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Abstract We provide two constructions of Gaussian random holomorphic sections of a Hermitian
holomorphic line bundle (L,h1) on a Hermitian complex manifold (X,0), that are particularly interesting
in the case where the space of £2-holomorphic sections H&)(X,L) is infinite dimensional. We first

provide a general construction of Gaussian random holomorphic sections of L, which, if H?Q)(X,L) is
infinite dimensional, are almost never £2-integrable on X. The second construction combines the abstract
Wiener space theory with the Berezin—Toeplitz quantization and yields a Gaussian ensemble of random
£2-holomorphic sections. Furthermore, we study their random zeros in the context of semiclassical limits,
including their distributions, large deviation estimates, local fluctuations and hole probabilities.
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1. Introduction

The origins of the study of random polynomials as well as their generalizations in geometry
trace back to value distribution theory of analytic functions and quantum chaos, the
former being a classic topic. In order to understand the typical distribution of zeros, one
forms ensembles of analytic functions by defining the coefficients of their representation in
a given basis to be independent random variables with a prescribed distribution and then
studies their statistical properties. Importantly, the eigenfunctions of quantum chaotic
Hamiltonians are well modeled by random polynomials in terms of the distribution of their
zeros, critical points, sup-norms and quantum expectation values (cf. [11, 62, 79, 68]).
A natural geometric generalization of polynomials are the holomorphic sections of a
holomorphic line bundle. In this paper we study the construction of Gaussian ensembles
of £2-holomorphic sections of a line bundle, focusing on the case when this space is infinite
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dimensional. We consider a connected complex n-dimensional Hermitian manifold (X,0)
without boundary, where © is a smooth Hermitian form compatible with the complex
structure of X. We denote by L a holomorphic line bundle over X, and let hy, be a smooth
Hermitian metric on L. We denote by H°(X, L) the space of holomorphic sections of L and
by H (02) (X,L) the space holomorphic sections which are £2-integrable with respect to the
L%-norm (2.2) induced by © and hyz. If the dimension d := dim¢ H(O2) (X,L) is finite, one
can construct a Gaussian probability measure on H ?2)(X ,L) induced by the £2-metric.
If, however, H (02) (X,L) is infinite dimensional, then this construction is bound to fail.

To tackle this difficulty, we will provide two different approaches for constructing a
random holomorphic section from the infinite-dimensional H ?2) (X,L). Both of them are
natural as extensions of the finite-dimensional case.

The first approach is a direct generalization of the study of random holomorphic
functions on C™ to the context of complex geometry. The random holomorphic functions
given by power series on C as well as the distributions of their zeros (or other values)
have been studied by Kac [45], Littlewood-Offord [52, 53], Offord [63, 64, 65] and by
Edelman—Kostlan [29, 30], etc. For Gaussian random holomorphic functions, the results
have further been extended by Sodin [71], Sodin—Tsirelson [72, 73, 74], and then, on C™,
by Zrebiec [82]. In particular, the general Gaussian random holomorphic functions on the
domains in C (also known under the name Gaussian analytic functions, GAFs) have been
investigated vastly (cf. [40]) from probabilistic perspectives, serving as examples of point
processes on C.

We construct a Gaussian random section in terms of an orthonormal basis of H ?2) (X,L)
such that its distribution is independent of the choice of such basis (cf. Proposition 2.3).
More concretely, if {S;}9_; is an orthonormal (Hilbert) basis of H, ?2)(X ,L) and if {n;}7_,
denotes a sequence of independent and identically distributed (i.i.d.) standard complex
Gaussian variables, we can define a random holomorphic section of L via

d
vy =D ;S (1.1)
j=1

by using properties of the Bergman kernel associated with H&) (X,L) (cf. Proposition 2.1).
We will call 1/1;? a standard Gaussian random holomorphic section of L. It turns out that
when d = oo, then wi as constructed in Equation (1.1) is almost surely non-£2-integrable
over X (cf. Lemma 2.5). In the case of the Bargmann—Fock space on C™ (cf. Example 2.14),
z/J;? is just a Gaussian holomorphic function on C™ as mentioned before. If d < co the above
construction is equivalent to endowing H. (02) (X,L) with the standard Gaussian probability
measure associated to the £2 inner product.

An interesting question which arises is what are the possibilities to randomize £2-
holomorphic sections in a natural manner, or equivalently, how to construct Gaussian
probability measures on H (02) (X,L) in a geometric way. The starting point is the simple

observation that for a = (aj)?:l € (2(C), the section

d
5177 = anaij (12)
j=1
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is almost surely an £2-integrable holomorphic section since P25 la;j|?n;]? < o) = 1.
We introduce the geometric input by taking (aj);-l:1 to be the spectrum of a Toeplitz
operator on H{y (X,L). For any bounded function f € ¢'>(X), the Toeplitz operator
with symbol f is the endomorphism of H(OQ) (X,L) given by Ty = PMy, where My is
the pointwise multiplication with f and P is the orthogonal projection from £2(X,L)
onto H&)(X ,L). For our purpose, we consider an injective Hilbert—-Schmidt Toeplitz
operator Ty on H?Q)(X,L), which defines a measurable norm ||T%-|| on H?Q)(X,L) (cf.
Definition 4.1). Taking advantage of the theory of abstract Wiener spaces of Gross [36],
we can construct in a unique way a Gaussian probability measure Py on H&)(X ,L)
associated with Ts. A random £2-holomorphic section following the probability law Py
is exactly given as in Equation (1.2), where each a; > 0 is an eigenvalue of Ty and the
orthonormal basis {5; }?:1 is such that TyS; = a;95;. For a brief introduction to Gross’
abstract Wiener spaces, we refer to [42, Example 1.25].

On top of the constructions of random holomorphic sections outlined above, we aim
to study the distribution of their zeros as (1,1)-currents on X in the framework of
semiclassical limits, that is, considering random holomorphic sections of the sequence of
high tensor powers (LP,h,) := (L®p,h%p ), p €N, of a given positive Hermitian line bundle
(L,hr). As p — o0, the parameter h := 1/p, playing the role of the Planck constant, tends
to 0. For this purpose, we need to make further assumptions on (X,0) and (L,hy); see
Condition 1.2. For a sequence of random sections 1/)5” constructed as in Equation (1.1)
using an orthonormal basis of the Hilbert spaces H(Oz)(X ,LP), the distributions of the
normalized zeros of these sections are expected to converge towards the first Chern form
c1(L,hy) as p — oco. Thus, zeros tend to concentrate in regions of high curvature.

For compact Kéhler manifolds, the asymptotic distribution as p — oo of zeros of sections
of HY(X,LP) for a positive line bundle L was extensively studied by Shiffman and Zelditch
[68, 81]. Pioneering works in the physics literature were Bogomolny, Bohigas and Leboeuf
[11] as well as Nonnenmacher—Voros [62] in the context of quantum chaotic dynamics. A
key ingredient in their approach is the asymptotic expansion of the associated Bergman
kernel (cf. [56, 76, 80] and the references therein).

Using ideas from complex dynamics, a new method to study the distribution of zeros was
introduced by Dinh—-Sibony [26], which also provides bounds for the convergence speed.
Subsequently, Dinh, Marinescu and Schmidt [25] extended such results to the noncompact
setting, where they assumed that the dimension d, := dim¢ H, ?2) (X,LP) e NU{co} satisfies
d, = O(p") for p>> 0 (which is the same growth as in the compact case). Along these
lines, there are also plenty of generalizations to different geometric (singular Hermitian
metrics or singular space X ) or probabilistic settings (general probability measures), cf.
[6, 10, 15, 13, 16, 17, 24, 61]. We refer to the survey papers [5, 81] for more details and
references on this topic.

For compact Kéahler manifolds, Shiffman, Zelditch and Zrebiec [70] established large
deviation estimates for the random zeros of Gaussian holomorphic sections as p grows to
infinity. As a consequence, they obtained the exponential decay of the hole probabilities,
that is, the probabilities that the Gaussian random holomorphic sections do not vanish
on a given domain in X. In our previous paper [27] (see also [54]), we generalized their
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results to the noncompact setting, especially for the case of Riemann surfaces with cusps,
under the assumption d, = O(p™) for p > 0. In this paper, we show that these results
also extend to the case of Gaussian random holomorphic sections 1/15 ? without assuming
dp < oo.

In this semiclassical setting, the use of Toeplitz operators in our construction of the
random £2-holomorphic sections is natural. The family of Toeplitz operators Tt p=PFP,My
on H?Q)(X ,LP), p € N, is called Berezin-Toeplitz quantization of a given real smooth
function f: X — R. The function f can be regarded as a classical observable on the phase
space (X,0) and Ty, as the corresponding quantum observable on the quantum space
H (02) (X,LP) (cf. [12]). Such operators are central in the study of geometric quantization
on Kihler or, more generally, on symplectic manifolds. For more details, we refer to
[12, 55, 57, 58, 59] and [56, Chapter 7]. In our context, the geometry of (X,0) and (L,hy,)
enters the picture through the sequence of Bergman projectors P, on H ?2) (X,LP) and the
multiplication with f will have the effect localizing the Gaussian probability measure P
on the support of f.

Here, we introduce a class of functions f on X such that T , is Hilbert-Schmidt for
all p > 0. Associated to a nonnegative smooth function f in this class, we construct
canonically a sequence of probability spaces (H&) (X,LP),Py ), p> 0. We are then
interested in investigating the asymptotic behavior of the zeros of random £2-holomorphic
sections as p — 0o. Their limit as (1,1)-currents will be given by ¢;(L,hr) on the support
of f (where f has zeros of at most second order). One goal of geometric quantization is
to recover information about the classical observable f from the action of the quantum
observable T, in the semiclassical limit p — co. We show here that we can recover the
complex Laplacian d9log f? of the logarithm of f2 (see also Ancona-Le Floch [1] for the
compact case in a slightly different setting).

The next level of results concerns the universality of the statistics of zeros of sections
of large degree p on small length scales of order the Planck scale 1/,/p (cf. also
[8, 37, 75]). Note that the Bergman and Toeplitz kernels exhibit their universality at
this scale (see Theorem 3.14 and [56, Theorems 4.2.1 & 6.1.1]). By zooming in a small
ball B(x,R//p) around an arbitrary point z, one loses track of the special features of
the geometrical setting and obtains universal limiting fluctuations of random zeros. We
observe two different behaviors depending on whether f(x) =0 (with vanishing order 2) or
f(z) #0; see Equation (1.25). A further interesting question is to describe the asymptotic
distribution of random zeros outside the support of f.

Our approach to the above results relies on the asymptotic expansion of the on-diagonal
Schwartz kernel of the operator Tf2’p =Tt 0Ty, as p — oo, whose first terms are
computed explicitly in [56, Chapter 7] and in [59], and which also holds on noncompact
manifolds cf. [56, 57, 58, 59]. In particular, we can apply them to the case considered in
[56, Section 7.5] and the case of bounded geometry discussed in [60] and [33].

A comprehensive study of zeros of Gaussian £2-holomorphic sections by means of
Toeplitz operators associated with a nonsmooth symbol f is given in our follow-up
paper [28].

In the next four sections, we provide the setting and formulate our main results.
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1.1. Zeros of Gaussian random holomorphic sections

Let us start with a (paracompact) connected complex manifold (X,J,0), where J denotes
the complex structure of X and © is a J-compatible smooth Hermitian form on X.
Then gT¥(-,-) = ©(-,J-) is the associated Riemannian metric on TX. In this case, we
refer to the triplet (X,J,0) simply as a complex Hermitian manifold. Let (L,hy) be a
holomorphic line bundle on X with a smooth Hermitian metric Ay. Assume that we have
d= dimCH(OQ)(XJ) >1

The zero-sets of holomorphic sections are complex analytic sets, and they will be studied
through the current of integration they define. We refer to Section 2.3 for basic definitions
concerning the currents of integration along zero-divisors of a holomorphic section.

Our first result concerns the expectation of the currents of integration on the zero-
divisors of the Gaussian random holomorphic section 1/1;? defined in Equation (1.1),
as a current on X, that is, of the random (1,1)-current [Div(w;? )]. For any test form

e Q" (X)), the random variable ([Div(¢3)],¢) is measurable (cf. [15, proof of
Proposition 4.2]). If the random variable <[D1V(¢g>] ) is integrable for any test form ¢,
then the linear map

e = E[(Div(y)]e)], ee2 " H(X),

defines a (1,1)-current on X, which we refer to as the expectation of [Div(1/1;7g )], denoted by
E[[Div(t;)]]. Next, we define the Fubini-Study current (L,hy) on X. For this purpose,
let

P:L*(X,L) = Hip (X, L) (1.3)

be the £2-orthogonal projection, called the Bergman projection. It has a smooth Schwartz
kernel P(z,y), called the Bergman kernel, cf. Subsection 2.1. The Bergman kernel function
X 32+ P(z,z) is a nonnegative smooth function on X, and the function log P(z,z) is
locally integrable on X. We set

Y(Lhe) = er(Lohi) + 7\/2;18310gp(x,x), (1.4)

where c¢q(L,hy) is the Chern form of (L,hr). See Remark 2.7 for their geometric
interpretation.

