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Abstract

Let K be a compact Hausdorff space and C(K) the Banach space of all real-valued continuous functions
on K, with the sup norm. Types over C(K) (in the sense of Krivine and Maurey) are represented here
by pairs (I, u) of bounded real-valued functions on K, where [ is lower semicontinuous and u is upper
semicontinuous, I < u and I(x) = u(x) for every isolated point x of K. For each pair the corresponding
type is defined by the equation 7(g) = max{|l! + glle., ll# + glloc} for all g € C(K), where || - || is the
sup norm on bounded functions. The correspondence between types and pairs (/, u) is bijective.

2000 Mathematics subject classification: primary 46B20, 46B25.

1. Statement of the Main Theorem

The concept of type over a Banach space E was first introduced by Krivine and
Maurey [5] in the context of separable Banach spaces. The reader is referred to
Garling’s monograph [2] for more details. We consider types over general, not
necessarily separable Banach spaces.

Let E be a Banach space. For every x € E, we define a function 7, : £ — R by
letting 7, (y) = ||lx + y|| forall y € E.

DEFINITION 1.1. A function 7 : E — R is a type over E if T is in the closure (with
respect to the topology of pointwise convergence) of the set {1, : x € E}.

Throughout we take K to be a compact Hausdorff topological space. We let £,.(K)
denote the Banach lattice of bounded real-valued functions on K equipped with the
sup-norm. For f, g € £, (K) the lattice ordering is defined pointwise.
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DEFINITION 1.2. An sc pair (semicontinuous pair) is a pair of functions (/, u) from
£, (K) such that [ is lower semicontinuous, u is upper semicontinuous, ! < u, and
I(x) = u(x) for all isolated points x of K.

This paper is devoted to proving the following theorem:

THEOREM 1.3 (Characterization of types over C(K)).
(1) Let t be a type over C(K). There exists an sc pair (I, u) such that

(L.1) t(g) = max{||l + gll, lu + gll} forall g € C(K).

(i1) Let (I, u) be an sc pair. Then the functiont : C(K) — R defined by (1.1) is a
type over C(K).
(iii) The correspondence between types over C(K) and sc pairs is bijective.

A special case of (i) was observed by Haydon and Maurey [3]. The proof of
Theorem 1.3 is provided in Section 4.

2. Preliminaries

The purpose of this section is to introduce the notation and concepts that will be
used in the proof of Theorem 1.3.
A special type of nets and their convergence are used to generalize sequences.

DEFINITION 2.1. (i) Let / be a nonempty set which is partially ordered by <.
In this paper, (I, <) is a net if

(a) (I, <) has no maximal element;

(b) foreveryelementa € I,theset {f € I : B < a} of predecessors of « is
finite;

(c) foranya, B8 € I thereexists y € I suchthaty > o and y > B. Such an
element y is called a successor of « (and B).

(ii) Let (I, <) be a net. For every element oy € I, define the number of its
predecessors by |ay| = card({a € 1 : o < ap)).

(iii) Let (I, <) and (J, <) be nets. A function k : I — J is order-preserving if
a < B e Il implies k(a) < k(B). A function k : I — J is cofinal if forevery y € J
there exists @ € [ such that y < k().

(iv) A subnet of | is a cofinal order-preserving functionj : [ — [.

(v) Let (/, <) be anet and K be a topological space. We say that (x,)qe; is a net
in K indexed by I it x, € K foralla € I. If K is a normed space then (x4)q¢; iS
bounded if {||x,|| : @ € 1} is bounded in R.
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(vi) Let(l, <) beanet, K atopological space and (x,)4c; a netin K indexed by I.
Letx € K. Then lim, ; x, = x if and only if for every neighbourhood U of x in K
there exists a € I such thatx; € Uforall 8 > «.

(vii) Let (I, <) be anet and (r,)4c; a bounded net of real numbers. Then we define

limsupr, = 'mfsup{rﬁ :Bel and B8 > «}
ac

a,l
and
lim}nf ry =supinf{rg: €I and B8 > «a}.
a, ael
Throughout this paper, (/, <) will denote a net in the sense of Definition 2.1.
The following proposition is immediate from Definitions 1.1 and 2.1; see [6] for
more equivalent conditions and a detailed proof.

