_lalui)(or yl(p))a

for j=1,...,r. We are assuming d’b(y,(p))=0 for j=0,1,..., r and the overlap
relations give

uy(x +b(y), c(y)) = u(x, y) +b'(y)vi(x, y),

so that the definition of ¢, is independent of the choice of i=1,2.
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The convergence of the bi-infinite series is easy; in fact

L (5 fiw)= T i A0 )0, 6,)

Z (Ej,f;"w>: Z M{-l)\l_j(aé_lul)((), c_n)
n=1 n=1
20<8r+j’f:‘w>= Zoﬂé_j(alaé—luz)(O, Cn)

Y (erp f2"wy= L p{7'(8:957 ui)(0, )
n=1 n=1

where ¢, = w3 "y2(p), c_, = uiy(p). These series clearly converge (the convergence
in the case of w,,, requires that (5, w)=0 for i =1, 2). The required invariance

(8, few) = (8, w)
<wj,f#w> = (wj, w)

is also immediate.

(14.6) Finally let us ask what must be the nature of the N-normed space (M) in
order that these constructions converge. We have required that dJu; exist on M,
and that 9ju; exist near p. As we must allow perturbations of f, and we solved near
p by dividing by b’ some form of the C™ preparation theorem will be required.
Hence we insist that elements of (M) be C* near p. These requirements together
with the requirement that #( M) be adapted to the unfolding, essentially determine
the definition of F(M) given below.

15. The tame division theorem
For each open interval I =R let B"(I) denote the Banach space of C’-functions
f: I >R with bounded derivatives of order <r:

feB (Ie|fl,<wo
where |f|, =Y, _, sup {|d*f(¢)|: t € I}. Thus the N-normed space #(I) is defined by
B(y=( B").

reN
Denote by S, the p-dimensional vector space of all (real) polynomials u:R->R of
degree <p:
P _
ueS,u(t)= Y wt””,
j=1

for teR and suitable u,..., u,e¢R.

THEOREM. Let I =R be an open interval about 0 and g,€ B(I) be regular of order
p at 0:

d’gs(0)=0  j=0,1,...,p—1,

d?gy(0) #0.
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Then there exists an open interval J < I about 0, a neighbourhood N of g, in B(I) a
tame family q: N > L(B(I), B(J)) and a continuous family h: N > L(B(I), S,) such
that

f=gq+h (1

(onJ) forge N, fe B(I), g=q(g)f, and h=h(g)f.
Proof. Each cut-off function 8 € Cy'(I) gives a linear map B(I)—> B(R): g 6g so
there is no loss of generality in assuming I =R.

We shall use the C*-division theorem as formulated by Sergeraert [19, p. 636]
(See also [9].) This asserts the existence of mappings

Q:C*(R) xR xS, >R
H:C*(R)xS,- S,
satisfying the equation:
FO)y =P +u()Q(f, t, u) + H(f, u)(1) (2)

for fe C*(R), ue S,, and teR. Moreover Q(f, t,u) and H(f, u) are R-linear in f
for fixed (¢, u) and C* in (¢, u) for fixed f and we have estimates:

IDH(f, w)l = C|f|ap-1yicspra 3)
for keN, fe B(R), ue X where X < §, is compact and C = C(k, X) and:
|D5DSQ(S, 1, w)| = Clf | +cap-1rks pea (4)

for r,keN, fe B(R), (t,u)e Y where YCRXS, is compact and C=C(r, k, Y).
(We require the inequalities (3) and (4) only for k=2).

We will now imitate the proof of the preparation theorem from the division
theorem as in [24]. (Wall’s formulation involves a finite dimensional parameter z;
we take g itself as the parameter.) First note that (3) together with the Lipschitz
estimates

|DiH(f, v) = DSH(f, w)| = Ljv—ul,
with L=sup {|{D{""H(f, u +t(v—u))|: 0=t =1} give that the map u- (> H(f, u))
is (essentially) a map S, - L(B'(R), S,) of class C*'forI=(4p—1)k+p+4. (One
uses uniform continuity to extend the map f > H(f, u) to #'(R).) The evaluation map
B'(R) x L(B'(R), S,) > S,

is a continuous bilinear map so we have extended H to a map H: B(R) xS,~>S,
of class C*™' (as a map between Banach spaces). Note that exactly the same
reasoning shows that Q extends to a map
Q: B'(R) xR xS, >R
of class C*”'. We now take k=2 so that I=9p +2. Thus H: B°*"*(R) xS, > S, is
class C'. Similarly (with r=k=1) Q: B "*(R) xR X S, >R is continuous.
Next take f =g, and u =0 in (2) to obtain

8o(1) =t7Q(go, 1, 0) + H(go, 0)(1).
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Since g, is regular of order p we conclude that
H(go,0)=0 (5)
Q(g0, 0,0) #0. (6)
Now let {¢},j=0,1,...,p—1, be the basis of S, determined by ¢(t)=¢’ and
differentiate (2) in the direction e; and evaluate at u =0, =g, The result is the
identity:
0=¢€Q,+€,Q,+D,H(go,0)¢; (7

where Qu(1) = Q(go, 1, 0), Q,(t) = D;Q(go, t, 0)e;. Differentiate (7) (repeatedly) in ¢
and set t = 0. The result shows that the matrix representing the linear transformation
D,H(gy, 0):S,~ S, with respect to the basis {¢;} is triangular, and by (6) the diagonal
entries are not zero. We conclude

det (D,H(go, 0)) # 0. (8)

Now (5) and (8) are the hypotheses of the (Banach space) implicit function theorem.
This gives a neighbourhood & of g, and a C' map P: N = B°7**(R) > S, satisfying

P(go):() (9)
H(g, P(g))=0 (10)

for ge U. By (6) and the continuity of Q we may shrink & and find an interval J
about 0 and a positive real number 8§ so that

0<6=0Q(g 4 P(g)) (11)
for ge N and ¢ € closure (J). We now define:
h(g)f=H(f, P(g))

(g(g)N(1)=Q(f, ¢, P(g))/ Q(g, t, P(g))

for ge ¥ B(R) <= BP**(R), fe B(R), and te J. The tame estimates follow from
(11) and (4) (with k=0). Read P(g) for u in (2) to obtain

f)=(" +P(g)(1)Q(f 1, P(g)) +P(f, g)(1)
and read g for f and P(g) for u in (2) and use (10) to obtain:

g()=(t"+P(g)(1))Q(g t, P(g)).
These equations imply (1).

16. The tame sub-module perturbation theorem
We continue the notation of § 15. Our aim is to present a tame version of a well-known
variant of the C*-preparation theorem of Malgrange and Mather.

THEOREM. Let I be an interval about 0 in R and suppose
Aoe B(I)® LR, R"),
Boe B(I)® L(R™, R").