Theorem 1.1. Assume that d > 1. Then the expectation of the random variable [Div(q/}f)]
exists as a (1,1)-current on X and we have in the sense of currents,

E[[Div(y;)]] = (L,hz). (1.5)

In the case d < 0o, Equation (1.5) was already known for line bundles with empty base
locus (cf. [68, Lemma 3.1], [56, Theorem 5.3.1]) and in several situations when the metric
hz or the base X are singular (see, e.g., [15, Proposition 4.2], [14, Theorem 1.4]). When
d = oo analogs of this result are known in the context of random holomorphic functions
on C™; for instance, Edelman and Kostlan [29, Sections 7 & 8] studied the expectations
of complex zeros of random power series (in their paper, they mainly aimed to study
the distribution of real zeros). Other interesting examples from complex geometry, where
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our Theorem 1.1 applies, are given in Subsection 2.5. In particular, Theorem 2.13 gives
a more general version of Theorem 1.1 where we allow the Hermitian metric hy to be
singular. The equidistribution results for the case of singular Hermitian metric hy, with
finite-dimensional holomorphic sections were studied in [13, 14, 15, 16, 17, 24].

1.2. High tensor powers of L: equidistribution and large deviations
We are interested in the semiclassical limit of the zeros of Gaussian holomorphic sections

when we replace L by its high tensor powers. For this purpose, we need to make further
assumptions on the complex Hermitian manifold (X,.J,©) and on (L,hr) as follows.

Condition 1.2. The Riemannian metric ¢g”X induced by © is complete and there exist
C,Cp,e > 0 such that on X,

V=IR! >0, V-1R%*" > -0, |00|,7x < C, (1.6)
where Rt be the curvature of the holomorphic connection V4 on K% = det(7™9(X)).

If Condition 1.2 holds, the Bergman kernel functions P,(z,x) have an asymptotic
expansion in the tensor power p, which is uniform on any given compact subset of X,
by [56, Chapter 6]. As a consequence, we have the convergence of currents

1
];’y(Lp,hp) —c1(Lyhr)  as p— oo. (1.7)

In the following, we denote by 1&7}% the Gaussian random holomorphic section (as in
Equation (1.1)) constructed from an orthonormal basis S, = {Sf};lp:l of H&)(X,Lp). As
is natural, before formulating our concentration estimates, we begin with stating findings
for the limit of the expectations E[[Div(wi 7]]. While the results are novel in our specific
setting and formulated precisely in Theorems 3.1 and 3.7 below, we roughly speaking
prove the following results.

Theorem 1.3. Under the above settings, we have, as p — oo,
1 .
Z;E[[Dlv(wrfp)]] —c1(L,hyr).
Moreover, for each ¢ € Q™" (X), we have that

N
IED( lim = ([Div (57 )], ) = <cl(L,hL),<p>) = 1. (1.8)
p—oo P

It is clear that the first point is a consequence of Theorem 1.1 in combination with
the limit (1.7). Note that in Theorem 3.1, we actually prove that, on any given compact
subset of X, %E[[Div(z{;s”)]] admits an asymptotic expansion as p — co. By our proof of
equality (1.8) (see Theorem 3.7), the same conclusion holds for any twice differentiable
(n—1,n—1)-form ¢ with compact support, that is, the limit above holds in the sense of
currents of order 2.
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A deeper question on the distribution of zeros is whether sequences of individual sections
tend to have equidistributed zeros, that is, if for a random sequence of sections wgp,
the normalized currents of integration p_l[Div(l/J;?”)] converge to c¢1(L,hr) as p — oo.
We show in Corollary 3.8, that under natural finiteness hypotheses (of the mass of the
current ¢;(L,hy,) or of the volume of X in the metric given by ¢;(L,hr)) we can improve
the equality (1.8) to

P( lim !

p—o0 p

Div(v5#)] = e1(L,hw) ) = 1, (1.9)

where the limit is taken with respect to the weak convergence of (1,1)-currents on X. In
fact, by Remark 3.9 (3), the limit in the equality (1.9) can be taken in the sense of weak
convergence of currents of order 0, that is, continuous linear functionals on the space of
continuous (n—1,n — 1)-forms with compact support.

With these distribution results about zeros of random sections at our disposal, a natural
next step is to investigate the speed of convergence in terms of large deviation estimates
as in [27, 70] by allowing the possibility that d,, = co.

Theorem 1.4. Let (X,J,0) be a connected complex Hermitian manifold, and let (L,hr,)
be a holomorphic line bundle on X with a smooth Hermitian metric hy, such that Condition
1.2 holds. For any 6 >0 and o € Q) """ (X)), there exists a constant ¢ = ¢(8,0) > 0 such
that for p € N, we have

7( )G[Div(wﬁp)] _Cl(LahL)=<P>’ > 6 ) exp(—ep™). (1.10)

Estimates like (1.10) are called large deviation estimates or concentration of measure
estimates [50]. Moreover, the proof of the above theorem is independent of equality (1.8);
in fact, we can prove the equality (1.8) by using the estimates (1.10) (cf. [27, Section 3.6]).

A natural follow-up question is whether a central limit theorem for the distribution of
zeros of wﬁp as p — oo holds true; we will touch upon this question in Remark 3.17.

Since ¢, (L,hr) is positive, Lci(L,hr)" also defines a positive volume element on X,

' n!

and for U C X open we set
Volg,, (U) = /
U

Then for s, € HY(X,LP)\ {0} we define the (2n — 2)-dimensional volume with respect
to ¢1(L,hyr) of the divisor Div(s,) (cf. (2.27)) in an open subset U C X as

L . c1(Lhp) !
V012n—2 (DIV(SP) N U) = Z OrdV(Sp) o W .
VCZ(sp) ’

1 n
—er(Lohp)" (1.11)

(1.12)

If we use this volume to measure the size of the zeros of s, in U, then Theorem 1.4 leads
to the following result.

Theorem 1.5. Let (X,J,0) be a connected complex Hermitian manifold, and let (L,hr)
be a holomorphic line bundle on X with a smooth Hermitian metric hy,. We assume that
Condition 1.2 holds. If U is a nonempty relatively compact open subset of X such that
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OU has zero measure in X, then for any § > 0, there exists a constant cy s > 0 such that
for all p large enough, we have

1
IP’( ]5 Vol%, _,(Div(ySr)nU) - nvolgn(U)‘ ) ) < exp(—cy sp™t1). (1.13)

In addition, there exists a constant Cy > 0 such that for p >0,
P(Div(y5»)NU = ) < exp(—Cyp™ ™). (1.14)

The proofs of the above two theorems will be provided in Subsection 3.2. One essential
ingredient for these proofs is Proposition 3.11, for which we need a more refined
investigation of the local sup-norms of holomorphic sections on X (cf. Subsection 3.3).

The probability in estimate (1.14) is referred to as the hole probability of the random
section 1/1;?"’ on the subset U. This estimate then provides us with an upper bound for
the hole probabilities for p > 0. In [70, Theorem 1.4] and [27, Proposition 1.7], under
additional assumptions on U, a lower bound of the form exp(—C{p"*!) for the hole
probabilities was proved. In general, however, such a lower bound remains unclear in the
case d, = 00.

Let us mention here that in the special case of the Bargmann—Fock space, for the
standard Gaussian random holomorphic function on C" (cf. Equation (2.44)), the two-
sided bound on the hole probabilities when U = B(0,r) as r — co was proved by Sodin—
Tsirelson (for C, [73, Theorem 1]) and by Zrebiec (for C", [82, Theorem 1.2]). In
Subsection 3.4, we will explain how to recover their findings from our general results
by specializing to the scaled Bargmann—Fock spaces.

1.3. Random L2-holomorphic sections and Toeplitz operators

In the setting of Section 1.1, we introduce for a bounded function f on X the associated
Toeplitz operator Ty defined by Ty : Hy (X,L) 3 S — P(fS) € H (X, L), where P is
the Bergman projection (1.3) (see Definition 4.4 for further details). If f is smooth and
also satisfies

/X |f(z)|P(z,2)dV(z) < oo, (1.15)

then the operator Ty is Hilbert-Schmidt (cf. Proposition 4.7). If in addition f is
nonnegative and not identically zero, then T’ is injective. For such a function f we get a
Hilbert metric (T -,Tf ) z2(x,r) on H(O2) (X,L), which is a measurable norm in the sense
of Gross (cf. [36]). Let B;(X,L) be the completion of H?Q)(X,L) under this measurable
norm. The theory of abstract Wiener spaces implies that for f given as above, there exists
a unique Gaussian probability measure Py on By (X,L) such that it extends the Gaussian
probability measure on any finite-dimensional subspace of Im(7y) associated with the

standard £2-metric. The injective operator Ty extends to an isometry of Hilbert spaces
Tf : (Bf(XaL)7HTf : ”) - (H(OQ) (XvL),” : H£2(X,L))- (116)

The pushforward Py of Py by ff is a Gaussian probability measure on H ?2)(X ,L). We
consider the random variable on (H&)(X,L),}P’f) given by s — [Div(s)]. Its expectation
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EFs [[Div(s)]] is a (1,1)-current given for ¢ € Q0 """ (X) by

EFs [[Div(s)]],¢) = dP4(s).
(B [Piv(a)lp) = [ (w(/m)so) (s)

(2)

The on-diagonal restriction T?(x,x) of the Schwartz kernel of sz- =TyoTy is locally
integrable on X (cf. Lemma 4.14). Analogously to Equation (1.4), we define the Fubini—
Study current associated to f, by

~vi(L,hr) :cl(L,hL)+2;18510ng2(x,x). (1.17)
v

It is a closed positive (1,1)-current on X; see Remark 4.16 for their geometric
interpretation. In Subsection 4.4, we prove the following result for the expectation of
the random zeros of £2-holomorphic section.

Theorem 1.6. Let (X,J,0) be a connected complex Hermitian manifold, and let (L,hy,)
be a holomorphic line bundle on X with a smooth Hermitian metric hy,. The expectation
of the current valued random variable [Div(s)], where s runs in the Gaussian ensemble
(H(Oz) (X,L),P;) constructed via Equation (1.16), exists and is given by the Fubini-Study
current (1.17), that is,

EP+ [[Div(s)]] = vy (Lhe). (118)

Remark 1.7. The equality (1.18) shows that the expectation of the zeros of T b's for s
running in the Gaussian ensemble (B (X,L),Py), equals the Fubini-Study current (1.17).
All the results pertaining to Pf, such as Theorems 1.8 and 1.9, can be viewed as concerning
the zeros of Tf 3. During the writing of this paper, we became aware of the work of Ancona
and Le Floch [1] on zeros of images Ty s of random sections s by a Toeplitz operator T, in
the case of a compact Kahler manifold X. For compact X, one has d < oo (we assume that
d > 0), and in this case, the random section s in H°(X,L) with respect to the probability
measure Py defined above has the same distribution as the random section Trs considered
by Ancona and Le Floch, where § is a random section in the standard Gaussian ensemble
(H°(X,L),Py) defined by the inner product (-,-)z2. In this case, we have Py = Py, so Py
is the pushforward of Pg; by T, and Equation (1.18) reads

E[[Div(Tys)]] = /HO(X 5 [Div(Ty's)|dPs () =v¢(L,hr); (1.19)

that is, the expectation of the zeros of T3 for § in the Gaussian ensemble (H°(X,L),Py;)
equals the Fubini-Study current (1.17).

1.4. High tensor powers of L: equidistribution on the support of f

To consider the semiclassical limit in the noncompact setting, we need to impose the
same assumptions as in Subsection 1.2. For simplicity, in this subsection we only consider
a nontrivial nonnegative smooth function f on X with compact support. Note that our
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results hold for a general class of nonnegative smooth functions f that are not required
to have compact support (cf. Subsections 5.1 and 5.2).

Since f has compact support, condition (1.15) is satisfied for the line bundle L? for
each p. This way, we can construct a sequence of probability spaces (H ?2)(X LP),Py )
using the corresponding Toeplitz operator T% ,. We denote by s, the identity map on
the canonical probability space (Hy)(X,L?),Py,,).

In Theorems 5.7, 5.9 and 5.11, we prove the general version of the following results.