PROPOSITION 2.2. Let E be a Banach space and v : E — R a function. Then the
following are equivalent:

(i) tisatypeoverE.
(i) For every finite subset « C E and every ¢ > 0, there exists an element
x =x(a,¢€) € Esuchthat|t(y) — {lx + ylll| < eforally € a.
(iii) There exists a bounded net (x,)ye; in E indexed by I such that forall y € E,
limg/ [IXa + yIl = T(¥).

If v is a type over E and (x,)4c; 15 as in (iii) above, we say that (x4)qe; generates
the type T.

A subset H C { is called bounded if sup{||f| : f € H} < oo. Let H be
such a set. The pointwise supremum of H is the real-valued function L defined
by L(x) = sup{h(x) : h € H)} forevery x € K. We write L = \/ H for this
function. Similarly, the pointwise infimum of H is the real-valued function U defined
by U(x) = inf{h(x) : h € H} for every x € K. This function is denoted by A H.
Note that both \/ H and /\ H are again in £, (K).

If H C £,(K) is a bounded set of upper semicontinuous (usc) functions, then the
pointwise infimum A H is usc. Similarly the pointwise supremum of a bounded set
of lower semicontinuous (Isc) functions is Isc. Finally, it is clear that f € £,(K)
is continuous if and only if f is usc and lsc. Therefore, if H is a bounded set of
continuous functions on K, then A H is usc and \/ H is lIsc.

3. Lemmas

This section provides lemmas and technical definitions that will be used in the proof
of Theorem 1.3.
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DEFINITION 3.1. For any norm-bounded net (f4)qc; in C(K), define lower semi-
continuous functions on K by setting, for every o € 1,

la=\/[f eC(K):fs/\fﬂ] and 1=\/L.

Bza

Similarly, define upper semicontinuous functions u and u, on K by setting, for every
ael,

u,,:/\{feC(K):f ZVfﬂ] and u=/\ua.

Bza a

All statements about / and /, also hold for u and u,, provided all inequalities are
reversed, suprema are replaced by infima, minus by plus, etc.
Here are some basic properties of the functions / and u defined in Definition 3.1:

REMARK 3.2. Let (f,)q; be a bounded net of functions and let [, I, u, and u be
as in Definition 3.1.

(1) Ifay,ap el anda; <ap, thenl,, <, <land u,, > u,, > u.
(ii) If x € K and ¢ > 0, then there exists an ay = a(x, €) € I such that, for all
indices @ > g, l,(x) > I(x) — e and u,(x) < u(x) + ¢.
(iii) Forevery 8 € I,every x € K, every § > 0, and every neighbourhood U of x,
there exists y € U and y > B suchthat f, (y) < lg(x) + 8.
(iv) Forevery B € I,everyx € K, every 8 > 0, and every neighbourhood U of x,
there exists y € U and y > B such that f,(y) > ug(x) — 4.

PROOF. The statements in (1) and (i1) are immediate from the definition. We
prove (iit): let 8 € I, x € K and set s = lg(x); let U be an open neighbourhood
of x and § > 0. Suppose the conclusion does not hold. Then for all y € U and all
y = B, we have f,(y) > s + §. But forevery y € U, there exists f € C(K) (which
depends on y) such that f < f, for all y > B and such that f (y) > s + 8. Then
ly(y) = s + é forall y € U, which is a contradiction. The statement in (iv) is proved
with an argument dual to the one just given. a

From now on we assume that card(/) > «, where x is the minimum of the
cardinalities of the bases of the topology of K.

LEMMA 3.3. Let (f,)aes be a bounded net of continuous functions and let | and u
be as in Definition 3.1. Given g € C(K) andx € K,

(i) there exists a subnet i : I — | and elements (x;4))qe1 converging to x, such
that l(x) + g(x) > lim, ; (fi(u)(xl(a)) + g(xi(aj)) ;
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(il) there exists a subnet j : [ — I and elements (X} @))uer cOnverging to x, such
that u(x) + g(x) < lima,, (fj(a)(xj‘(a)) + g(xj‘(a))).