Assume that there is a tame linear map B(I)QR" > B(I)®R™: F > G, and a con-
tinuous linear map B(I1)®OR" > R': F> H,, such that

F(t) = Ao(t) Ho + Bo(1) Go( 1) (1)
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for te I. Then there exists an interval J< I about 0, a neighbourhood N < B(1)®
{LR' R") X L(R™,R")} of (A, By), a tame map N XB(I)QOR"-> B(J)QR™,
(A, B, F)> G, which is linear in F and a continuous map N X B(I)QR" >R/,
(A, B, F)-> H, also linear in F such that

F(t)=A(t)H +B(1)G(t) (2)
Jor (A,B)e N and Fe B(I)DR".

Proof. The analogous statement for germs is corollary 5.6 of theorem 5.5 (entitled
the ‘Preparation Theorem’) of [25]. We shall mimic the proof given there. Our proof
will be more wordy since it contains implicitly a proof of the preparation theorem
and since we have not developed a theory of quotient modules in the tame category.
Note also that in [25] the variable ¢t can be multi-dimensional; whereas here it is
one-dimensional. The reason is that the inductive argument in the preparation
theorem is not valid in the tame category. (See (13.3.3).)

We shall view elements of R" as column vectors so that an element of L(R™, R")
is a matrix with m columns. This explains the title of the theorem: equation (1)
says that the columns of the matrix A, span an I-dimensional complement in the
module B(I)®R" to the submodule generated by the columns of B, (the ring is
B(I)); equation (2) says that this remains true when A, and B, are perturbed to
A and B. If there were no loss of differentiability in the map F- G, this would
follow trivially by Banach space arguments.

We now proceed with the proof. We assume & is sufficiently small that the
constructions we give are well defined. We use Greek letters to denote quantities
(which depend on A and B and) which vanish when A= A, and B = B,

Note that (1) implies an equation

F(1)=A(t)Hy+ B(t)G,(t) +Q(1).
Also the columns of Ay(0) and By(0) span R™ so (shrinking I if necessary) we have
a linear map
B(1)®R" > B(I)@{L(R',R") x LR, R")}

Q-(0,T)
such that
Q(t)=A()O(t) + B(O)I'(1)

for te I. This gives:

F(1)=A(t){Ho+0(1)} + B(t){Go(1) +T'(1)}. (3)
Apply (3) column by column to obtain a matrix L, and a map (A, B) > (A, X) such
that
: tA(t)y=A(){Ly+A(1)} + B(1) X (1). (4)
Thus Lye L(R'), Ae B(I)® L(R') and X € B(I)® L(R', R"). This implies
d(t)A(1)=B(1) Y (1) (5)

where d(t)=det (tE — L—A(t)) and
Y(1)=X(){tE - Lo~ A(1)}*
with E the I x! identity matrix and  denoting the transposed matrix of cofactors.
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When A=0, d is a monic polynomial of degree /; hence d is regular of order p<1.
Thus by the tame division theorem there is a tame map B(I) XN > B(J), (f, A, B) >
J» linear in f and continuous maps B(I) XN >R, (f, A, B)>f, i=0,1,...,p—1,

such that
FO =AW+ L ®
for te J. As in (4) we have
tA(1) = A(D){L; + A, (1)} + BX;(1) )
for j=0,1,...,p—1 and applying (6) component by component gives
A(D=d(DAN+T, £A, ®)
By (5), (7), and (8):
El FA(){8,E — Ay} = A(t)L; + B(){Y (1) A, (1) + X;(D)}, %)

where §; is the Kronecker 8. Define A € L(R') by
pr—1
'ZO {8,E — Ayj}{8E + Ay} = 8,4E, (10)
i<

so that (9) and (10) give
t*A(t) = A(t) P + B(1) Qi(1) (11)
for k=0,1,..., p—1 where:

p—1
Jj=

Q1) ="S IY(DAL(1)+ X (DHBLE +4,)
Apply (6) to the ® from (3) to obtain
0(1) = d(1)®,(1) +:§; 0, (12)
and substitute (12) in (3) and use (5) to obtain:
F(1) =A(:){Ho+:>i; z"@k} +BO{Y()0,() +Go() +T(1)}.  (13)
Finally (13) and (11) give (2) with
H= H0+:2; PO,

G(1)= Go(D) +T(0) + Y(08,(1)+ 3. Q1O

ac

The required estimates are easy since all our constructions were either explicit C
functions of other constructions or defined by the tame division theorem.
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17. N-jet semi-finslers on R™
(17.1) For each multi-index a eN™ let ®,:R™ > [0, ) be a continuous function.
This determines an N-jet semi-Finsler ® on R™ via the formula

O((ju)(x)) = llul.

for u:R™ >R and xeR™ where |ul|,. =Z|a‘$,®a(x)|6“u(x)| and the sum is over
all multi-indices @ =(a,, - * *, a,,) of degree |a|=a,;+: - - +a, <r. As usual put

”u”r =sup {”u”r,x:xeRm}
and recall the N-normed space B(0) = B(R™, ®) of (5.3)
ue B(O)S ||u||, < for all reN.

We generally use the abbreviations £(0) = B(Q)RR"™, Z(0) = B(O)X L(R™).
PROPOSITION. Assume that for each pair (a, ) of multi-indices we have a ‘pointwise
multiplication inequality’

On1p(X) =< Co p(x)0,(x)Op(x) (1
forx e R™ where c, g:R™ - [0, ) is continuous. Then given k, r €N there is a continuous

function ¢ = ¢, ;:R™ >R such that we have the ‘pointwise composition inequality’

Hollx=cCe) T lalymullullie: - -l 2)
where v(x) = q(x, u(x)), |q| .. =(879)(x, u(x))|, and the sum is over all multi-indices
y=(B, 8)eN™ XN* and iy, ..., i; satisfying |y|=|B| +|8|=<r, i, + - +i;=8].

Proof. This is immediate from Faa di-Bruno’s formula

Fo(x) =L (37q)(x, u(x)) 3% 1y, (x) - - - 3uy (x).
Remark. If all the c, g are constants so are the c, ;.

COROLLARY. As in corollary 1 of § 6 this implies that B(0) is a ‘tame algebra’
uo]l, = cllu: o] (2
(17.2) We give some examples.

Example 1. Take ®, =1 for all «. Then B(O)=RB(R™) where B(R™) is the space
of all functions having bounded derivatives of all orders. This is a tame algebra.

Example 2. Take m =1,
Bo(y) =1
®.(»)=min (L, ly"")  r=1,
where p is a real number with 0< p<1. Then B(D) is a tame algebra.
Example 3. Let m=1,
By(x)=(1 +x2)_l
0,(x)=(1+|x)"
0,(x)=1 r=2.

Then elements of B(®) may grow no faster than quadratically (but u(x)=x’ is an
element of B(0)) so it is not an algebra.
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PROPOSITION. All three of the examples admit a family of smoothing operators with
offset d = 0 and hence (by the proposition of (2.6)) satisfy the interpolation inequalities:

lullg= ClullZlul? 3)
Jor C=C{q,p,r), p=q=r where
a=(r—q)/(r=p), B=(q—p)/(r=p).
Proof. For example 1 use convolutions. For example 3 note the isomorphism
R>X B(R)-> B(O):(a,b,v)>u

u(x)=a+bx+JxJ" v(s) ds dt.