Theorem 1.8. Let (X,J,0) be a connected complex Hermitian manifold, and let (L,hr,)
be a holomorphic line bundle on X with a smooth Hermitian metric hy, such that Condition
1.2 holds. Let U be a (relatively compact) open subset of X such that f >0 on U. Then
there exists py € N such that for all p > py, v¢(LP,hp) is smooth on U, and we have the
following expansion of smooth forms on U in any €*-norm for a given £ €N as p — o0,

C1 (La hL)n

V1
Y5 (L) = per (L) + 5 —001og { =50

f2> +0(p). (1.20)

We have the convergence of smooth forms in any €*-norm (induced by g7X and the
associated Levi—Civita connection) on U given by

1 . 1
;EP“’ [Div(Syp)]lu] = ];W(Lp,hp)w —c(L,hp)lu, p— . (1.21)
Moreover, for any ¢ € Q) """ (U), we have
N G
P ( lim —([Div(Sy,,)],¢) = (cl(L,hL),go)> =1. (1.22)
p—00 P
If © is a Kdihler form and [ c¢1(L,hy) NO™ ! < o0, or if [ e1(L,hr)™ < oo, then
N
P (plggop[Dlv(Sf,p)HU = cl(L,hL)|U) =1, (1.23)

where the limit is taken with respect to the weak convergence of (1,1)-currents on U.

If we allow f to vanish at some points in supp f, we observe that the smallest vanishing
order of f at a zero is two since f > 0. In this situation, we have the following result.

Theorem 1.9. We assume the same conditions for (X,J,0) and (L,hr) as in Theorem
1.8 and in addition we assume that the prequantum condition © = c¢1(L,h) holds. Fiz a
nontrivial nonnegative smooth function f on X as above. Let U be an open subset of supp f
such that f only vanishes up to second order in U with nonzero Af at the zeros. Then the
convergence (1.21) holds in the sense of (1,1)-currents on U, and the conclusions (1.22),
(1.23) of Theorem 1.8 hold.

A general version of the above theorem is provided in Theorem 5.14. One important
ingredient in the proofs of the above results is the following identity from Theorem 1.6,

EFs» [Div(Sy, s)]] —per(L,hr) = gﬁglog(Tﬁp(x,x)). (1.24)
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We consider next the fluctuations of zeros on a small geodesic ball B(z,R/,/p) centered
at z, via pairing with a test form ¢ € Qgil’”fl(X). In Subsection 5.3 and under the

prequantum condition, our computations (especially by Theorem 5.22 for the case f(x) =
0, Af(z) <0) show that

Op™), it f(a)>0,
O(p="*1), if f(z) = 0,Af(z) <0,
(1.25)

(B [Div(S 1)) = per (LA X, ) 0) = {

where Xp(z,r//p) 18 the indicator function of the set B(z,R/,/p), and the first case
f(z) > 0 follows from an analog of [1, Theorem 1.7] (cf. (1.20)). The coefficients of p~"
and of p~™*! in the above estimates can be worked out explicitly. The different powers
in Equation (1.25) show that, in the Planck scale, zeros of random sections have higher
fluctuations near a zero of f of order 2 than near points where f does not vanish.

At last, in Subsection 5.4, we consider a not necessarily nonnegative real smooth
function f satisfying condition (1.15) for LP, p > 0. In this case, T, might not be
injective and with suitable conditions on the vanishing points of f, we can still extend
Theorem 1.9 to this case.

The next four sections of this paper correspond exactly to the above four subsections
describing the main results: The first two sections deal with Gaussian random holomorphic
sections, and the last two sections deal with random £2-holomorphic sections using the
Toeplitz operators.

2. Gaussian random holomorphic sections

In this section, we define Gaussian ensembles of holomorphic sections of L and study their
zeros as a (1,1)-currents on X. While some results proved in this section are not new in
the special case of random functions or power series, we were not able to locate these
results for holomorphic sections with d = oo in the literature.

2.1. Holomorphic line bundles and Bergman kernels

Let (X,.J,0) be a connected complex Hermitian manifold (without boundary) of complex
dimension n > 1. To © one can associate a J-invariant smooth Riemannian metric
g™ (-,-) =0O(-,J-). Let L be a holomorphic line bundle over X, and let hy be a smooth
Hermitian metric on L. We denote the corresponding Chern curvature form of L by R”,
and the first Chern form of (L,hy) is denoted by

v-1
21

Let 65°(X,L) denote the space of compactly supported smooth sections of L on X.
Associated with the metrics g7 and hy, we define the £2-inner product as follows, for
S1,89 € (gooo(X’L),

Cl(L,hL) = RL. (2.1)

(51,52) c2(x.1) == /X (51 (2),52(2) ), AV (2), (2.2)
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where dV = %@” is the volume form induced by ©. We also let £2(X,L) be the separable
Hilbert space obtained by completing 65 (X, L) with respect to the norm ||-[|z2(x,z)
induced by Equation (2.2). Let H°(X,L) denote the vector space of holomorphic sections
of L over X. Set

Hiyy(X,L) := L*(X,L)NH"(X,L). (2.3)

It follows from the Cauchy estimates for holomorphic functions that for every compact
set K C X there exists C'x > 0 such that

su};; |s(x)|n, < Ckllsllz2x,n) for se H(OQ) (X,L), (2.4)
xTE

which in turn implies that H?z) (X,L) is a closed subspace of L£2(X,L). Moreover,
H{y)(X,L) is a separable Hilbert space with induced £-metric (cf. [78, p. 60]).
The evaluation functional H&)(X,L) > S+ S(z) is continuous by estimate (2.4), so by

Riesz representation theorem for each x € X there exists P(z,) € £2(X,L, ® L*) such
that

s(xz) = /XP(gc,y)s(y) dV(y), forallse H&)(X,L).
Set
d = dim Hy) (X, L) € NU{oo}. (2.5)

If X is compact, then d < co. If d > 1, consider an orthonormal basis {5 }?:1 of H?Q) (X,L).

Then the series ijl S;(x) ® (S;(y))* converges uniformly on every compact together
with all its derivatives (cf. [2, Proposition 2.4], [56, Remark 1.4.3], [78, p. 63]). In
particular, P(z,y) is smooth on X x X. It follows that

Pz,y) =2 Sj(@)®(S;(y)" (2.6)

j=1

We obtain thus for the Bergman projection (1.3),

(Ps)(z) =

o

P(z,y)s(y)dV(y),

that is, P(z,y) is the integral kernel of the Bergman projection. Recall that the line bundle
LKL on X x X has fibres (LK L") (4 ) := Ly ® L, for (z,y) € X x X. The section P(-,-)
of LKL* — X x X is called Bergman kernel.

The canonical identification L, ® L} = End(L,) = C, s® s* = s*(s) = |s|%_ allows to
identify P(x,z) as the smooth function

d
Plaw) =Y 15,@), 27)
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called the Bergman kernel function. We deduce that d = [, P(x,z)dV(z) € NU{co}.
Hence, the Bergman kernel function is the dimensional density of H ?2)(X ,L). If d =0,
then the above considerations are trivially true.

2.2. Gaussian random holomorphic sections

The results proved in this subsection are extensions of the well-known results for random
power series or random analytic functions on C™ (cf. [46] or [29, Section 3]) to the complex
geometric setting. We include details of the proofs for the sake of completeness.
Let n = {n;}jen be a sequence of ii.d. centered real or complex Gaussian random
variables, and denote by P and E the underlying probability measure and its expectation.
For d>1, let S ={S; } _, be an orthonormal basis of H(Q)( L). Define

d
S(z) = anSj(x). (2.8)

If d =0, we simply set w;? =0
Proposition 2.1. The section w;f s almost surely a holomorphic section of L on X.

Proof. If d is finite, the claim is clearly true. Hence, it remains to prove it for the case
d = oo. In this case, X is noncompact. Let {K;};en be an increasing sequence of compact
subsets of X such that X = U;cnK;. We can take each K; to be the closure of a relatively
compact open subset U; of X. Then to prove this proposition, we only need to show that
for each i, MJ;? is almost surely a holomorphic section of L on Uj;.

Let K be a compact subset of X, and let U be an open relatively compact neighborhood
of K. Similarly to estimate (2.4), there exists a constant Cy > 0 such that for s €

H?Q)(X7L)7
sup [3(2)n, < Culsl o, (2.9)
By Equation (2.7), we have
ZHS e 1) / UP(w,x)dV(x) < 4o0. (2.10)
€

For j € N5g, x € X we consider the L,-valued random variable X,;(x) = 1;S;(z). Since
n; is centered, we infer

E[X,(z)]=0¢€ L,. (2.11)
It is then consistent to define the variance as

Var(X;(2)) = E[|.X; (2)[7, ],

and we can compute

Var(X; (z)) = E[|X; ()], ] = Var(n;)|S; ()], = Var(m)|S; ()]5,,- (2.12)
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We next prove that for any k € NN € Ny and for r > 0, we have

CZVar(n;) a
IP(Z slup sup ‘ZXICJ"] )|hL > 7“) < UTZ||Sk+j||2£2(ﬁ,L). (2.13)

NzeK j=1

For this purpose, define the stochastic process

£

}/é: ||2Xk+j||i2(ﬁ’]d)a le,...,N, (214)
j=1

and observe that by virtue of Equation (2.9), we have

1
sup [ Xy, (@)],, < CuYp3. (2.15)
rEK j=1
As a consequence, we have
]P’( bup sup |ZXk+] )’hL >r> SP( sup CZY, >7"2). (2.16)
¢=1,...,Nze€K ¢=1,..,N

Now, the process (Yz), £ =1,...,N, is a submartingale with respect to the filtration
(Fe), where Fp = J((Xk+i,Xk+j>L2(ﬁ Ly bJ= 1,...,6). Therefore, Doob’s submartingale
inequality (see, e.g., [47, Lemma 11.1]) yields

[Y ]

)< .
IP’(Z s }/K>CU) c? , (2.17)

which immediately entails Equation (2.13). Now, letting N — 400 in Equation (2.13), we

get
CEVar(m) N\~ g 2
P( sup D e > 1) < TS Skl - (2.18)
teN>oweK G5 r =1 ’

Then taking the limit of Equation (2.18) as k — oo, and using Equation (2.10), we infer

IP’(hmsup sup sup |ZX;€+] x)|p, > T) =0. (2.19)
k—+o0 £eNsozeK =1
Therefore, a union bound along the sequence of r = % immediately supplies us with
IP’(hmsup sup sup |ZX;€+§ ()|h,, > 0) =0. (2.20)

k—+too LeNsowEK [T

If we take V to be a relatively compact open subset of X, and take K =V, then by
Equation (2.20), the sum Z;; X is almost surely uniformly convergent on K so that
it almost surely defines a holomorphic section on V. This completes the proof of our
proposition. O
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For the purpose of the following definition, we note at this point that a standard complex
Gaussian is a random variable having the distribution %(X ++/—1Y), where X and YV
are standard real Gaussian variables.

Definition 2.2. The random section 1/15 defined by the equality (2.8) is called a standard
Gaussian random holomorphic section of L over X if n = {n;};en is a sequence of i.i.d.
standard complex Gaussian random variables.

Now, we prove that the distribution of a standard Gaussian random holomorphic section
ws does not depend on the choice of the orthonormal basis.

Proposition 2.3. Assume that d > 1, and assume that n = {17]-}31:1 is a sequence of
i.1.d. standard complex Gaussian random variables. If S’ = {S; ?:1 is another choice of
orthonormal basis of H&)(X,L), then w;?l and 1/);? have the same distribution as random
holomorphic sections.

Proof. It is sufficient to find a sequence i’ = {n;}4_, of i.i.d. standard complex Gaussian

random variables such that a.s. 1/);79/ = ’(/J;?,. Let ¢2(C) denote the Hilbert space of £2-
summable complex sequences. If u = (u;);en € £2(C), set

(e =Y 1yt (2.21)
JEN

By Kolmogorov’s three-series theorem (cf. [77]), the series in definition (2.21) is almost
surely convergent so that (n,u)y2 is a well-defined random variable. By the property of
Gaussian random variables, we conclude that (n,u)e2 is a centered complex Gaussian
random variable with variance \u|%2. In particular, if |u|;z = 1, then (n,u)p2 has the same
distribution as ;. Moreover, if nonzero u,v € £2 is such that (u,v)z = 0, then (1,u), and
(n,v)e= are independent. Take (a;; € C); jen such that for each 4,

SZI = Zaiij. (222)
jeN
For j € N, set b; = (@;j)ien. Then b; € 3(C) is with norm 1, moreover, if j # j/, then
(bj,bj/)¢2 = 0. Now, define

15 = (1,b5) ez (2.23)
Then 7 = (n})jen is a sequence of i.i.d. centered Gaussian random variables with the
same distribution as 7. By definition, we get that almost surely, ws, = ws,. Therefore,
1/}5 " and z/J;? have the same distribution. O

Remark 2.4. (a) When d = 0o, note that by taking a sequence of compact subset { K; };en

as in the proof of Proposition 2.1, we can define a sequence of seminorms for H°(X,L),

hence a Fréchet distance so that H°(X,L) is a Fréchet space. In Proposition 2.1, we

actually prove that 1/)5 is a random variable taking values in the Fréchet space H°(X,L).
(b) When d > 1, we have

P(yy =0) =0. (2.24)
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Indeed, since {S;}9_, is a basis of H&)(X,L), we have
Py =0)=P(n; =0,j=1,---) =0. (2.25)
(c) In the proof of Proposition 2.1, we do not use the Gaussianity of the n; in an essential
way. Hence, we can work with any sequence 7 of pairwise uncorrelated centered random
variables with uniformly bounded variance. In that case, however, the distribution of
the random section w;?' might depend on the choice of the basis S. Generally, one needs

suitable moment conditions on 7 to obtain more results, such as the universality of the
zeros of 1/)5 , and we refer to [6, 27, 44] for the related details.