PROOF. We show (i). Forevery a € I, lete, = |a|~!. By assumption, every o € I
has only finitely many predecessors and infinitely many successors, so every &, is
defined and lim, ; &, = 0. Fix a system of open neighbourhoods (U,),e; of x such
that for all @ < B € I we have U, 2 U and [, U, = {x}. Furthermore, assume
that |g(x) — g(y)| < & /2 forall y € U,.

We proceed by induction on @ € I. Fix ¢ € I and suppose that i(8) has been
defined forall 8 < «. Using the fact that there are only finitely many such 8’s we may
find ap € I such thatay > i(B) forall 8 < «. We may assume (by (ii) of Remark 3.2)
that I(x) > I,(x) > l(x) — &,/2 for all y > ap. By Remark 3.2 (iii) there exists
(o) = ap and x;y € U, such that fi)(xi@) <l (x) + &4/2. Remark 3.2 (i) gives

fiw Xi@) < lo(x) 4+ 64/2 < 1(x) + €4/2.

By construction, i : I — [ is a cofinal order-preserving function. Obviously
(Xi())aer converges to x and

fiwy i) + §&i@) < Ux) + g(x) + &a-

By passing to a further subnet we may assume that limg ; f i) (*i@)) exists and
1if{l(fi(a>(xi(a)) + g(xiw)) = lx) + g(x).

A dual argument proves (ii). O

LEMMA 3.4. Let (fo)aer be a bounded net of continuous functions and let | and u
be as in Definition 3.1. If g € C(K) and im, ; ||fo + gl exists, then

lim{|fa + gll = max{lll + gl lu + gli}-

PROOF. First observe that for any sc pair (I, ) and any g € C(K)

(3.1 max{{ll + gl lu + gli}
= sup ({u(x) + g(x) :x € K}U{-Il(x) —g(x) : x € K}).

Let x € K be arbitrary. Applying Lemma 3.3 we obtain a cofinal order-preserving
map i : I — I and elements (x,q))ae; Which converge to x such that

1;‘}1 (fiwy i) + gXiw)) < l(x) + gx).
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Therefore,
‘},’P Ifa + gl = l;rln Ifiew + 8l = I;I}l (=fiw&iw) — 8&i@))
> —((x) + gx)).

A dual argument shows that lim, ; || fo + gl > u(x) + g(x). Applying (3.1) to these
two inequalities gives the conclusion of the lemma. O

The next lemma shows that the reverse inequality also holds:

LEMMA 3.5. Let (fy)aes be a bounded net of continuous functions and let | and u
be as in Definition 3.1. Let g € C(K), and suppose that lim, ; ||f, + gl| exists. Then

lim|lfy + gl < max{l|l + g, lu + gl}-

PROOF. Let r = lim,, ||fy + g]|. For each « € I, choose x, € K and s, = %1
such that ||fo + g|l = sa(fa(xa) + g(x,)). Using the compactness of K there exists a
cofinal order-preserving map j : I — [ and a constant s = %1, such that

linﬂxj(a) =x and 554 =5 forallael.

Then r = img; 5(f (o) (Xj (@) + 8(x;))- We distinguish between two cases:
Casel: s = 1. Fix B € I. Then

r= ltirln(fj(u)(xj(a)) +8(Xj)) = lim ﬂ(fj(a)(xj(a)) + 8(Xj ()

1
a,lij(a)>

< limsup (u4(xj ) + 8(Xj))) < ug(x) + g(x).
a.lij(a)>p

The last inequalities follow since f 4)(Xj @) < us(x; @) for f < j (o) and since u,
1s usc. We obtain, using Remark 3.2 (ii),

r<u(x)+g(x) < lu+gl.
Case 2: s = —1. Using the same ideas as in Case 1, we show that
r<—()+gkx)) <|ll+gl
which gives limg; |fo + gll < max{{ll + gll, llu + gl}- 0

We will need the following theorem.