0 JO

For example 2 use a cut-off function to express any element in the form u, + u, with
supp (u,) = [—2, 2], supp (1,) = R\ [—1, 1]. Clearly u, lies in (R) so we may smooth
it with convolutions. For u, note the map

B(O)> BR)YDRD® B(R): u—>(v,, vo, V_)

where v.(t) = (u(xe')—u(0)) e, vo=u(0). This map is injective and in fact is an
isomorphism if O is replaced by a locally equivalent N-jet semi-Finsler

@0(}’)=1+1y|p
0, =pl™" r=1
This follows from the formula

(d"v)(1) = Zr: Ck(dku)(e’) e'tk=p)
k=1

with ¢, = 1.
(17.3) PrOPOSITION. Suppose f:R™ > R™ is a linear automorphism of form

f(x) = (Alxh /\2X2, s /\mxm)
forx=(x,...,Xn) ERTwithA,,..., A, >0. Suppose the N-jet semi-Finsler O satisfies

inequalities:
A40,(x)=1,0,(f(x)) (4)
for each multi-index a with |a| < r. Then the automorphism f *: B(©) > B(®) satisfies:
I/ *ull, < v ||ull.- (5)

Proof. 3* (f*u)(x)@,(x) = A% (3" w)(f(x))@ . (x).

COROLLARY 1. For @ as in example 2 and f:R >R given by f(x)= Ax with A <1 we
have (after a suitable renorming)

If*ull, = A%|ul,
for all ue B(O) with u(0)= du(0)=0.

(17.4) TueoreEM (Dynamical product estimate). Assume © satisfies (1) so that B(0)
is a tame algebra. Let f as in proposition (2) satisfy (4), and A€ B(0)® L(R*). Define

https://doi.org/10.1017/50143385700002558 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700002558

Discrete dynamical systems 467

a linear operator

T: B(O)®R* > B(O)®RF

Tu=f*(Au)
forue B(O)YRRX. Assume @y= 1, the inequalities (3), and that T satisfies the estimate
[ Tullo=ollullo (6)

for some o with 0<o < 1. Then for each r there is a constant C = C(r) such that for
n=1:

I T, < Cn'o" Az ul.. ™
Proof. Since f* is an algebra homomorphism we have the formula
T u=(f*A)(f*?A) - - - (f*"A)([*"u).
Applying 9% with |a|=< r gives a formula
5 (T"u) =Y M
where each term M is of form M ={aPVf*A}- .. {Ff*" AN * U}, a =

B(1)+- - -+B(n)+v, and where there are (n+1)" < Cn" terms in all.
We first show that each M satisfies the pointwise estimate;
IM(x)|®,(x)< Co"|A|- - |A]|U,], (8)
where U, = A 7(8"u)(f"(x))0,(x), A = (AP) (8P D A)(f(x))O »(;(x),andj = j(k),
k=1,...,1 are precisely those integers with B(j(k))# 0. This follows by double
induction on n and |r| using (6) in the case where M has form M = TM’, and the
crude estimate

62 (f*A) )] = el(aP AN S
in the case where M has form M = {8°(f*A)} f*M’ with 8 = B(1) +0.
Now by (4) and (8) we obtain

M(x)va(x)= Ca"||Allsq) - - - |Allscnllullo

with b(k)=|B(j(k))|, ¢ =|y| so that |a|=b(1) +- - - + b(I) +c. Now take the sup on
x and use interpolation.

Remark. By enlarging o (slightly) and C (a lot) we may replace Cn'o"” by Co" in
(N.

18. An N-jet semi-finsler on R*
(18.1) Define as in § 17 an N-jet semi-Finsler ® on R* by the formulae

O0(x, y)=(1 +lx|2§i)‘l,

0;(x, y) =min (1, |J’|j_p)®io(X, ¥),
Ouolx, y) =1,

0(x, y)=min (1, [y|"™*),

for i=0,1; k=1. (Here p>0 is a small positive number specified more precisely
below.) As in § 17 this gives an N-normed space:

uec B(O)S ||u|, <o for all reN,
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where
lu],=supp {|lul,.: ze R%}
lull,.= ¥ |3} ddu)(x, »)|Oy(x, y)

itj=r
for z=(x, y)e R
PROPOSITION 1. If uc B(O) then u is continuous on R*> and C* on y # 0. Moreover
the partial derivatives dfu are C* for k=0 and bounded for k =2. For j = | the mixed
partials 8\ 33u blow up at worst like |y|*~ as y - 0.
ProPOSITION 2. The functions @ satisfy the pointwise inequalities:
®ij(xa J’) =(4+ 4x2)®i’j'(x: y)G)i”j”(xa ,V),
Jori=i"+i", j=j' +j". (Hence proposition 1 of § 17 applies.)
PrROPOSITION 3. The N-normed space B(0) admits a family of smoothing operators
with offset 0 and hence satisfies the interpolation inequalities.
Proof. As in examples 2 and 3 of § 17.
(18.2) Now fix u, A, A, €R satisfying 0<p <1<A; <A, and define an unfolding
F < Diff (R*) by
fe FSf(x,y)=(Ax, uy)
for some A € (A, A,).
ProPoSITION 4. Let iy € C5(R>) be a cut-off function. Then the map
FXRB(0)> B(O)
(fu)~>¢f*u
is tame-C" of degree r for each reN.
Proof. For A€(Ay, A,) and k=<r let

k
v:(d—“,'() (0 *u)

v(x, y) = ¥ (x, p)x“(37u)(Ax, py)
so the estimate ||v|| , = C||u|| ,+« is obvious. As v is linear in u this gives the desired
tame estimates. For continuity note the inequalities

|(aYu)(Ax, my) — (35 u)(Aox, py)| = clx| X = | ull,
=187 93u)(Ax, py) = (31 95(Aox, py) = e|x] |A = Ao| u]l,
for k<r, 1=<j, k+j<r, (x,y)esupp (¢), and A, Age (A, A;). Take the sup over
(x, y), note that

A=A

Then

3 0 f*u=A"ulf* 9 odu
and use the triangle inequality to obtain the Lipschitz estimate

If*u~fEull, o= cllull[r - A
which (with the tame estimate) easily implies the continuity of the map (f, u) > v.
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(18.3) Now fix A and hence f and recall the abbreviation #(0) = B(0) ® R>. Define
f7, fe: Z(0) > Z(0) by:

f#w = (/\f*u’ /'Lf*v)a
fPw=""*u, p7 f*0),
for w=(u, v)e Z(®). (Thus fz'=f7*)
We shall define an f,.-invariant splitting
Z(0)=E"(fL)DE(fs). (1)

To this end define projection operators e,, €, e, by:

(eov)(x, }’) = U(O’ )’)
(e;v)(x, y)=(8,0)(0, y)x

(ezv)(X,J’)=J J (33v)(s, y) ds dt.