Lemma 2.5. If d = oo, then with probability one, w;? is not L2-integrable on X.

Proof. The event that ¢ is £-integrable is equivalent to the event 205 In;|% < oo}
But, for example, by the law of large numbers, we infer

IP(Z Inj|? < oo) =0, (2.26)
j=1
and the statement of the lemma follows. O

2.3. Currents and the Lelong—Poincaré formula

The zero-set of a holomorphic section is a complex analytic set which is in general singular.
The analytic tool used to deal with singularities in complex geometry is the theory
of currents, introduced by de Rham [18] (see [22, 35] and especially [31] for complete
expositions).

Let X be a complex manifold of dimension n, and let £ be a complex vector bundle on X.
The space of smooth sections of E is denoted by €°° (X, E) and is endowed with the €°°-
topology of uniform convergence of all derivatives on compact sets. The space of smooth
sections of E with compact support is denoted by ¢5°(X,FE) and is endowed with the
topology of inductive limit of spaces of smooth sections with support on a given compact
set. In particular, we denote by Qg_l’"_l(X) the space of of smooth (n—1,n—1)-forms
with compact support.

The space of (1,1)-currents on X is the topological dual of the space Qg_l’"_l(X)
(called test forms in this context). In the sequel, we let (T,¢) be the pairing between
a (1,1)-current T and a test form ¢ € Qf """ '(X). A (1,1)-current is called of order
k € Ny if it is continuous in the €’*-topology; equivalently, it extends as a linear continuous
functional to the space of (n— 1,n— 1)-forms of class €% with compact support.

For any analytic hypersurface V' C X, we define the current of integration [V] on V by

w/sozz/ o peninl(x),
|4 V}eg

where Vi, is the regular set of V' (a complex submanifold of codimension 1). By a theorem
of Lelong ([35, p. 32] [22, III-2.7]) the current of integration on V is a closed positive
(1,1)-current. It is clear that [V] is a current of order 0 on X.
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Let L be a holomorphic line bundle on X. For a holomorphic section s € H°(X,L)\ {0},
the divisor Div(s) of s is defined as the formal sum

Div(s)= » ordy(s)V, (2.27)

VCZ(s)

where V runs over all the irreducible analytic hypersurfaces contained in Z(s), and
ordy (s) denotes the vanishing order of s along V. Let Z(s) denote the set of zeros of
s, which is a purely 1-codimensional analytic subset of X. The current of integration
(with multiplicities) on the divisor Div(s) is defined by

[Div(s)] = Z ordy (s)[V], <[Div(s)],go>:/D. ( )ap:: Z ordv(s)/ p. (2.28)

VCZ(s) VCZ(s) v

Assume that L is endowed with a smooth Hermitian metric hy. By the Lelong—Poincaré
formula [56, Theorem 2.3.3], we have

[Div(s)] = —T@élogjsﬁu +ei(L,hg), for s€ HY(X,L). (2.29)
e

This important formula is crucial for our purposes. It links the zero-divisor to the
curvature and to the logarithm of the pointwise norm of a section, which is analytically
easier to tackle and allows the introduction of the Bergman kernel into the picture.

2.4. Expectation of random zeros: proof of Theorem 1.1

In the sequel, we always assume d = dim H?, @) (X,L) > 1. We start with some considerations
about the Fubini-Study currents.

Lemma 2.6. Assume that d > 1. Then the function X 3 x + log P(z,x) € {—oc0} UR is

locally L-integrable on X with respect to dV. Thus, —8810gP(x x) defines a (1,1)-
current on X.

Proof. Let e, : U — L be a local holomorphic frame of L. Let ¢ € €°°(U) be the local
weight of hy, with respect to ey, that is, |eL|%L = e 2% on U. We consider an orthonormal
basis {9, }j , of H(Q)( L) and write

Sj(x) = fi(z)eL(z), x €U, fj € OU), (2.30)

where f; are nontrivial holomorphic functions on U. Then P(xz,z) = Z?Zl \Sj|}2LL -
Z?:l |f;?¢72% on U, hence

log P(z,x) = log (Z|f7 ) . (2.31)

The series ijl |f;|?> converges locally uniformly on U, thus log(E:?:1 |fj|2) is a
plurisubharmonic function that is not identically —oo, hence locally integrable. O
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Lemma 2.6 shows that the Fubini-Study currents (1.4) are well defined. Note that
c1(Lyhp)|u = @8590. By applying 99 to both sides of equality (2.31) and taking into
account formula (1.4), we see that

d
Y(L.hp)l, = 7V27_Tlaglog (Z |fj|2) , (2.32)
j=1

thus v(L,hy) is a closed positive (1,1)-current. The base locus of H&)(X,L) is the proper
analytic set

BI(X,L) := {x € X | s(x) =0 for all s € H,(X,L)}. (2.33)
Thus, {x € X : P(z,z) =0} = BI(X,L). Hence, y(L,hy,) is a smooth form if BI(X,L) = &.

Remark 2.7. The Fubini-Study currents have the following geometric interpretation
that justifies their name. Note that if X is compact and BI(X,L) = &, then v(L,hr)
is the pullback of the Fubini—Study form on the projective space by the Kodaira map
defined by H(X,L) (see, e.g., [56, (5.1.21)]). If X is noncompact and H{,) (X, L) is infinite
dimensional, one can still define a Kodaira map to the infinite-dimensional projective
space CP*, cf. [48]. This is a Hilbert manifold CP* = ¢2(C)\ {0}/C* modeled on the
space £?(C). The Fubini-Study metric on CP* is defined by wrs o = gaglog\\aﬂg.
Assume that H ?2) (X, L) has no base locus, and consider an orthonormal basis {5;}52, of
H(O2) (X,L). With the representation (2.30), we define the Kodaira map ® : X — CP*>

by ®(z) = [(fj(z));] for z € U. Then ®*wps 00 = ﬁﬁglog(zj |f;]%) coincides with
formula (2.32).

Now, we are ready to prove Theorem 1.1. Let n = {nj}?:l is a sequence of i.i.d.
standard complex Gaussian random variables. Let 1/)5 be the random holomorphic section
defined in formula (2.8), and let [Div(ws )] denote the (1,1)-current given by its zeros (cf.
formula (2.27)).

Proof of Theorem 1.1. We fix a test form ¢ € Q7 """ !(X) and evaluate E[([Div(¢;)],@)]-
By applying the Lelong—Poincaré formula (2.29) to ;? , we get
. V=1,
<[D1V(¢§)]a@> = /X (?&ﬂogwﬂa +c1(L,hp)) Ao
1 _
= [ ahy o+ [ loglusz, 00, (234
X T Jx

V-1 _
=/ Cl(L,hL)/\QO'f‘?/ 10g|'¢’1§|}2m86§0-
X X\BI(X, L)

The last identity follows from that log\w;? \%L is almost surely locally integrable by
Proposition 2.1 and Remark 2.4 (b), and that BI(X,L) has Lebesgue measure zero in
X. For z € X\BI(X,L), we have P(z,z) # 0, and let ey (z) be a unit vector of L at z,
define

b(z) = (P(x,2)1/28;(x) /er(2)),_\ € £*(C). (2.35)

jEN
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We have |b(x)|,2 = 1. Note that

P(z,2)" 298 = (n,b(x)) = e (). (2.36)
Then

Ellog |P(z,2)~/2¢5|2 ] = Ellog| (1,b(x))e2| ] = Ellog 1 |?]. (2.37)

Note that E[|log|n:|?|] < co. By Lemma 2.6, log P(z,z) is locally integrable on X, then
we can apply the Fubini’s theorem to the following integrals so that

E[/ log|P(a:7a:)_1/2w§|iL6530] :/ E[log|P(x,x)_1/2w;?\,2u]8530
X\BI(X,L) X\BI(X,L)

Z]E[log|m|2]/ 90p = 0.
X

(2.38)
Then by formula (2.34), we get
B (Do) = [ i np+ log P(2,2)- 00
X X\BI(X,L) (2.39)
= <cl(L,hL) + %8510g(P(J;,3:)),<p>.
This completes the proof. O

2.5. Geometric examples

We present in this subsection some interesting examples of Bergman spaces and Fubini—
Study currents where our results apply. We start with some simple observations.

(i) If P(z,x) > 0 (equivalently, z is not in the base locus of H&)(X,L)), then the (1,1)-
form /—109log P(z,z) is smooth in a neighborhood of z, and hence v(L,hr), too. In
particular, if BI(X,L) = &, then vy(L,hr) is smooth.

(ii) If P(z,x) >0, let s¢ € H(Oz) (X,L) with sg(z) # 0. Assume that there exist
S1y.-,8n € H(OO) (X,L) such that d(si/so)(x),...,d(sn/so)(x) are linearly independent
(that is, sections of H&)(X,L) give local coordinates at x). Then ~(L,hy) is strictly
positive near z.

(iii) Thus, if BI(X,L) = @ and sections of H&)(X,L) give local coordinates at any point
in X, then y(L,hy) defines a Kahler metric on X.

Example 2.8 (Bergman metric). We consider the case when L is the canonical bundle
Kx of X (cf. [48, 78]). The space of holomorphic sections of K is the space H™"(X) of
holomorphic (n,0)-forms. Such a form can be written in local coordinates (z1,...,2,) as
f(z)dz1 A... Ndz,, with f a holomorphic function. We say that a measurable (n,0)-form
B is an £? section of Ky if

1812 =27 (V=1 /6A6<m (2.40)
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We denote by H (T;)O (X) the space of £? holomorphic (n,0)-forms. We have H ("2)0 (X) =
H (02) (X,Kx), where the right-hand side is defined with respect to an arbitrary metric ©
on X and the metric on Kx is induced by ©.

We assume that H("z)O(X) #{0} and let {8;}9_, be an orthonormal basis of H(”Q’)O(X).
In local coordinates (Us;zi,...,2,) write 3; = f;j(2)dz1 A... Ndz,. According to (2.32)

the Fubini-Study current is given on U by v(Kx,hk,)|lv = gaglog(zj |£5]%). If the
Fubini—Study current is actually a K&hler metric on X, then it is called the Bergman
metric of X. We will denote it by wg. The metric wp is invariant by the group of
biholomorphic transformations of X.

If X is an open set in C™, the canonical bundle is trivial, so we identify the space
H&0 (X) of L£2-holomorphic (n,0)-forms with the space H ?2)(X ) holomorphic functions
which are £2 with respect to the Lebesgue measure. There is a vast literature on Bergman
spaces and kernels on domains in C"; see, for example, [38, 43] and the references therein.

To give concrete examples let us recall the definition of Stein manifolds, which are
interesting due to their rich function-theoretical structure [34]. For a complex manifold
X, let O(X) denote the space of all holomorphic functions on X.

Definition 2.9. A complex manifold X is called Stein if the following two conditions are
satisfied: (1) X is homomorphically convex, that is, for every compact subset K C X, its
holomorphically convex hull K = {zeX:|f(2)] <supyek |f(w)|,V f €O(X)} is compact.
(2) X is holomorphically separable, that is, if z # y in X, then there exists f € O(X) such

that f(z) # f(y).

Let L — X be a holomorphic line bundle. The cohomology vanishing theorem for
coherent analytic sheaves on Stein manifolds (Cartan’s theorem B, cf. [34]) yields the
following:

(i) The holomorphic sections H°(X,L) give local coordinates at each point of X.

(ii) For any closed discrete set A = {py : k € N} C X and any family {v; € L,, : k € N},
there exists s € H°(X,L) with s(py) = vy for all k£ € N. In particular, for each p € X the
evaluation map H°(X,L) — L, is surjective and we have dim H°(X,L) = ooc.

Example 2.10. Let X be a Stein manifold and D € X be a relatively compact domain.
We consider a Hermitian metric on X whose associated (1,1)-form is denoted by ©. Let
dVe = ©"/n! be the volume form induced by O, where dimX = n. Let (L,hz) be a
Hermitian holomorphic line bundle. Consider the space £2(D,L,hy,dVe) of measurable
sections S of L over D satisfying fD |S|}%L dVe < oo, and let H&)(D, L,hy,dVe) =
L%(D,L,hr,dVe)NH°(X,L). The restriction map H°(X,L) — H(OQ)(D7 L,hr,,dVg) is well
defined and injective. We deduce that the space H ?2) (D,L,hy,dVe) is infinite dimensional,
has empty base locus and sections of this space give local coordinates at any point of D.
Therefore, v(L,hy) is smooth on X and if (L,hy) is semipositive (i.e., ¢1(L,hy) is positive
semidefinite), it is a Kéhler form.
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We deduce from Theorem 1.1 and the discussion from Example 2.8 the following.