THEOREM 3.6 (Edwards [1}). Let U be a usc function and L an lsc function on
a compact Hausdorff space K, such that U < L. Then there exists a continuous
function F such that U < F < L.
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A proof of this theorem can be found in Kaplan {4, (48.5)].
As a consequence, we obtain the following lemma:

LEMMA 3.7. Let K be a compact Hausdorff topological space, and let 20 be a
finite open cover of K. Let u : K — R be any bounded function. Then L : K — R
defined by

L(y)=sup{u(@):zce ﬂ w
yeW;Wel

forally € K islsc and L > u. Similarly, ifl : K — R is any bounded function and
U: K — R isdefined by

Uy)=infl(z):z € ﬂ w
yeW,Well

forally € K, then U isuscand U < 1.

PROOF. We only show the first statement. Observe that L(y) > L(w) for all
w € myeW;WeQD W. Observe that there are only finitely many sets of the form
Meew.wes W Therefore

bek:Losn= J N W)

xeK;L(x)<r eW;,well

is a finite union of closed sets, hence closed. So L is Isc. It is immediate from the
definition of L that L > u. O

4. Proof of Theorem 1.3

The statement of Theorem 1.3 is repeated in the form of propositions for the
convenience of the reader.

PROPOSITION 4.1. Let T be a type over C(K). Then there exists an sc pair (1, u)
such that

4.1 t(g) = max{|ll + gll, llu+ gil} forevery g € C(K).
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PROOF. Given a type t over C(K) fix a net (f,)q.; Which generates 7 as in
Proposition 2.2 (iii). Let / and u be obtained from this net as in Definition 3.1.
Lemmas 3.4-3.5 prove (4.1).

We now show that (I, u) is an sc pair. It is immediate from Definition 3.1 that [ is
Isc, uis usc and ! < u. Suppose that x is isolated. By Remark 3.2 (iii)—(iv) applied to
U = {x} we obtain

4.2) limlinffa(x) <I(x) < ulx) < limsup f,(x).
a. a,l

Let r = 3sup{||f.|l : @ € I} and define g € C(K) by setting
0 ify#x
gy) = [ Y
r

ify =x.

Then t(g) = lim,,; ||f. + gl = limy ; fo(x) + 7. Thus lim, ; f, (x) exists. Therefore,
(4.2) yields I(x) = u(x). O

PROPOSITION 4.2. Ler (I, u) be an sc pair. Then the function t : C(K) - R
defined by (4.1) is a type over C(K).

PROOF. Let (I, u) be an sc pair on K and let T : C(K) — R be defined by
t(g) = max{|ll + gl. lu + gl|} forall g € C(K).
We use Proposition 2.2 to prove that t is a type over C(K). It suffices to show that

foralln € N,all gy,..., g, € C(K) and all ¢ > 0 there exists F € C(K) such that
lt(g) —IF+gilll <eforalll <i <n.
Fix g1, ..., g € C(K) and £ > 0. Choose a finite open cover 2 of K, such that

forall W e 20,allx,y € Wandalll <i <n wehave |g;(x) — g:(y)] < &/2.
DefineL : K - Rand U: K — Rbysetting forally € K

L(y)=sup{u(z):ze€ ﬂ w and U(y)=inf{l(z):z € ﬂ Wi .
yeW.We2l yeWw,We2

The function L is Isc and U is usc by Lemma 3.7. By Theorem 3.6 there exists a
continuous function f € C(K) such that U < f < L. Using (3.1) we may choose a
finite set S € K suchthatforalll <i <n

max{|ll + g, lu + gll} = max{—[l(z) + g:(2)], (u(2) + £:(2)) : z € S}.
We write S = {z,,...,2,), where p,g € Z, p < 0 < g, the points (z;)]_, are

pairwise distinct and forall p < j < g, z; isisolated in K if andonly if p <j < 0.
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Foreach 0 < j < g, we choose disjoint sets Vy;, V5, C mszW;WEQU W such that

x € Vy; U Vo, implies |f (x) — f (z;)] < &/2. Further, we may assume that for all
0<k=<x2g+1landallx,y € V, wehave |f (x) — f (y)| < &/2.