0 V]
where v is any vector valued function defined on R”. Note the formulae:
v=eyv +ev+ev;
e =0, i#j;
e% =€,

f*(eiv) = ei(f*v);

eo(au) eya 0 0 el
el(au)] =\ ea epa 0 e,u:|.

ex(au)

and

e.a a—ea a || eu
Define the splitting (1) by
&*(f) ={(u,0) € Z(0): e;u=0},
€ (fy)={(u, v) e Z(O): e;u=u}.
Also define a linear functional 86(f,): Z(®)->R by:
(8(f4), w)y=(3,u)(0,0).
ProOPOSITION. For o =max {A 'u ™ u'™® w*} we have for r=2:

we & (f)=>fewl, =o|wl.
we (L= wi=]wl,

while if (8(f,), w)=0 this last inequality can be improved :
we &“(fx) nKer (3(f))= [/ wl, < o|w].

Hence if p is sufficiently small that o <1, the operator f, is (except for an invariant
one dimensional space on which it is the identity) hyperbolic in each of the norms || - ||,.
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Proof. This all follows from (17.3). We include some inequalities for future reference:
[Vt~
I fsull = n™"lull,
o= :>{||f*0”0= lollo
ol < Au?|oll,
eew=w= |fiwl,=A7n"?|w],

eOu -

(up to equivalent norms). Note also the sharper inequality
e U = 0 }

=\ Full, = An?|u],

o, 0y J Il = Al

provided that p >0 is sufficiently small that I <Ap”.

19. The splitting mod e,.
In § 20 we study a perturbation Tw = f,{au + by, cu +dv) of the operator f, of § 18;
here we study it modulo higher order terms in x.

We take O to be the N-jet semi-Finsler (on R) of § 17 example 2 and denote by
P the algebra

P = B(O)OR[x]/(x7).
We write elements of % as matrix valued functions of y:
UePSu= [uo 0 ]
U U
where uy, u;:R->R with |y, [|u,l, <co.
Thus U=U(y) is identified with the map u:R’->R given by u(x, y)=
up(y) +u(y)x so we define f*: P> P and f,: P> P by:

ug(py) 0 ]

U =
(UN) [/\ul(uy) uo(ey)
uo(l’«_l)’) 0 ]

U =
(£0)0) [A“ul(#_’y) uo(p~'y)

where f is as in § 18. Let

A0
Ao= [0 M]’
[+ POR?*> PROR?,
Fe W= fi(AeW),
R.={Ae POL(R?): ||JA—Aolo< &}.
THEOREM. For ¢ > 0 sufficiently small there are tame maps
R.cPROLR)>P:A>G H

such that

(fxM)E¥(A) = E*(A)

(fLA)E(A) = &°(A)
where €*(A) ={(U, GU): Ue P}, & (A)={(HV, V): Ve P}.
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Proof. Let Ae ?® L(R”) be given by
A [ A B]

lc D)
Since 2 is a commutative algebra:

A‘—[ D —B]'AD—BC 0 ]
= ) AD—-BC ]

Now define
I'(A, G)=(C +DG)A+BG)™!
A(A, H)=—(DH - B)(CH - A)™!

so that the invariance conditions become fixed point equations:

G=fI(A, G), (1)
H=A(A, f*H). (1.s)
For A=A, we have
T'(Ao, G)=2""nG, (2.u)
A(Ao, H)=A""uH, (2.5)

so that the operators f,I' and Af* are (linear) contractions on P;:
[ /L (Ao, G)llo= 00l Gllo,
I F*A(fho, H) o= a0l Gllo,
where g, < 1. (In fact we can take o= A "' in the former inequality and oo= g in
the latter.) Hence by the tame contraction principle of § 4 we only need estimates
I Dy(f,D)(A, G)"G|, = Cn'a"[A, G: 6], (3.u)
| DA f*B)(fxA, H)'H ||, = Cn'a"[A, H: H], (3:s)
for n=1, |[A—Aglo<e, |Gllo, | Hllo<1, where
[A, G: 61, = (1 +|Al, + GGl + 116l

0<o<1 with o=0(r), C=C(r) independent of n. (Note that by increasing o
slightly and enlarging C we may replace Cn'c” by Co".) For r=1 the fact that
these inequalities hold for A=A, is of no help since we are not assuming that
|A—Aoll, is smali.
Explicit calculation gives
Dy(f,1)(A, G)G =1, (LG),
Dy(f*A)(fyuA, HYH = f*(MH),
where L(y) = D,I'(A(y), G(y)), M(y)=D,A((f,A)(y), H(y)). The inequalities
(3.u) and (3.s) follow by continuity, (1), (2), the dynamic product estimate of (17.4)
and the tame estimates
ILll, = Cla, G: 41,
[M|,= CIA, H: H].
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PROPOSITION. Let E< (P ®R’)* denote the 4-dimensional space of all linear func-
tionals y of form:

(v, W) =(a, U(0)) +(B, V(0))
Jor W=(U,V)e POR* where {a, U(0))= agus(0)+a,u,(0) and (B, V(0))=

Bov{0) + B,v,(0). Then there is a continuous map 8: R, € P L(R*) > such that we
have estimates:

I(fxA)"W]|, = Co"[A: W],
for We € (A),neN and:

[(fxA) "W, = Co[A: W],
for We & (A)ynKer (8(A)) where [A: W], =1 +| Al Wle+ W] -
Proof. The space E is invariant under f A since

E*={We P®R> W(0)=0}.
When A = A, the eigenvalues of (f,A)* on E are A, 1, u, A "'u so let 5(A) denote
the eigenvector corresponding to the eigenvalue nearest 1 normalized so that its

value on W= (uy, u,, v, v;)=(0, 1,0, 0) is 1. The desired estimate follows from the

corresponding estimates for f A, in (18.3) and the dynamic product estimate of
(17.4).

20. The splitting (Q) = &“(®)D €°(P)
We revert to the notation of § 18. Put Z ={(x, y)eR’: |x|,|y| <} where I is any
(large) positive real number.

TueOREM. There is neighbourhood N of 0 in ¥(0®), a tame linear family T: N -
L(Z(0)), a tame family of splittings Z(0) = €"(D)PD &°(D), indexed by ® < N, and
a continuous family of linear maps 5: N > L(Z(0), R), such that the following conditions
hold:

(invariance):

T(®)E°(P)=&°(D) ec{s, ul,be N
(local form):

{T(@)wWHZ={(1+D)f,w}|Z DeN, weZ(0);
(tame asymptotic estimates): there exists o € (0, 1) such that
[T(®)"w|,=<co"[P:w’],
IT(®)"w*||, = co™[P: w"],
for ®e N, neN, w'e €(®), w*e (D). Here [@:w], =(1+|| @}, ) ||wlo+ | wl, and

the constant C is independent of ®, w®, w" and n (but may depend on r).