Corollary 2.11. For any relatively compact domain D @ X in a Stein manifold, the
expectation of the zero divisors of the standard Gaussian random holomorphic (n,0)-forms
defined from the L2-holomorphic (n,0)-forms on D is given by the Bergman metric on D.
If D € C™ this is true for standard Gaussian random holomorphic functions defined from
the L2-holomorphic functions on D.

One of the simplest examples is the unit disc D C C endowed with the Lebesgue measure.
Then P(z,z) = 741771\%2)2 and the Bergman metric

V=1 dzNdz

wp = ———

- 7(1—|z|2)2 (2.41)

is the hyperbolic metric (up to a constant factor) on the disc. We see on this example that
the Bergman metric blows up as |z| = 1, so the zeros accumulate towards the boundary
of D. This is a more general phenomenon. Assume that D € C” is a strictly pseudoconvex
domain with smooth boundary. Then the Bergman metric blows up at the boundary in
the nontangential directions. More precisely, let ¢ be a defining function of D so that
D ={0<0}, do#0 on 9D and the Levi form of g is positive definite on the complex
tangent space of dD. For v € C™ and x € D, we denote by |v|p , the norm of the vector
2?21 v; % () € THOC™ with respect to the Bergman metric. Then for any 2 € D, there
exists a neighborhood U of zy and C' > 0 such that for any x € DNU and v € C" we
have |v|p, > Cl0o(x) - v|/|o(z)|; see [23, 32]. There is a large amount of works about the
boundary behavior of the Bergman metric. In addition to the accurate behavior of strictly
pseudoconvex domains, there is another feature which indicates that zeros of random L?
holomorphic sections tend to accumulate up to the boundary. This is the completeness of
the Bergman metric. It is known for example that the Bergman metric is complete if D
is a bounded pseudoconvex domain in C* with a ¢! boundary [66] or if D is a bounded
hyperconvex domain in C™ (cf. [9, 39]).

Example 2.12 (Singular Hermitian metrics). As in the case of a smooth Hermitian
metric, a singular Hermitian metric on L is defined in terms of an open cover X = JU,, for
which there exist local holomorphic frames e, : U, — L. Consider the transition functions
gap =e€p/eq € O%(UsNUg). If hy, is a singular Hermitian metric on L, then (see [21],
also [56, p. 97]) lealy, = e 2%, where the functions ¢, € Li, (U,) are called the local

weights of the metric h. One has ¢, = ¢ +1og|gas| on U, NUg, and the curvature of hy,,

Cl(LahL)‘Ua = ga&pa,
is a well-defined closed (1,1) current on X. The Fubini-Study current v(L,hy) is defined in
this case by formula (2.32). We say that the metric hy, is (semi)positively curved if ¢; (L, h)
is a positive current. Equivalently, the weights ¢, can be chosen to be plurisubharmonic
(psh) functions. In this case, the Bergman kernel function can be defined by formula (2.7)
(see [15]), log P(z,x) is still locally integrable [15, Lemma 3.2] and formula (1.4) holds.
Adapting the proof of Theorem 1.1 to this context easily yields:
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Theorem 2.13. Let (X,J,0) be a connected complex Hermitian manifold, and let (L,hr,)
be a holomorphic line bundle on X with a singular Hermitian metric hy, so that ¢1(L,hy)
is a positive current. Assume that H(Q)(X,L) #{0}. Then as (1,1)-currents on X we have

E[[Div(y;)]] = v(L,hz).

Example 2.14 (Bargmann—Fock space: flat Gaussian holomorphic function). Let L

be the trivial line bundle on C™, but we equip it with the Hermitian metric h; such
2

that |1|im =e 1?7 2 € C". In this case, RF = Z?Zldzj AdzZ;. We endow C™ with

the flat metric © = % Z?Zl dz; Ndzj, so dVe = m "II}_,dz; Ady;. For a multi-index

a=(ay,...,a,) € N* we write
Sa(z) = . (2.42)
arl... !

A straightforward calculation then confirms that {S, }aenn forms an orthonormal basis

of H{)(C",L). In this case, we have

‘2&1

|z, zn)?o e

Denoting by 1 = (74 )aen» a family of i.i.d. standard complex Gaussian random variables,
we define the standard Gaussian random holomorphic function on C™ as

= > NaSa (2.44)

a€eNn

By Theorem 1.1, we have

E[[Div(y2)]] =v(L,h) = an: dz; Ndz;. (2.45)

3. Equidistribution and large deviation for high tensor powers of line
bundles

In the sequel, assume that 7= {n;}en is a sequence of i.i.d. standard complex Gaussian
random variables, note that Var(n;) = 1.

In this section, we consider the setting of Subsection 1.2: let (X,J,0) be a connected
complex Hermitian manifold and let (L,h;,) be a holomorphic line bundle on X with a
smooth Hermitian metric hz,. We assume Condition 1.2 holds. Let R* € End(T-9 X)
such that z € X, for u,v € Tx(l’O)X,

Rﬁ(u,v) :ggx(RLum). (3.1)

Set ag(z) := det RE a smooth function on X, then by condition (1.6), ag(x) > &".
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3.1. Equidistribution of zeros of Gaussian random holomorphic sections

We consider the sequence of Hilbert spaces H ?2) (X,LP), p e N large. Set
dy, = dim H{yy (X, LP) € NU{oo}. (3.2)

We equip LP with the induced Hermitian metric h,, := h%p . Let P, denote the orthogonal
projection from L£2(X,LP) onto H&) (X,LP), and let P,(x,y) denote the corresponding
Bergman kernel on X with respect to dV(z) = %T

By Ma-Marinescu [56, Theorems 4.1.1 & 6.1.1], we have the following results on the
asymptotics of on-diagonal Bergman kernels: There exist coeflicients b, € €°°(X,R), r €
N, such that for any compact subset K C X, any k,f € N, there exists Cj ¢ x > 0 such

that for p € N*,

“eer) < Crexp ", (3.3)

k
T)— Z b, (z)p
r=0

where the @*-norm is induced by ¢”7¥. In particular, we have

RE _ap(x)
bol@) = det<2w>_(207r)n’

and by also has an explicit formula given as in [56, (4.1.9)],

by (z) = g det (i) (r;’f () — 24, (log(det Rg))) , (3.4)

where rX, A, denote the scalar curvature, and the Bochner Laplacian associated to the
R1emann1an metric g7 X (-,+) := c1(L,hr)(-,J-) on X. An explicit formula for by can be
found in [59, (0.14) & Remark 0.5].

For p € Ny, let w;q be a standard Gaussian random holomorphic section constructed
from H?z)(X LP), that is, for {SP}J 1 an orthonormal basis of H(Q)(X,Lp) with respect
to the £2-metric, and set

dp
Gir =" "n;St. (3.5)
j=1

Theorem 3.1. Let (X,J,0) be a complex Hermitian manifold, and let (L,hz) be a
holomorphic line bundle on X with a smooth Hermitian metric hy, such that Condition
1.2 holds. Then we have:

(i) There exist functions ¢, € € (X,R), r €N, such that for any compact subset K C X
and k.0 € N, there exists a prox €N, such that for all p > pr oK, E[[Div(zﬁ,?p)]]
is a smooth real (1,1)-form, and the following expansion holds in the €*(K)-norm
induced from gT% and associated Levi-Civita connection,

LE[Div(yse))) = o1 (Lhr) + Zaafi;l Okex™2).  (36)

r=0
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Moreover, each function ¢,.(x) for r > 1 is a polynomial in terms of the coefficients
bs/bo, s <r, given in (3.3). We have

co(z) =logby(z), e1(x) = bi(z) _ 1 (Tf — 2Aw(log(detRL))),

~bo(z) 87
) (3.7)
¢ ((E) o b2($) _1 (bl(.’b)>
2 T bo(z) 2 \bo(z))
(ii) As p — +oo, we have the weak convergence
%E[[Div(qbf?)}] —c1(L,hr) (3.8)
of (1,1)-currents, that is, for any ¢ € Q""" (X), as p — +oo,
1
(DM@ e) = fer(Lhr). ). (3.9)

Proof. It is clear that the second part (ii) of this theorem follows directly from the
expansion (3.6). We only need to prove the first part (i). By Theorem 1.1 for L?,

E[[Div(y5?)]] = y(LP,hy), (3.10)

where y(LP,h,) is the corresponding Fubini-Study current defined via formula (1.4).
To obtain the expansion (3.6), it is enough to study the expansion of %8510g P,(z,x)
in p.

For this purpose, we apply the expansion (3.3) to P,(z,z). Note that by is uniformly
bounded from below by a positive constant. Then for a given compact subset K of X,
and k,¢ € N, we take the expansion (3.3) but with ¥**2(K)-norm. We conclude that, for
all sufficiently large p, we have P,(z,z) > 0, and

k
1
1> be(@)p "+ Cropaxp™F 7 < 5bo(®). (3.11)

r=1

Then ‘2/%8510gPp(x,x) is a smooth (1,1)-form on K, and the expansion (3.6) is the
consequence of the following identity and the Taylor expansion of log(1+ z) with |z| < 1,

k
log P, (z,7) = nlogp +log (Z b, (z)p~"+ Ri(p))
=0 . (3.12)
_br(x
=nlogp+logby(z)+log (1 +Zp boEx; +Rk(p)),
r=1
where Ry(p) = O(p~*7!) denotes the remainder term. In particular, we get
formulas (3.7). O

The convergence in the limit (3.8) can be improved by imposing further geometric
assumptions, for instance the assumption of bounded geometry as in [60].
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Definition 3.2 (Bounded geometry). We say that (X,J,0), (L,hy) have bounded
geometry if J, g7X, RY and their derivatives of any order are uniformly bounded on
X in the norm induced by g7, and the injective radius of (X,g7*) is strictly positive.

One important class of examples are Galois coverings of compact projective manifolds
M endowed with the pull-back of a positive holomorphic line bundle on M.
We recall the following results proved in [60, Theorem 3].

Theorem 3.3 [60]. Let (X,J,0) be a complex Hermitian manifold, and let (L,hr) be
a holomorphic line bundle on X with a smooth Hermitian metric hy, and Condition 1.2
holds. In addition, we assume that they have bounded geometry. Then for any ¢ € N, we
have the following expansion holding in the €*-norm induced from g7 and the associated
Levi—Clivita connection on X,

Py(o) = 950"+ 00" ) (313)

Moreover, there exists pg € N such that for all p > pg, X is holomorphically convex with
respect to the bundle LP and H(OQ) (X,LP) separates points and gives local coordinates on X.

As a consequence, we get the following results.

Proposition 3.4. Assume the same geometric hypothesis as in Theorem 3.3. Writing
wf” for the Gaussian random section constructed from H&)(X,Lp), then for sufficiently

large p, E[[Div(z/);?p)]] is a smooth (1,1)-form on X. Then for any ¢ € N, we have the
following convergence in the €*-norm on X

%E [[Div(dzsp)u — c1(L,hr), as p— +oo. (3.14)

Remark 3.5. Note that under the assumption of bounded geometry and for X
noncompact, we have d, = oo, p>> 0.