Using Urysohn’s Lemma we now choose continuous functions (f k)if;l satisfying
the following conditions: For all p < j < 0, choose f; such that

filkvzy =0 and  f;(z) = u(z) — f(z)) =U(z) — f ().

Forall 0 <j < g, choose f; > 0and f5,1 < 0such that

fzj]K\Vz,- =0, ”fzj | = L(Zj) —f(Zj)

and
f2j+1|1(\v1,-+. =0, ”f2j+l” =f(Zj) e U(Zj)~

Weset F=f + Eigl f«. We would like to show that forall 1 <i < n,

lmax{l|ll + gll, llu+ gll} — I F + gilll <&,
namely

max{|[l + gill, lu + gill} — & < I F + gill < max{lll + gl, lu+ g} +&.

We first show the right inequality: fix 1 < i < n. Fixx € K arbitrary and observe

that —[F(x) + g;(x)] < ||F + g;|| and F(x) + g:(x) < ||F + g;ll. We distinguish
among four cases:
Case I: x & {z,,...,21} U %' Vi. Then F(x) = f(x). We may choose
Y1, Y2 € ﬂer;Wem W such that l(y1) = U(x) and u(y,) = L(x). These choices are
possible because [ is Isc (1 is usc, respectively) and by definition of U (L, respectively).
Then

—(F(x)+g(0)]=~f (x)— gikx) < —Ux) — gix)
<=ly) —gy)+e/2= 1+ gl +¢/2
and ,
F(x) + gi(x) = f (x) + gi(x) < L(x) + gi(x)
< u(y) + gi(y2) +€/2 < llu+ gill +¢/2.

Thus, [F(x) + gi(x)| < max{||Il + g, llu + gll} + .

Case 2: x = z; forsome p < j < 0. Then F(x) + gi(x) = u(x) + gi(x) =
l(x) + gi(x). Therefore | F(x) + gi(x)] < max{||l + gll, lu + gll} + &.

Case 3: x € V; forsome 0 < j < g. Observe that F|y, = f|y, + fy]y, and
Fly, > flv,. There exists y; € Vy; such that f5; (1) = L(z;) — f (z;). Further, there
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exist y2 € [yew.weas W such that I(y;) = U(x) and y; € nz,ew;wm W such that
u(y3) = L(z;). Then

—F(x) ~ gi(x) < —f (x) — gi(x) = —Uk) — gix)
< =l(y2) —gi(y2) +e/2 < I+ gill +&/2
and
F(x)+ gi(x) = f (x) + f2; () + g:(x) < f (x) + f2, (1) + g:(x)
=f &)+ L(z) — f(z) + g(x)
<u(y) +gi(y3) e < |lu+gl+e.

In this last inequality, we use the assumption that f (x) — f (z;) < &/2 because
x,z; € Vy;,and g;(x) — gi(y3) < e/2because x, y; € mz,-eW;WelU w.

Therefore, | F(x) + gi(x)| < max{ll + g, lu + gll} + &.
Case 4: x € V,;,, forsome 0 < j < g. This case is handled similar to the treatment
of Case 3.

Combining the results from Cases 1-4 we obtain

|F(x) + gi(x)] < max{[il + gll, lu+gll} +¢

forallx € K and all 1 < i < n. Therefore, | F + g;|| < max{[{l + g, [lu+ g} + ¢
foralll <i <n.

We now show that | F + g;|| = max{||l + gll, |« + gll} —e. Fix1 <i <n. By
construction there exists z € S such that

max{—[l(z) + gi(2)], (u(2) + gi(2))} = max{||l + g:ll, llu + gll}.

For this choice of z we distinguish between two cases:
Case1": z = z; forsome p < j < 0. Then

u(z;)) + 8i(z;) = Uz;) + gi(zj) = F(z;) + g(z5).