Proof. Fix ¢e CJ(R? satisfying ¢|Z=1. Throughout we use the notation
w={(u,v)e ZX(O) and m =f*(1 + yP)myc F(O) where

A O »
mo:[o “] e L(R),

(1+y®@)fuw = f(mw).

so that
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Let a, b, ¢, d denote the components of m:

m= | I
C d
We ldentify w with the 6 by 1 matrix

U
wW=1V
Q

Ue [eou], Ve [eov], 0= [ezu].
eu e e,

The multiplication operator w— mw then takes the form W > MW where:

where

A B O
M=!C D 0
P Q R
with
A:[eoa 0]’ B=|:e0b Ojl, Cz[eoc 0],
ea eya eb  eyb e c e
D=[e°d O:I, P=®[e2a a~e0a]’ Q=®[e2b b—eob],
e d eyd e,C C—eyt e,d c—egc
and

R_[(l~0)A+0a ob ]
B oc (1-0)u +6d
with 6 = 1. To overcome the difficulty that %B(®) is not an algebra we replace 6 =1
in these formulae by a cut-off function 6 = 8(x) where [—1, []= 87 '(1), supp (8)
[—21 21]. This gives a linear T, TW = f,(MW), which agrees with (1 +®)f, on Z.
We shall construct an invariant splitting for 7. Thus we construct T-invariant spaces
g (T)={(U, GU,TU):U¢e %},
E(TY={(HV,V,Q): Ve P, Qe W},
where P (resp. W) is the set of all matrices of form (1) (resp. (3)).
The matrices G and H are constructed as in § 16. The condition that “(®) be
invariant under T takes the form
I'f.(A+BG)=f(P+QG+RI)
which has the explicit solution:

r= § (fLL)"(f2"'To)

where I'o=(P+QG)(A+BG)™', L(I')=RT(A+BG) " The convergence of this
series follows from the estimates:

£l =A7[0l,
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(when e,Q) =0) and the dynamical product estimate of (17.4). The tame hyperbolic
estimates follow from (18.3) and the dynamical product estimate of (17.4). The
other estimates are easy.

CoROLLARY. Let F denote the space of all diffeomorphisms f; i.e. f € F iff for some
A €(1,00) we have f(x, y) = (Ax, uy), (u is fixed). Fix foc I and let N = R? satisfy
cd(NuUf;'(N)cZ

Then the unfolding F is preversal at N, i.e. there is a neighbourhood X of (0, f,) in
Z(@)xF, a tame family J and a continuous family 8, J: N> L(Z(0)), 6: N >
L(Z(0),R), such that

(1-(14+®)f,){|N=w|N
if {=J(D, f)w, 8(P,Iw=0, (D,f)e N.
Proof. Take w=w*+w"e €(DP)D & (D), J(O, Nw={="+{°, where

{"== 1 T(®)"w5
n=1
=1 T(®)"w".
(The constructions of the theorem depend continuously on A.)

21. Another N-jet semi-Finsler
The N-jet semi-Finsler of § 15 was designed to be used at a saddle point. Now we
present one for use at a sink or source.

(21.1) In the notation of § 14 the N-jet semi-Finsler on R* is determined by

Ooo(x, y) =1+ (x| +1y))7[y]”

Oio(x, y) =[x|""7 +6(x/ ¥y

0;(x, y) = x|yl +0(x/ )y
fori,j=1and (x, y)eR>. Here 0<p <o <1and 8:R~[0, 1]is a C* cut-off function
with 6(0)>0, supp (8)=[—e ', e '], |a|=b=>6(b)=<6(a), (and e=2.71...). Note
the homogeneity property

®ij(7xa T)’) = Ti+j_a®ij(x’ ,V)

for (i, j)# (0,0) and 7€ (0, ©).
PROPOSITION 1. Ifu € B(®), then u is continuous on R*, and C* ony # 0. Its restriction

t0y=0,x#0 is also C*, and for j=1 the mixed partials 3} 35u blow up at worst like
I¥[”7 as (x,y) - (xo,0) (where x,# 0).

PROPOSITION 2. Given i, j there is a continuous function ¢ = ¢, :R* >R such that
®ij('x, )’) = C(x’ y)®i'j'(x’ y)®i"j"(x’ y)’

fori=i'"+i", j=j +j". (Hence the proposition of (17.1) applies.)

Proof. The left side is homogeneous of degree i+j—o and the right side is
homogeneous of degree i +j—20 so it is enough to define ¢ on x*+y*=1. The
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functions @, are continuous on this circle and vanish only at (x, y) = (%1, 0); hence
it is enough to construct ¢ near those two points. But ®,(x1,y)=|y|’”” and
®,(1, y) =1 so the construction is obvious.

PropPOsITION 3. The N-normed space admits a family of smoothing operators with
offset 0 and hence satisfies the interpolation inequalities.

Proof. This is much like the analogous result for example 2 of § 17 but more
complicated. Let
H.={(x,y): +y =0}
B(H.,0)={ue B(0): supp (u) = H.}
B(R,0)={uec B(O): u(x,y)=u(x,0) for all x, y}.

Then we have a direct sum decomposition
B(O)=RB(H,, 0)DB(R,O)DRB(H_, 0),

so we show that each summand admits smoothing operators. The middle summand
is example 2 of § 17 and the other two are isomorphic so it suffices to construct an
isomorphism B(H, ®) > B(R*):u~ v, (where we have abbreviated H = H,). For
this let ¢:R*> H be a diffeomorphism of form:

U(s, 1) = (eE(1), e’n(1) = (x, y)
where R-> H:t- (&(t), n(t)) is a C* embedding parameterizing a smooth convex
curve from (-1, 0) to (1, 0). We assume
&t)=sgn(t), n)=e,
for [t|= 1 where sgn (1) =x1 for £¢>0.
The desired isomorphism B(H, ®) > B(R?): u - v is given by:
(s, 1) = u(e’&(1), e*n(t)) e+,
We must prove:
¢ 'lol, = llull, = cfo],
for suitable constant c. Differentiating gives
85 950(s, 1) =Y. (3} d4u)(x, y) eI~ el A(1) B(1), (1)
where 1 <i+j=<a+b for each term in the sum, and
A(t) =Y af(1)(dE()" ...,
B(1) =% Bn(1)(dé(1)) ...,
where the coefficients «, B are expressions in a, b, i,J, p, o, oy i1,y Josfis-- >
and for each term which actually appears we have I=<i+j=<a-+bh,
io+(iy +2i, +3is++ - )<, jo+(j, +2j,+3j;+- - -)<j. For |tf|=1 (1) gives:
8% 830 (s, DI =T llullySy
where S, =supp),=, |e”""A(t) B(1)|, while for |¢|=1 (1) simplifies to:
a7 a30(s, 1) =3 vy 8} dhu(x, y)|x|"™=|y’~*, (2)
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where y=v(a, b, i, j, g, p). In either case we obtain
|07 930(s, 1) = cllull,
fora+b=r:ie. |v],=c|u|.
For the reverse inequality note that we have an inequality
(@81 8fu)(x, p)l=c ¥ |87 870(s, 1), 3)

a+b=i+]

for |t]=1 and s =0 by continuity and hence for |t{|<1 and all s by homogeneity.
For |t|= 1 we have:

u(x, y) = o(s, t)|x|""* |y
with s =log |x|, |{|=log |x|—log y, so that we again obtain (3) by differentiation.
This completes the proof.
(21.2) Now fix u, A, A,€ R satisfying 0 <pu <A, <A,<1 and define an unfolding
F < Diff (R*) by
fe Fof(x,y)=(Ax, py)
for some A € (A, A,).