Example 3.6 (Scaled Bargmann—Fock spaces). We consider the line bundle (L,h,) on
C™ from Example 2.14, which satisfies the above assumptions. For p > 1, an orthonormal
basis of H (02) (C™,LP) is given by the family

SP(2) =p? Sa(v/p2), acN" (3.15)
Then the Bergman kernel function is given
P,(z,z)=p". (3.16)

Recall the flat Gaussian random holomorphic function 1/)5 on C is defined by the
equality (1.5). Then for p > 1, we have

Vo7 (2) = p"/*Y8 (p2). (3.17)
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A direct computation then shows that
~E[[Div(¢57)]] = E[[Div(y$)]] Zdzj AdZ;. (3.18)

Theorem 3.7. Let (L,hy) and (X,0) be as in Theorem 3.1. For any given test form
e Q" H(X), we have

]P’( lim~([Div(yS+)].¢0) = (cl(L,hL),<p>>:1. (3.19)

p—+oo p

Proof. To prove this theorem, we mainly follow the arguments from proof of [56, Theorem
5.3.3], and the possibility of infinite dimension does not lead to complications in this
setting. Fix a nontrivial test form ¢ € Q0" 7' (X). Note that from the proof of Theorem
3.1, we have the convergence

fim (3(L7 b)) = (er(Lihe) ). (3.20)

p—00

Defining the random variable
¥, = (D] - (7)), (3.21)
statement (3.19) is equivalent to proving the almost sure convergence
Y, = 0. (3.22)
For any x € supp, let ey (x) denote a unit vector of (Lg,hr 5). Set
by() = (Py(,2) ~V/25P () /57 () € 2(C). (3.23)

Then 7 -b,(z) is a standard complex Gaussian variable. The covariance matrix of the
Gaussian vector (n-b,(x),n-b,(y)) depends smoothly on (z,y) € supp g x supp p.
For v = (v1,v2) € C? with ||v|| = 1, we consider the integral

1

p(v) = An2

The computations in [56, Egs. (5.3.13) to (5.3.15)] then show that

—3 (P +=2f) |log |21 |- log|v121 +v222||dV (). (3.24)

C:= sup pv) <o, (3.25)
veC2?,||v||=1

so for x,y € suppy we have

EHlog|Pp(x,x)—1/2znj5§7(x)|hp log | P () /2 "m0 } <C. (3.26)
J J

Note that

E[Y,|*] = ;EH([DIV@S )#)| ]—}%IW(LPM),M?- (3.27)
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Then by relations (2.29) and (3.26) and the Fubini-Tonelli theorem we infer that

B, ] = s /X (@00p()) (90210)

= 772p

E[log [Pol,2) ™2 n; S} (@), log !Pp(%y)‘wznﬁf(yﬂhJ-
J J

(3.28)

By estimate (3.26), we conclude E[|Y,|*] = O(p%). Hence, E[} -, Y, %] = D1 E[Y,?] <
0o, thus Y, — 0 almost surely. - B O

Corollary 3.8. If © is a Kdihler form and [y c¢1(L,hp) NO™* < oo, orif [y c1(L,hp)" <
0o, then

P(pETw%[Div(wﬁp)] - cl(L,hL)) =1, (3.29)

where the limit is taken with respect to the weak convergence of (1,1)-currents on X.

Proof. Let’s assume at first that © is a Kéhler form with [y ¢1(L,hr) AO™ ! < co. For
all o€ Q""" (X)), s, € H'(X,LP), due to the positivity of the current [Div(s,)], we
have

[{[Div(sp)], )| < lelwocx)([Div(sp),0" 1) =ple

%”O(X)/)(cl(LahL)/\@n_l- (330)

The last identity follows from the Poncaré-Lelong formula. We may set C' = [y ¢1(L,hr)A
©" ! < 00, then

}3|<[Div<sp>1,so>| < Clglog- (3.31)

By considering a countable €°-dense family of ¢’s in Qgil’"fl (X), and applying Theorem
3.7, we get the equality (3.29).

If [y ei1(L,hr)™ < oo, we use ¢i(L,hy) instead of © in the above arguments to get the
equality (3.29). O

Remark 3.9. (1) The additional assumptions in the above corollary are necessary in
our approach to the proof of the equality (3.29); however, it is an interesting question
whether or not these extra assumptions could be removed.

(2) In the first assumption of Corollary 3.8, we can replace the Kéahler condition on ©
by the condition that © is Gauduchon, which means 990"~ = 0.

(3) Due to the uniform estimate (3.30) for all holomorphic sections s, with a given p, we
can improve Corollary 3.8 as follows: Equation (3.29) holds true when the limit is taken
as the weak convergence in the sense of current of order 0, that is, for any continuous
(n—1,n—1)-form ¢ with compact support on X, we have

lim (> [Div(v§)].¢) = {ex (Lhs). ). (3:32)

p—+oo p
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Remark 3.10. For each p € Ny, we can take a sequence of i.i.d. standard complex
Gaussian random variables nP = {77? };lp:l and assume that they are mutually independent
for different p. We define the flat Gaussian random sections

dp
Uyt =Y nhs?, (3.33)
j=1

where S, = {S7 }?”:1 is an orthonormal (Hilbert) basis of H ?2) (X,LP). Then the statements
in Theorems 3.1, 3.7, Proposition 3.4 and Corollary 3.8 still hold true for the sequence of
random sections 9, 7,p > 1.

3.2. Large deviation estimates and hole probability: proofs of Theorems 1.4
and 1.5

In this subsection, we study the large deviation estimates for random zeros in a given
domain with respect to the high tensor powers as in [70], [25] and [27]. In particular,
we prove Theorems 1.4 and 1.5. A key intermediate result in the approach to the above
theorems is the proposition as follows, whose proof is deferred to the next subsection.

Proposition 3.11. Let (X,J,0) be a connected complex Hermitian manifold, and let
(L,hyr) be a holomorphic line bundle on X with a smooth Hermitian metric hy, such that
Condition 1.2 holds. Let U be a relatively compact open subset in X. For any 6 > 0, there
exists Cy s > 0 such that for all p >0,

P( [ [loslus @, [av) 2 09) < eCoor™ (3.31)

Proof of Theorem 1.4. The Poincaré-Lelong formula (2.29) shows that

V-1

™

90log |17 [, = [Div(ypor)] — per(L,hr) (3.35)

as an identity of (1,1)-currents on X. Now, fix ¢ € QF """ '(X), and fix a relatively
compact open subset U C X such that supp ¢ C U. Then

(%[DiV(Sp)]#P) —/XC1(L7hL)/\<P= g/xlogwgﬂhp 0. (3.36)

Since ¢ has a compact support in U, so has 0d¢. Set

V—=100¢p(x)
S‘P —I;lea[}( T({L’) . (337)
We can and we may assume that S, > 0. Then
v—-1 — S
’ log |57 |, 09| < —*"/ |[log |77 ()[n, | AV (2). (3.38)
T Jx pT Ju

Applying Proposition 3.11 to right-hand side of inequality (3.38) we get
estimate (1.10). O
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Proof of Theorem 1.5. Estimate (1.14) is a direct consequence of estimate (1.13) by
taking & = nVolk (U). Hence, it is sufficient to prove estimate (1.13). For this purpose,
let xy denote the characteristic function of U on X. Let § > 0 be arbitrary, and take 1)1,
2 € C§°(X,R) such that 0 <4y < xy <2 <1, and

/ 1#1% > Vol (U) 34, / ¢2% < Vol% (U)+36. (3.39)
. ! X -

n

Note that the existence of such functions is guaranteed by the assumption that OU
has measure 0 with respect to dV, hence also to %cl(L,hL)". For j € {1,2}, set
pj = ﬁchl (L,hp)"~ . By applying Theorem 1.4 to p; separately, we get exactly
estimate (1.13). 0

3.3. Proof of Proposition 3.11
Let U C X be a relatively compact open subset. For s, € H(X,L?), we set

./\/lpU(sp) = sug |sp()[n, < -+o0. (3.40)
EaS

Before proving Proposition 3.11, we need to investigate the probabilities for both,
MY (wys,”) taking atypically large and small values, respectively.

Proposition 3.12. For any § >0, there exists a constant Cy s > 0 such that for pe N5,

P(MY (pSr) > &) < e~ 0" +Cuap" logp, (3.41)

Proof. The basic idea of the proof is that the local sup-norm of a holomorphic function is
bounded by its local £2-norm as in estimate (2.9). We fix § > 0 and let r > 0 be sufficiently
small so that we can choose a finite set of points {z; }le C U such that the geodesic open
balls BX (z;,r), j=1,...,¢ form an open covering of U. Since r is sufficiently small, then
we can assume that each larger ball BX (;,2r) lies in a complex chart (hence viewed as
an open subset of C™), and that for each j, we can fix a local holomorphic frame ey, ; of
L on a neighborhood of BX (x;,2r) with SUD, e BX (a,,2r) €L, (2)[n, = 1. Set

=mi inf i ci=1,...0¢. 3.42
v mln{ﬁeB’l(réwj,%')‘eL’](x”hL J ) 7} ( )

It is clear that 0 < v < 1. By fixing r small enough, we can and do assume that
)
—logr < i (3.43)

As in estimate (2.9), since U is relatively compact, there exists a constant C' > 0 such
that for each j=1,....¢, if f is a holomorphic function on a neighborhood of BX (x;,2r),

then
sup  [f(@)] < C|fll2(BX (2),2r)) (3.44)
z€BX (z;,7)
where the volume form dV(z) on X is used in the norm |- ||z2(px(4,,2,))- Note that the

choices of z;, r, £ and the constants v, C' are independent of the tensor power p. Set

https://doi.org/10.1017/51474748024000422 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000422

Gaussian holomorphic sections on noncompact complex manifolds 1227
U= U;BX(z;,2r) D U. For pe N,s, € H*(X,L?), on each BX(z;,2r), we write
3p|BX(xj,2r) = fjegp}v (3.45)

where f; is a holomorphic function on the chart in C* corresponding to BX (z;,2r). Then
we have
My (sp) = sup|sy(2)|n, <max  sup  |f;(2)]
zelU J zeBX(zj,1)
< ija‘x{”fj||£2(Bx(mj,27‘))}
C (3.46)
< ﬁmja'x{||Sp||£2(BX(a:j,2’r),Lp)}

C
< EHSPHN([},U»)-

The next step is to estimate the quantity IE[||1/177" ||L2 v Ll’)] for p > 2. Applying Holder’s

p—l

inequality w1th e =1, we get

B3 1% ,,,] < Vol@)" 5| /ﬁ U @) (2)av]. (3.47)
As in estimate (3.44), on a neighborhood of BX(z;,2r), write
SP = freh. (3.48)

If z € BX(x;,2r), set
dp
=D _nifl (@) (3.49)
i=1

Then Fj(z) is a complex Gaussian random variable with (total) variance Zfil |7 ()]
By our assumption on the local frame ey, ;, we get

dp

D@ < %Pp(x,x). (3.50)

i=1

Then we have

E[|F; ()" ] =p (Zlf” ) . (3.51)

As a consequence, we get that for x € 17,

v n

B[l @)i2'] < e (Po(@a))” (3.52)
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Since we are in the context of o-finite measures and the integrands are nonnegative,
Tonelli’s theorem applies so that

|

B [ @p ave] < 2o [ (pea) avi). (359)

Moreover, by the on-diagonal estimate for the Bergman kernel on a given compact subset,
there exists a constant Cy > 0 (independent of p) such that for pe N, z € U,
Py(z,2) < Cgp". (3.54)

Combining estimate (3.47) with the above inequalities, we infer that
~pm DML
[IIwSPHLZ(U Lp)] < (CpVol(U))" — s (™) (3.55)

By applying estimate (3.46) to wnp, we get

o (O (Cpm)>
U (,,Sp\2 s,
E(MY )" < ()T B, ) < SO0 (3.56)
where C' > 0, C > 0 are constants independent of p. Then estimate (3.41) follows from

Chebyshev’s inequality and the inequality % <ef from (3.43). O

Remark 3.13. The choice to consider the p”-th moment of ||z/1;79 ?||? leads to the exponent
p"*t1 in the exponential of the resulting probability estimate. One can consider arbitrary
N-th moments to obtain a more general statement on this probability upper bound.

When X is compact, or if X is noncompact but d, is bounded polynomially in p, then
the upper bound Ce=P""" can be obtained in a simpler way as in [27, 70] (and of course
with a much sharper upper bound).

Now, we consider the probabilities of small values of MpU (1[15 ), and we will adapt the
ideas in [27, 70]. At first, we introduce a result on the near-diagonal estimate of Bergman
kernel. We fix a point € X. Let {f;}"_; be an orthonormal basis of (T°X,gI*(.7))
such that

REF = pi(@)f; (3.57)

where p;(x), j=1,...,n, are the eigenvalues of RJ% (cf. formula (3.1)). Then by the first
inequality in condition (1.6), we have

wi(z) > e. (3.58)

Set egj_1 = (f —|—f ), €25 = %(‘fﬂ —?j)7 j=1,...,n. Then they form an orthonormal
basis of the (real) tangent vector space (T, X,g2% ) Ifv= 23 Lvje; € T, X, we can write

n

”U:Z(’UQJ 1+\/7,02]\[ JrZUzjl \/77)21)

j=1

f (3.59)
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Set z = (21,...,2n) With z; = v2;_1 ++v/—1vj, j=1,...,n. We call z the complex coordinate
ofveT, X. Then by formula (3.59),

5 = Va7 % A o
so that
- o _ 0

j=1

Note that |%|§TX = |8%j|§TX = % For v,v' € T, X, let 22’ denote the corresponding
complex coordinates. Define a weighted distance function ®XX (v,v’) as follows,

X (y Zuj )|z — 252 (3.62)

For sufficiently small §p > 0, we identify the small open ball BX(x,250) in X with the
ball BT=X(0,280) in T, X via the geodesic coordinate. Let dist(-,-) denote the Riemannian
distance of (X,gTX). There exists C; > 0 such that for v,v” € BT=X(0,24,), we have

Cidist(exp, (v), exp, (v))) > ®LX (v,0") > Cidist(expm (v), exp, (v")). (3.63)
1

In particular,

dTX(0,0) > e/ 2dist(z, exp,, (v)). (3.64)

Moreover, if we consider a compact subset K C X, the constants §; and C'; can be chosen
uniformly for all x € K. For p € N, z,y € X, the normalized Bergman kernel is defined as

|Pp(x7y)|hp,r®h;,y
VPo(2,2)\/Py(y,y)

The following result was proved in [27, Theorem 5.1], where we use essentially the
near-diagonal expansion of Bergman kernel from [56, Theorems 4.2.1 & 6.1.1].