Therefore, max{||l + g, llu + gill} = |F(z;) + 8:(z;)| < | F + &ll.
Case 2’: z =z forsome 0 <j < q. Then there exist yo € V;; and y, € V,;4, such
that f1; (yo) = L(z;) — f (z;) and f3 1(y1) = —f (z;) + Ul(z;). We then obtain

| F+gill = F(yo) + 8:(o) = f (o) + L(z;) — f(z;) + 8(z;) —¢/2
> L(z;) + gi(z;) — & > ulzj) + gi(z;) — ¢

and
NF+gill = =[F(y) + gD = —1f ) — f () + Uz) + gi(z;)] — /2
> —[U(5) + gi(zj)] — e = —ll(z)) + gi(z;))] — &
We therefore obtain || F + g;|l = max{Ilil + gill, lu + gill}. O
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The following proposition establishes the third part of Theorem 1.3.

PROPOSITION 4.3. Let (I}, u;) and (I, uz) be sc pairs associated with types t; and
T, respectively as in Theorem 1.3. Then the following are equivalent

1 u=1n;
(ll) ll = 12 and Uy = Us.

PROOF. The implication (ii) = (i) is trivial. We prove the contrapositive of (i) =
(i1) and distinguish between two cases:

Case 1: u; # u;. Then there exists x € K such that u;(x) # u,(x). We may assume
without loss of generality that u,(x) > wuz(x). Then there exists ¢ > 0 such that
u(x) > up(x) + 2s.

Let U = {y € K : us(y) < ux(x) + ¢}. Because u, is usc, U is an open
neighbourhood of x. By Urysohn’s Lemma there exists a nonnegative continu-
ous function go with [|goll = 2r such that golx\y = 0 and go(x) = 2r, where
r = max{|lu,l, luzll}. Let s = max{}|{;|, ||z]}}; then for i = 1, 2 we have

ui+(r+s)l+g=>2L+@r+s)14+g=>0
and
i + (r + )1 + goll < llu; + (r + 5)1 4 goll.

Therefore, fori = 1, 2,
max{|lu; + (r + )1+ goll, Il + (r + )1 + goll} = llw; + (r + $)1 + goll.
Furthermore

luy + (r + )1+ goll = r + 5 + 2r + ui1(x)
and
luz + (r + 5)1 + goll < 745+ 2r + uy(x) + &.

Because u;(x) > u(x) + 2¢, we obtain

Nuz + (r + 21+ goll < llwy + (r +2)1 + goll

and so
max{llu; + (r + )1 + goll, |2 + (r + 5)1 + goll}

< max{lju; + (r + )1 + goll, M; + (r + 5)1 + goll}.

Case 2: [, # I,. This case is handled using an argument parailel to the one in the
previous case. a
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5. Problems

This section contains suggestions for further work on this topic:

PROBLEM 5.1. Provide a characterization of types over C(K, C), the Banach space
of all complex-valued continuous functions on K.

The following concept provides a generalization of type:
Let E be a Banach space. Fix n € R. For every n-tuple x = (x;,... ,x,) € E”
define a function 7; : R” x E — R by setting t:(a;, ..., an, y) = || ZLI ax; + y”

DEFINITION 5.2. A function 7 : R” x E — R is an n-type over E if it is in the
closure with respect to the topology of pointwise convergence of the set {r; : x € E"}.

Let E be a Banach space. There is 1-1 correspondence between types over E (in
the sense of Definition 1.1) and 1-types over E (in the sense of Definition 5.2):

Indeed, let T : R x £ — R s a 1-type. Then the function o : E — R defined by
setting o (y) = t(1, y) forall y € E is a type over E.

Conversely, suppose 0 : E — Ris atype over E. Definet : R x E — R by
setting t(a, y) = |alo((1/a)x) if a # 0 and 7(0,y) = ||y{l. Then T is a 1-type
over E.

PROBLEM 5.3. Provide a characterization of n-types over the Banach space C(K)
that generalizes the characterization of 1-types over C(K).
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