PrROPOSITION. Let ¢y € Cy(R?) be a cut-off function. Then the map
FxX%B(O)> B(O)
(f, u)~> ¢f*u
is tame-C" of degree r for each reN.

Proof. As in proposition 4 of (18.2) put

v(x, y) = ¢(x, y)x*(3Tu)(Ax, py)
for A e (A}, A,), k=r. We must prove
folli= cllull, .

On the set y #0, O is an N-jet Finsler and near the set y=0, x# 0, O is locally
equivalent to the N-jet semi-Finsler of § 18 so we shall assume ¢ =1 and prove an
estimate

®ij(x, y)la'l aév(x’ y)l = C“u”r+l
for (x, y) near (0,0), i +j =<1 We have the explicit formula
a1 9u(x,y)= T bx"7P(a7™ 8fu)(Ax, uy)
prq=i
where b= b(i, k, p)A?u’ so it suffices to prove
10, (x, y)x“ (01" odu)(Ax, wy)| = cllullisisy
for (x, y) near (0,0) and p +q =i This in turn follows from the inequality
G)ij(x, Y)xk_p = c®k+q,j(Ax, /"'y)
Both sides are homogeneous of degree (i+j—o)+(k—p)=k+q+j—0o so it is
enough to prove the inequality on the unit circle. There O ., ; vanishes only when
y =0 so it is enough to check it for x = +1. But then the left side is y’~* and the
right side is (uy)’~* as required.
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For continuity note that for a suitable positive constant ¢ = ¢(i, j) we have
x0;(x, y)= C®i+|,j()\X, ©wy)

for all (x, y)eR” and A € (Ay, A,). (This is because both sides are homogeneous of
degree i +1+j—o and on the unit circle, the right side vanishes only if j=1 and
(x,¥)=(x1,0). But for x==1, j=1, and |y| small the left side is |y|™* and the
right side is |uy|’"?.) We then have

0,(x, »)|(01 2u)(Ax, wy) — (3} 8ju)(Aox, py)|

A
j 0,(x, y)x(87"" ddu)(Ax, uy) dA

Ao

A
< [ O i, w61 ), )l a3

Ao
A
= [ ellllrax
Ao

= cllufliciald = Aol
As in proposition 4 of § 14 this gives the Lipschitz estimate

If*u=fEull, = clr = Aol fJul],
for suitable ¢ = ¢(r) and hence the required continuity.
(21.3) ProprosITION. Let N be a bounded open set in R®. Then for suitable p, o the

unfolding F is preversal at N in the following sense: for f,€ F there is a neighbourhood
N Z(O) X F of (0, f,) and a tame family J: N> L(Z(®)) such that

{{-(1+ D), N =w|N
Jor (B, e N, {=J(D, fw, we Z(O). Here as usual
(few)(x, y) = Au(A7'x, w™'y), po(X "%, w7'y))
for w=(u,v) and (x, y)eR*.

Proof. Choose a bounded open set Z = R satisfying closure(N uf '(N))< Z for
f€ F and choose ¢ € C5(Z) with ¢s|N U f'(N)=1. By the remark in § 11 we may
replace @ by ¢®. Hence we may replace @ by a locally equivalent (i.e. equivalent
on Z) N-jet semi-Finsler. We do this by redefining ®¢, so that @y, = 1.

LEMMA. This O satisfies (4) of (17.3), in fact:
A nT0,(x y) = n7O;(A X, w7y,
Proof. This follows from
/\—iu—jsﬂv(rA—i—p+o'“—j+p,
(i.e. 1=(x/A)?"7 which follows from = A and p <o), and
ATpT0(x/y)=u T TTITO0N X/ N Y),

which follows from |A ~'x/u~'y| =|x/y| and the monotonicity property of the cut-off
function 6.
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By proposition 2 and (17.1) %(@) is a ‘tame algebra’. By (17.3) || fiull, = 7 |ull,
for ue B(O) and reN. Hence
I fewlr=ap=|wl.
for we Z(0). For o sufficiently small the coefficient Ax™7 is less than one; hence
we may choose 7<1 and N so that

I T(®, Nwllo=r(lwlo
for (®, f) e N where
T(D, f) = (1 +¢D)f,.
By the dynamical product estimate of (17.4) we have
IT(®, )"wl, = er™[|D: W],

so that we may define J by the Neuman series
J(@, NHiw=Y T(D,f)w.
n=0

22. Admissible diffeomorphisms
(22.1) Let M denote a torus of dimension two. More precisely, we suppose
M=My,uM,uUM,UM, and that there are four diffeomorphisms (coordinate
systems)
z=(x;, y;): M; > R* i=0,...,3,
related by
Yo=Y, Y2=y3, Ni=Y2,
Xo=xi', Xp= xs-l, X = X,
where 7€ (0, ). Fix positive numbers w; a;, B;, i =1, 2, with:
0<p <1<py;
mi=pr’, ay=a;’, Bi=B7";
ap < l»’«l_lal <Bi< #fzaﬁ
@y < a0, < 3, < l‘—%az-
(The last line is redundant.) Call fe Diff (M) admissible iff there exist smooth
functions a; = a;: R~ (0,0), b, = b;: R>R, i=1, 2, such that:
0<a(0)'<u,<I;
0<a,(0)<u;'<l:
F*xi=ai(yi)x; +bi(y;);
F*yi= i
a;(y:) = a;(0),
b(y:)=0.
Call an unfolding F < Diff (M) admissible iff each f € F is admissible and if the maps
FXR~(0,0): (f, y:) > ay(y:)
FXR>R: (f, y:) = by(yi)

<]

are smooth.
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We introduce the following notation:

Mo= M1, HM3= [,

AM(f)=ay(0), i=1,2;

AN =2N7 AN =107
so that for |x;| +|y| sufficiently small and i=0,...,3 we have

(s, y) = (L()x,, poi)-
(22.2) Now let ®@'=0? (resp. @° = 0?) be the N-jet semi-Finsler on R? defined in
§ 18 (resp. § 21). From the formulae one easily checks
z2¥O|M, A M; ~ z}0’'|M; " M,

where ~ denotes local equivalences of N-jet semi-Finslers so by the patching
construction we have an N-jet semi-Finsler ® on M with