Np(z,y) = (3.65)

Theorem 3.14. Let (X,J,0) be a connected complex Hermitian manifold, and let (L,hr,)
be a holomorphic line bundle on X with a smooth Hermitian metric hy, such that Condition
1.2 holds. Let U be a relatively compact open subset of X. Then the following uniform
estimates on the normalized Bergman kernel hold for x,y € U: For k> 1 and b > \/16k/e

fized, we have for p>>0 (such that b\/(logp)/p < 20¢) that

(1+0(1))exp ( - %) <I>z(0,v’)2), uniformly for dist(x,y) < by/(logp)/p,
Np(z,y) = with y = exp, (v),v € T, X;

O(p~*), uniformly for dist(z,y) > by/(logp)/p.
(3.66)
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Proposition 3.15. There exist constants Cy > 0,Cf; > 0 such that for all § >0 and
peN,

P(MY (Sr) < e70) < = Cuor™ i+ Cup™logy (3.67)
Proof. For x € X, we fix some A\, € L, with [A.|, =1 and set

(AZP0* () hy

S = Py(z,x)

(3.68)

Then &, is a complex Gaussian random variable. Moreover, for any two points x,y € X,
we have

|[E[&:€,]| = Np(@,y). (3.69)

Then by the asymptotics (3.66), using arguments similar to those used in [70, Subsection
3.2] or the proof of [27, Theorem 1.13], we can prove a more general version of
estimate (3.67) as follows: for a sequence of positive numbers {\,}pen with A\, — 0,
we have

P(M;J(ws‘p) < )\p) < eCp"log)\p+C/p"10gp’ p> 0. (3.70)

Then, for any § > 0, choosing )\, = e~ in estimate (3.70), we recover (3.67). O
Combining Propositions 3.12 and 3.15, we arrive at the following.

Corollary 3.16. For any relatively compact open subset U C X, and for § > 0, there
exists a constant C = C(U,d) > 0 such that for p>> 1,

P ([log My (157)] = op) < e (3.71)

Proof of Proposition 3.11. The proof of Proposition 3.11 follows by combining from
the arguments in [70, Subsection 4.1] with Corollary 3.16. Here, we just sketch the proof.
For t > 0, set

log™ t = max{logt,0}, log™ t :=log™ (1/t) = max{—logt,0}. (3.72)
Then
|logt| =log™ t+log™ t. (3.73)

Let U be a relatively compact nonempty open subset in X. Then for any nonzero
holomorphic section s, € H°(X,LP), we have that |log|sp|s,| is integrable on U with
respect to dV. We now start with showing that

§ n
([ g 15 @), V() > o) < e (3.74)
U
For this purpose, observe that on U we have

log™ |4y [n, < [log My (¥57)], (3.75)
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which then supplies us with

P (/Ulog+ \q/;nsp (2)|p, dV(z) > gp> <P <’10gMpU(¢§p)| > 2\/;1((])19) , (3.76)

where Vol(U) denotes the volume of U with respect to dV. In combination with
Corollary 3.16, this immediately implies estimate (3.74). The next step is to prove that

v (/ log™ [v37 (x)|n, AV (z) > §p> <emCuar™™ (3.77)
U

Suppose that U contains an annulus B(2,3) := {z € C" : 2 < |z| < 3} (possibly after
rescaling of coordinates) and the line bundle L on B(4) := {|z| < 4} (still contained in U)
has a holomorphic local frame ey,. We will mainly work on this annulus B(2,3) instead of
a coordinate disc. The reason is that, as in [70, p. 1991 in Subsection 4.1], we will need
the two-sided positive bounds for the Poisson kernel of the disc and such bounds will hold
on the annulus B(2,3).

Set a(z) =logler ()|} . We can then write

P = Fpef?, (3.78)

where F), is a random holomorphic function on B(4). Then
log 4657 |n, =log|Fy |+ Lo (3.79)

In the following estimates, each K;, i € N, denotes a sufficiently large positive constant.
Then by relations (3.73) and (3.76), we have

P / logt|F,|dV > Kp | <e Cvmi?r™ (3.80)
B(2,3)

Using the Poisson kernel and the submean inequality for log(|F,|) (see [70, Subsection
4.1, pp. 1991]), we can improve estimate (3.80) to get

“(f

)

|log| F[|dV > sz> <emCumer™ (3.81)
)

From this point, we proceed as in [70, Section 4.1, p. 1992]. For § € (0, %], we fix a grid in
the polar coordinate system of B(2,3) so that, by enlarging a bit the grid cells, we obtain
an open covering {U;}_, of B(2,3) consisting of small boxes of diameters ~ §***2. Then
for a finite set of points {zj}?zl with z; € U; and for all s,, p € N, we have

—/ log|s,|n,dV
B(2,3)

q

§—Z,ujlog\sp|hp(zj)+K35/ |log|fp|| AV +pdKs sup |da(z)]yrex,
=1 B(2,3) 2€B(2,3)

(3.82)

where the constant K3 does not depend on d, but the quantities ¢ and y; > 0 only depend
on 0, and we have Z‘;:l w; ~ 1. Applying the above inequality to 1/);?1’ and F},, we can
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use Corollary 3.16 for each Uj: except an event of probability < e_cf””H, we can always
choose z; € U; such that log\wf”\hp(zj) > —0p. Then combining estimate (3.81) with
estimate (3.82), we infer that

P —/ log |57 s, AV > Kydp | < e Cvs?™™ v p > 0. (3.83)

B(2,3)
Noting that log~ = —log+log™ and that a finite set of annuli of the form B(2,3) covers
U, we can infer estimate (3.77) from estimates (3.76) and (3.83). This completes our
proof. O

Remark 3.17. Given the information we have for the law of large numbers and large
deviations, it is natural to ask about a version of the central limit theorem. Sodin—
Tsirelson [72, Main Theorem] introduced and proved the asymptotic normality of
functionals of the zeros of certain random holomorphic functions on C or D. This
was extended by Shiffman—Zelditch [69, Theorem 1.2] for random holomorphic sections
of line bundles on a compact Kéhler manifold and for general random polynomials on
C™ by Bayraktar [4].

One key ingredient in their approach is the normalized Bergman kernel defined in
formula (3.65), viewed as the covariance function of a normalized Gaussian process on
C or X, as constructed in the proof of Proposition 3.15. Using the estimates given in
Theorem 3.14 and the seminal result by Sodin and Tsirelson [72, Theorem 2.2], one could
obtain an extension of [69, Theorem 1.2], [72, Main Theorem], in the general setting
considered here. This direction will be pursued elsewhere.

3.4. Remark on the lower bound for the hole probabilities
To obtain a lower bound of matching order e=?""" for the hole probability in
estimate (1.14) is generally more complicated. In the case of scaled Bargmann—Fock spaces
(cf. Example 3.6), we can give a lower bound and and we sketch its proof below.

Recall that for p € N, the family {S? },en» denotes an orthonormal basis of H&) (C™,LP).

For K > 0, define the index set
I(K)={a=(m,...,an) EN" : 0<; < K,j=1,...,n}, (3.84)
set I*(K) = I(K)\{(0,...,0)} and put
qp = ¢ (Kp) = (1+ [Kp])" = O(p"). (3.85)

For this canonical family of orthonormal basis, we can verify directly the following
local concentration condition: For any relatively compact subset U C C™ and for any
¢ > 0, there exist constants K = K(U,c) > 0,C" = C'(U,c) > 0 such that

sup Z 1SP(2)[7, < C'e™P. (3.86)

€U ag1(Kp)
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In fact, to get the above inequality, one can start with the sum over a; € N for the

monomial 27": after applying Stirling’s formula for [Kpl!, >°, <, |Z;|:1 = O(e=cP),
when z; lies in a given compact subset.

Let 1/);?" be the random holomorphic section (actually, function) on C™ constructed in
Example 3.6.

Lemma 3.18. For any relatively compact open subset U C C", there exists a constant
Cl; > 0 such that for p>>1,

P (Div(457) U = &) > e~ Cor"", (3.87)

Proof. For U = @ the statement is trivial, so assume U nonempty is as in the
assumptions. Fix a relatively compact open neighborhood U’ of U and define the strictly
positive quantity
— L2
M :=mine % € (0,1). (3.88)
zeU’
Let the constants K and C’ be the ones in estimate (3.86) for the constant ¢ = —2log M >0
and for U'. For p € N, write S5 = p"/? for the unit constant section in H(OQ)((C”,LP)
corresponding to a = (0,...,0) € N*. Then
min |5 (z)|, = p"/*MP. (3.89)
zeU’
Defining the random holomorphic sections
s
Upr(2) = Y maSh(E), dph()= Y maSh(z (3.90)
a€l*(Kp) a¢I(Kp)

we can decompose
S, Sy
:nosg—kwn’l—kwn,n. (3.91)

Note that the three random sections on the right-hand side of equality (3.91) are
independent from each other. In the rest of the proof, we will regard the above sections
as being holomorphic functions on C", and let |-| denote the standard modulus on C
(instead of considering the norm |- |5, on line bundle). Applying estimate (2.9) to the

function wn 11 and using the estimate (3.86), we arrive at the upper bound

E[sup wi’h( <CU/O' / Z |S2(2)[2dV (2)
zeU / agI(Kp)

~ 3.92
<Cy/ VOI( )U2M72peicp ( )
= O Vol(U")o? =: &,

where the last equality follows from our choice ¢ = —210g]Téf . For any A >0, as a

consequence of Chebyshev’s inequality in combination with estimate (3.92), we have
1

(Sup’w w(2)| <A) 2 1—% (3.93)
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We define the good event

T * 1 n
2, = {|770| > 1 | < 5 g M7 € I () sup [055,(2)] < 5 /2}. (394
zE

1
3/ ap — 3

For all sufficiently large p € N, we have
S, 1
P(@,) = Fllnl = 1) (sup 055, < 352
zE

MP,a € 1*(Kp)> (3.95)

P | |<;
N
9C" 1~
> *1(1— )-H . - ).
e pn a€el (Kp) (18(qp _ 1)

Then by formula (3.85), there exists C{;, > 0 such that for p>> 1,

n+1

P(Q,) > e CoP" (3.96)
Our lemma then follows once we show the inclusion

Q, C {Div(yy)NU =2} (3.97)

Indeed, if |n,| < 3\/;771]T4/P, a € I*(Kp), then for z € U,

i< (X mal) (> ISR

ael*(pK) ael*(pK)
1
S—( X )P (3.98)
M a€el*(pK)
< 1 "
= 9]9 .

As a consequence, on §2, and for z € U, we get

n 1 n
p,/2_~_7p /2

stl(z) +¢i"n(z)‘ < W:IJI(Z)’ + W:‘h(z)\ S 3 (3.99)

<p"? < mS§ ().

w| =

The above strict inequality implies that the inclusion (3.97) holds. This finishes the proof
of the lemma. O

We now shortly explain how applying our results to the special case of the Bargmann—
Fock space recovers the results by Sodin-Tsirelson (for C, [73, Theorem 1]) and Zrebiec
(for C™, [82, Theorem 1.2]) about the hole probability. They proved that there exist
constants ¢; > ¢o > 0 such that for » > 0 large,

exp(—cyr?"T?) < P(w,‘?(z) #0, forall z € B(0,r)) < exp(—cor®"t?), (3.100)
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where B(0,7) = {z € C™ : |z| <r}. Let us now fix rg > 0. Then by estimates (1.14) and
(3.87), we get

exp(—ey/p" ) < ]P’(wf”(z) #0, for all z € B(0,70)) < exp(—¢/p>" ). (3.101)

By using formula (3.17), the inequality (3.101) is equivalent to

exp(—ey/p-" ) < P(15 (2) # 0, for all z € B(0,y/pro)) < exp(—cp" %), (3.102)

Therefore, we recover the estimates (3.100) by approximating a sufficiently large r > 0 by

\/]77'0 .

Remark 3.19. In the context of a general complete Kéahler manifold X, a question related
to estimate (3.86) is to find for any relatively compact open subset U C X a sequence of

orthonormal basis {gf};l”:l of H(OQ) (X,LP), p €N, such that

sup » |S(@)[f < Cem, (3.103)
fEUj>K’p"

where C, K’, ¢ are certain positive constants independent of p, and the sum in the left-
hand side is taken to be 0 if d, = dimH(Oz)(X,Lp) < K'p™. This question is trivial if
d, =0(p™) for p>> 0.