O|M, ~ 2*0'| M,
Write #(M)=%(M, 09), Z(M)=FM)®TM, ¥(M)=F(M)® L(TM), and note
that by § 18 and § 21 the space (M) is adapted to any admissible unfolding.
(22.3) Given an admissible diffeomorphism f we shall now define a level decompo-
sition
Ry, Si,R|,S,, R, S5, R,
which respects f. Take
Sy ={a, <|yi|< B} u{a, <|yo| < B}
so that
Sy ={a;<|ys| <Ba}u{a,<|ys] < B2},

(note that y,|M, n My = yo|M, n M, etc.). Next choose ay, B >0, i=0,3, k=1,2,
satisfying

mo Br<ai;

ﬂ§ﬂ3o< a;

a10<Ao(f) a10< Bio<Ao(f) ajo;

a0 < o' @20 < B2o< o z0;

a3 <A< Bis<As(f)as;

23 < pay3 < B3 < pian;
and define:

S1={a10<|xo| < Bio} M {20 < |30l < Bao},
S;={a;3< |xsl <Buitn{axn< |J’3| < B}
Thus
Srl(SH)nel(S) =2
for i=1,2,3 and |n|> 1. Now choose £ >0 and put
Ri={x|<a;+e¢ |y <y +e}
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for i=0,3. For i=1, 2 we define R; by:
R ={ayp—e<l|y|<a,+etu{lx|<ai +& |yl <a, +e}
R2={az_5<|J’3|<a2+5}U{|x2'<al_31+5a |J’2|<a2+5}~

When € =0 the sets Ry, Sy, ..., R; are pairwise disjoint, while for £ > 0 they cover
M. Hence for sufficiently small ¢ they give a level decomposition. Note that for this
level decomposition, Q;(f) is defined by

Q:()={z"(0,0)}.
Thus Qo(f) is a sink, Q3(f) is a source and Q,(f), Q,(f) are saddles. Also note that
W3 (Qo, f) = My;
WH(Qy, ) ={y1=0}
W2 (Q, /) ={y.=0};
W (s, f) = M;;
W Q. N oflyl<a}={x,=0,y|<a};
W (Qy )0 {l}’2| <at={x,=0, |)’ZI <ay};
so that these sets are independent of f. By § 20 and (21.3) we have:

ProPOSITION. Let F be an admissible unfolding. Then this level decomposition (for
f=fo=the centre of F) is locally preversal. The linear functionals 6;: N > L(Z(M), E;)
of the definition are determined by:

Eo=E;={0}, E,=E, =R, &(0,f)w=20,u(0,0),
forwe (M), i=1,2 where z;,w = (u;, v;).
Remark. The definitions have been arranged so that
we f, T,F
S, w=8,rw=0
for (®, f)e ¥ < £(M) X F, where ;w = §;(D, /)w.

}3supp (w)c S,

23. Universal admissible unfoldings

(23.1) We continue the notation of § 22 but we denote the four coordinate systems
z,1=0,...,3, defined there by z,, = (xo;, ¥o:). For i = 1, 2 we call a coordinate system
zi=(x; ¥;): M, > R* admissible if

zi(p) = zio( p) for ,}’io(l’)i<ai,
(v = (A )X, i)
(on all of M;) for some admissible diffeomorphism f. This gives a bijective correspon-

dence fe(z,, z,) between admissible diffeomorphisms and certain pairs of admiss-
ible coordinate systems as z,, z, are determined uniquely by f:

x(p)=lim M) xS (P)),
Xo(p) = lim A;(f)"x2(f"(P)),
Yi = Yios i=1,2,

and
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where the limits exist trivially as the argument of each limit is independent of
n>n(p). Note that the coordinate systems z,, z, are related by the formulae
x;=a(y))x; +b(y)
y2=c(y) (1)
where ¢(y)=y ™" and a:R\ {0}~ (0, 0) and b:R\ {0} >R are smooth and satisfy

a(w,y)A,=A,a(y), b(p,y)=A,b(y). (These equations determine the set of pairs
(z,, z,) which correspond to some f.)

(23.2) In these coordinates we have W*(Q,, f)={x, =0}, W*(Q,, f) ={x,=0}, so
that if we define

W (f)= W (Q, ) n W*(Qy, f),
we obtain
W (f)={x,=0,b=0}.
We therefore define for pe W™ (f) the order of intersection at p by
(d*b)(»i(p)=0  k=ord(p,f),
(d*b)(y»:(p))#0  k=ord (p,f)+1.

Thus p is a point of transversal intersection if and only if (b(y,(p))=0 and)

ord (p, f)=0.
We say that f has finite codimension iff

pe W¥(f)=ord(p,f) <.

As ord ( p, f) <o implies that the zero of b at y,(p) is isolated, it follows that (when
f has finite codimension) the set W™ (f) consists of finitely many orbits of f. We
may adjust the interface set S, so that each orbit of W*'(f) intersects S, in exactly
one point and enumerate:

W“S(f)m SZ= {Pl, P2, L ’pl}'
We then define the codimension of f by

codim (f)=2+2 Z’ ord (p,, ).

(23.3) THEOREM. Let F be an admissible unfolding whose centre f, has finite
codimension. Then F is preversal. In fact, one can choose w: N > L(¥(M),F) as in
the definition so that

dim (F) = codim (fp).
Proof. We have already constructed a locally preversal level decomposition so it
remains only to check the interface condition. Thus we must construct

w;ii N> L(Z(S:)o, F))

wi, mii N> L(Z(Si)o)

as in the definition for i=1,2,3. For i=1,3 there is nothing to do; we take
Fi=F,={0}, w=#(D, /)w, w= 75 (D, f)w. Hence we drop the subscript 2: S=S,,
F =F,, and construct w: N = L(Z(S),, F) 7°, w": N> L(Z(S),).
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Now let
W (fo)nS={py,p2---,p1}
and write
S=PuPu---UPUP'UP’

as a union of open sets with

W (f)nScP,UP,U---UP;

W (Q,, Hncl(P)=;

WH(Q,, ) nel (PY) =,

cd(P)nc(P)=0, j#k;
for (®, f) e N. We will define

&2 N > [(#(S)o, Ey),
a, m N> L(Z(S)o),
forj=1,...,1 such that
w| P ={m}(®, Hw+ 7} (D, ) w}|P,
when ¢;(®, f)w=0 and the appropriate tame asymptotic estimates hold. We then
write
w— é wy=w'+w’
j=1

where:

w; =Y mj(®, Hw + 7} (D, Nw};

supp (w*) = P*;

supp (w*) < P*;

‘/’j|PjE 1;

supp (¢;) Nel (P) =T, j#k,
and define

1
7D, fl=w'+ E’n g (D, Nw,

1
7 (D, fH=w"+ ;l Y (D, fw.

Since f"(cl (P*)) = Ry, f "(cl (P*)) < R,, for sufficiently large n we have the tame
asymptotic estimates on w* and w" by § 21. Hence it suffices to construct ¢, 7}, 7.
Thus we drop the subscript j and construct £: /' > L(Z(S),, F), 7%, 7°: N > L(Z(S),),
satisfying

w|P={7*(®, iw + 7“(®, /)w}|P

when £(®, f)w =0, where P is a small neighbourhood of pe W*(f;)nSin §=S,.
By § 20 we may construct (using admissible coordinates and appropriate cut-off
functions, an N-normed space Z(M,), i=1,2, of vector fields on M; and for
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(P, e ¥ (M) X F an operator
T(®, f): #(M;) > Z(M;)
and a T;(®, f)-invariant splitting
Z(M,): E/(P, D €D, f)
such that for we Z(M;)
T(®, /)w|Z, = T(®, fHw|Z.

Here Z;< M; is open and we may assume cl(P)< Z, U Z, and that P’*c Z{*,
P/~ < Z§~. Now choose w € Z(P), and define (u;, v;), i = 1,2 by z;,w = (u;, v;). Write
ui(x, y) = tio(y) +us (y)x +up(x, y),

vi(x, y) = vio(y) +0a(¥)x +via(x, y),
where e,u;, = u;,, €;,0,;, =10, and note that we Z(S), defined by z,,W = (uy,, v50)

satisfies we €5(®, f) and hence satisfies appropriate backwards tame estimates.
Hence put

(D, Hiw=7"(D, f)lw—w)+w
and assume without loss of generality that w=0; i.e. that
uy(x, y) = uo(y) + uz(y)x
v(x, ¥) = v20(y) + 025 (y)x. (2)
It follows that
uy (X, ¥) = tio(y) +up (p)x +u(y)x?,
vi(X, y) = v10(y) + o1, (¥)x. (3)
Now by (1) (u,, v;) and (u,, v,) are related by formulae
u,(ax +b)=au,(x)+(a'x +b")v,(x)
vy(ax+b)=—c'v,(x)

where we have suppressed the dependence on y. Formulae (2) and (3) yield the
relations:

au o= Uy + bty — b'vyg
au,, = auy; — a'vyy— b’y
au12= a’vzl

’ —
C' 19 = a9+ by,

v = av,,
c'v,=0
Now we shall attempt to solve:
w={"+{" (4)
7124° € €1(D, f), (5)
244" € €3(D, f). (6)

We assume {“ has form
ZZ#{“ = (§|2" 775),

B
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with
E(x)=En+Ex, 73(x) = N2+ N31X,
so that for i =1 we have:
z1.{" = (&7, n1)
E(x)=EL+ENx+ELx i) =nl+nix,
as above. We assume [° has form:
214 = (&1, 71)
with
Ei(x) = o+ ELx +ELx" ni(x)=nlo+nix.
By § 19 (5) and (6) take the form

&lo=hiemlo Eh=huniothoniy,
£50=haom30 &5 = hyy1m30+ haomay,
for certain functions h,, h;y, i=1,2, which depend tamely on (@, f) and vanish
when ® =0. To express (4) we rewrite our equations in matrix form:
U=X]+X{ Vi=Yi+YY,
Xi=H Y X3;=H,Y3
X{=AX5—-BYY} Yi=CY}

where for i=1,2, o =35, u:

U.=[“‘°], V1=[”'°], X:—’=[§§’], Y‘:=["§’],
Uy Uy & Nii
_|ho O 3 _,[1 b]
H"[h,-l h] A= 4 o)

b 0 1 b
IR | — n-1
B=-a [a, b,], C=(c) [0 a].

Q=(B+R)Y (7)
where Q=a(U,—H,V,), R=H,—AH,C™', our equations are solved by
X{=H(V,-Y),Y{=V,-Y,X!=(AH,C '-B)Y, Y} = Y,sowemustsolve (7) for
Y. When & =0 we have H, =0, H,=0 so (7) takes the form

qo=b'mno,
gi=a'ne+b'n,.
All quantities are functions of y and we must only solve in a neighbourhood of y,

where b' is regular of order r at y,. (y, is defined by the condition that z,(p) = (0, y,),
p € W*(f,).) Define matrices E,, ..., E,, by

=y _ 0
E.(J’)—[ 0 ], Er-H(y)_[(y_yo)r—i]a

Now if
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for i=1,..., r so that the equation
2r

Q=BY+Y &F,
i=1

has a unique solution Y e CP(R)®R?, ¢,,..., £,,€R for any Ue C®(R)®R>. (The
loss of smoothness is 2r.) Thus by the tame submodule perturbation theorem there
is an interval I about Y,, a tame map

B(I®(R*x L(R*)) > B(I)®R>

(QR)->Y
of degree 2r and continuous maps
B(NHR(R*x L(RY)) >R
(Q R)~>¢&
such that
Q=(B +R)Y+§l &E; (8)

Our constructions give tame maps (®, /)> R, (O, £, w)> Q, (D, f, Y)> ({5, ), so
that we have constructed the desired maps (@, f, w)—>({’, {*) and functionals
(®, f, w)—> (D, f)w. Note that (8) and ¢; =0, i=1, ..., 2r,imply (7). This completes
the proof.

CorOLLARY. There exists an admissible universal unfolding F of dimension equal to
the codimension of f,. In fact, an admissible unfolding is universal provided that for
any system of real numbers c,, c,, a, by; € R, wherej=0,1,...,n—1=ord (fo, p) — 1
and k=1, ..., 1 the equations
9,u,(0,0) = ¢
3,1ux(0,0) = ¢,
.aéul(O, yl(mk)) = bkj
33 81uy (0, y (my)) = Qi
have a solution w e f, T;F (where z,,w = (u, v;) fori=1,2).

To compare this result with those of Palis [14] and De Melo [3] assume that
ord (fy, px) =1fork=1,..., L Auniversal unfolding obviously requires / parameters
to break these non-transversal intersections. When these parameters vanish Palis
and De Melo give I=1+(1-1) additional moduli of stability. Thus apparently a
universal unfolding requires at least 2/ parameters. Our univeral unfolding has 2/ +2
parameters in this case.

Added in proof. A recent preprint of W. de Melo and S. J. van Strien entitled
‘Diffeomorphisms on surfaces with a finite number of moduli’ shows that conjecture
C of § 13 cannot hold in the generality stated there. In particular any diffeomorphism
having a certain configuration of saddle connections has infinite codimension.
Nonetheless, the techniques described in § 13 can probably still be used to construct
universal unfoldings when they exist. Also the arguments in S. J. van Strien, Saddle
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connections of arcs of diffeomorphisms, Dynamical systems and turbulence, War-
wick 1980 Springer lecture notes in math. 898 (1981) seem to prove that a universal
unfolding must have 2¢€ + 2 parameters.
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