The existence of such a sequence of basis suggests that, on a relatively compact subset,
the Bergman projections or Bergman kernels can be approximated by the orthogonal
projections or their kernels of a sequence of finite-dimensional subspaces of H (02) (X,LP).
Moreover, one may expect a connection between the number (or dimension of the
aforementioned subspace) K’'p™ and the integration of the dimension density on U,

/ Py(z,z)dV(x). (3.104)
U

4. Random L?-holomorphic sections and Toeplitz operators

In this section, we always use the setting in Section 2: (X,J,0) is a connected complex
Hermitian manifold (without boundary), and (L,hz) is a Hermitian line bundle on X. We
do not, however, assume any completeness for © or positivity for (L,hr).

The goal of this section is to introduce a method of ‘canonically randomizing’ the
L2-holomorphic sections of L on X, in particular when d = dim H, ?2)(X ,L) = 0.

As mentioned in the Introduction, this is achieved by the abstract Wiener space
construction from probability theory with an approach via Toeplitz operators from the
theory of geometric quantization. This induces a Gaussian probability measure on the
space of £2-holomorphic sections.

4.1. Abstract Wiener spaces

To define a Gaussian probability measure on an infinite dimensional Hilbert space, we
employ the construction of abstract Wiener spaces introduced by Gross [36]. We also refer
to the article of Sheffield [67] for further motivation and developments on this topic. For
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a (complex) vector space H, a Hermitian norm is a norm on H which is induced by a
Hermitian inner product on it.

Definition 4.1. Let (H,]|-|l%) be a separable Hilbert space of infinite dimension. A

Hermitian norm || - || is called measurable if for all € > 0, there exists a finite-dimensional
subspace F, C H such that for ' C H a subspace of finite dimension with F' | F¢, one
has

pe, . ({z € F ¢z > €}) <e (4.1)

where pp, .||, denotes the standard Gaussian measure on F' with respect to the Hermitian
metric associated with || - ||4.

Proposition 4.2 (cf. [36],[49, Chapter I: Theorem 4.3]). Let H be a separable Hilbert
space with norm || - ||, and ||| be a continuous (with respect to || - || ) Hermitian norm
on H. Then the following two conditions are equivalent:

1. |- || is measurable.

2. There exists a one-to-one Hilbert-Schmidt operator T on H such that ||z| = ||Tx|x
for x € H.

Given a measurable Hermitian norm || -|| on #, let B be the completion of H with respect

to ||-||- Then (B,||-]|) is a separable Hilbert space containing H as a dense subspace. Let B*
be the topological dual space of B. If & € B*, then «|y is a continuous linear functional

on (H,|-|l%)- If a vanishes identically on #, then it vanishes on 5. This way, we can
regard B* as a (dense) subspace of H*, where H* can be identified with #H via the Hilbert
metric associated with || -||%.

By a slight abuse of notation, we denote by S the Borel o-algebra of B. Then each
« € B* is a Borel-measurable function from B to C. For F C B* C ‘H an arbitrary finite-
dimensional subspace we introduce the notation

dim¢ F

¢r:B—F, ¢pb)= Y_ (bvj)v, (4.2)

j=1

where {v;} is an orthonormal basis of (F\||-||3). Gross [36] proved the following result.

Theorem 4.3. Fiz a measurable norm ||-| on H as above. There exists a unique
probability measure P on (B,S) such that for F C B* any finite-dimensional subspace,

P(or" (U)) = pr, |- (U), (4.3)
for all Borel subset U of F. The triple (B,S,P) is called an abstract Wiener space.

If o € B*, then as a function on B, it is an element of £2(B,S,P). We denote this map
by

®y : B* — L*(B,S,P). (4.4)
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Moreover, for a € B*, ®y(«a) is a Gaussian random variable with zero mean and variance
]|3,- The map @ extends to a continuous linear map

O :H* ~H — L*(B,S,P), (4.5)

where for y € H, ®(y) is a Gaussian random variable with zero mean and variance [y||3,.

Remark that the above construction is trivial if H is finite dimensional; indeed, in this
case the Hilbert space B is reduced to H itself. The probability measure constructed in
Theorem 4.3 is the standard Gaussian probability measure on H with respect to the norm

[RIET2
4.2. Toeplitz operators on H&) (X,L)

Recall that P denotes the orthogonal projection from £2(X,L) onto H?Q) (X,L), and

P(x,y), z,y € X, denotes the corresponding Bergman kernel. W.l.o.g. we may and do
always assume that d = dim H, (X, L) > 1 in the following.

Definition 4.4. For a bounded function f € €<(X,C), set
TfH(OQ)(X7L)_>H?2)(XvL)7 Tf = va (46)

where the action of f is the pointwise multiplication by f. The operator T is called
Toeplitz operator associated with f. Equivalently, we consider Ty : £2(X,L) — L*(X,L),
Ty:=PfP.

The integral kernel of T is given by

Ty (e,a') = /X Pla.a”) f(z") P22’ )AV (2"). @7)

Note also that the Hilbert adjoint of Ty is T5. We introduce a class of bounded smooth
functions on X whose associated Toeplitz operators are Hilbert—Schmidt.

Definition 4.5. Let Q(X,L;C) be the vector space of bounded smooth complex
functions f on X such that

[ 1r@IP@vE) <, (48)
X
where P is the Bergman kernel of L.

Example 4.6. (1) It is clear that €>°(X,C) is a subspace of Q(X,L; C). In particular,
if X is compact, then

Q(X,L;C) =¢>(X,C). (4.9)

(2) Let 62°(C™,C) denote the set of bounded smooth functions on C”. In the case of
the Bargmann—-Fock space (see Example 2.14), we have

Q(C™,L; C) = £>(C",C) N LY (C,dV). (4.10)

(3) In general, with the assumptions as in Section 3, if we assume further that (X,J,0),
(L,hr) have bounded geometry, by [60, Theorem 6], there exist ¢ >0, C >0 and py € N*
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such that for p > po,

cp”™ < inf Py(z,x) < sup Py(z,z) < Cp", (4.11)
reX zeX

that is, the Bergman kernel function P,(x,z) is bounded from above and away from zero
on X. As a consequence, we get that for p > po,

Q(X,LP;C) =6>(X,C)n LY (X,dV). (4.12)

Proposition 4.7. For f € Q(X,L;C), the operator Ty on H&)(X,L) has smooth
Schwartz kernel and is Hilbert—Schmidt.

Proof. If d = dimH(Oz) (X,L) < 00, then the statement is trivial. Hence, we assume d = co

w.lo.g. in the sequel. Let {S;}32; be a complete Hilbert basis of H&)(X,L). Note that
by [2, Proposition (2.4)], for any compact set K C X, the series

Yo ISi(@)li, (4.13)
j=1
converges uniformly for x € K. As a consequence, for K1,Ks C X compact, the series
> Si(@) @ (S;()* (4.14)
j=1

converges absolutely and uniformly for x € K7 and y € Ks.

As follows from the properties of holomorphic functions, if we replace S;(x), (S;(y))* by
their respective covariant derivatives, then the series (4.13) and (4.14) are still absolutely
convergent on any given compact subsets.

By Definition 4.5, for j € N*, the function X 3z — f(x)|S;(x)[7, is integrable on X
with respect to dV. Furthermore, for ' € X, 7,7 € N*, we have

F@)(Si(a")"8;(a") = f(2')hr,or (Si(2),8i(2")), (4.15)

and
J 1) S 8@ av @) < VIS oy VTS oy (436)
Now, we fix two compact subsets K1, Ko C X. For z € K1, y € K5 and 7,5 € N* we have

|Si(@) @ (Si(a"))" f(2)S;(2") @ (S;()*| < 1Si(@)|ny - | £ (&")(Si(a"))"S;(2)] ISj(y)(th» |
4.17

where the norm in the left-hand side is given by hy , ®h7 . By inequality (4.16) this
entails

/X’51'(55)®(Si(9€'))*f(ff/)5j($/)®(5j(y))*|dV($/)
<1Si(@) n |VIF1Si | 22, 1) - V1185 || 2, 0y 1S5 () s -

(4.18)

https://doi.org/10.1017/51474748024000422 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000422

Gaussian holomorphic sections on noncompact complex manifolds 1239

Putting things together, we arrive at

SIS @l IV IS ) < (Zw ) (S IV )
(Z|s o) ([ eipaanavien)

< 00,
(4.19)

and the above estimates still hold if we replace S;(x) by its covariant derivatives at z.

Recalling the Schwartz kernel of Ty from (4.7), the above calculations show that T (z,y)
is a smooth section on X x X. For proving that T is Hilbert—Schmidt, it only remains
to show that

Z|<Tfsi,5j>£2(X7L)’2 < o0. (420)
4,

Indeed, by inequality (4.16), we have

[(T7 S ez | < H V1715 £2(X,L) H v ’ £2(X,L) (4.21)
Then
Z|<Tfsi’8j>£2(x’m| Z H V1715 £2(X,L) H v ‘LQ X,L)
] (4.22)
2
/ |f(x)\P(x,x)dV(:1:)) < 0.
X
This completes our proof. O

Corollary 4.8. If f € €°(X,C) is with compact support, then Tt is a Hilbert-Schmidt
operator on H(OQ) (X,L). Moreover, Ty is trace class, and

Tr[Ty] = / f(x)P(x,z)dV (z). (4.23)

4.3. Random £?-holomorphic sections of L

Let Q(X,L;R>¢) denote the subspace of Q(X,L;C) consisting of the functions valued
in R>o. For f € Q(X,L;R>¢), Ty is a nonnegative self-adjoint Hilbert-Schmidt (hence
compact) operator on H?Q)(X,L).

Lemma 4.9. For 0 # f € Q(X,L;R>), the operator Ty : H
injective.

X,L) — HO

0 (X, L) is

(o

Proof. Since f # 0, there exists an open subset U of X on Which f is strictly positive. If
s€ H(OQ) (X,L) is such that Tys =0, then 0 = (Tys,s) = [y f(z)|s(z)[} dV(z), and hence
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sl = 0. Since U is open and s is holomorphic on X, we get s = 0. This proves the
lemma. O

Fix f € Q(X,L;R>g), f #0. If d < 0o, then the above T} is actually an isomorphism on
the vector space H(OQ) (X,L). Now, we focus on the case of d = oco. Since T} is compact and
injective, it cannot be surjective. Hence, it does not admit a bounded inverse. Moreover,
for any A € C, A # 0, the operator Ty — A is Fredholm with closed range and Fredholm

index 0. Set D(Tf_l) = Range (T : H{y) (X, L) — Hpy (X,L)) C Hy (X, L), which is a dense

subspace. The inverse of T is defined as
Ty ' D(T; ) C Hiyy(X,L) = Hy (X, L). (4.24)

Let o(Tf) C R>o denote the spectrum of T, which is a countable set consisting of
two parts: the point spectrum o,(Ty) C Ry (eigenvalues) and the residual spectrum
oves(Ty) = {0}. In this case, the point spectrum of T} is a decreasing sequence of strictly
positive eigenvalues of finite multiplicity,

M>A> >N, > 0. (4.25)

Since any separable (complex) Hilbert space is isometric to the Hilbert space ¢2(C) by
choosing an orthonormal basis, we can choose an orthonormal basis {S;}72, of H (02) (X,L)

with respect to the £2-metric such that
TS; = AjS;. (4.26)

IfSe H&)(X,L)7 we can write uniquely
S=Ya;8;, a;€C. (4.27)

jz1

Then (a;); € ¢%(C), yielding the identification between H?z)(X,L) and 2(C).
Since T is one-to-one and Hilbert-Schmidt, by Proposition 4.2, ||- || := ||T - || defines
a Hermitian measurable norm on H&) (X,L). We denote by B¢(X,L) the completion of

H{y (X, L) with respect to [|- || and set
f?(@) = {(aj S (C)j21 : Z)\?‘Gjﬁ < OO} (428)
Jj=1
It is clearly a separable Hilbert space, and using the basis as in (4.26), we have
By(X,L) ~ 3(C). (4.29)

Proposition 4.10. Assume d=o00, 0# f € Q(X,L;R>q). Then the operator T extends
uniquely to an isomorphism of Hilbert spaces

Given 0# f € Q(X,L; R>g), if d < 0o, we set
(By(X,L), - |ly) = (Hy (X,L), |l I), and Ty:=Ty. (4.31)

Then we unify our notation for both cases d < co and d = co.
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Definition 4.11. Denote by P; the probability measure from Theorem 4.3 with the
choice B = B¢(X,L). Let Py be the Gaussian probability measure on H&)(X,L) given
by the pushforward of Py through the isomorphism (4.30). We call Py the Gaussian
probability measure induced by the spectral decomposition of the Toeplitz operator 1.
This way, we randomize the sections in H (02) (X,L).

Remark 4.12. When 0 < d < oo, then By(X,L) = H(OZ)(X,L), and Py =Py is exactly

the standard Gaussian probability measure on H, (02)(X ,L) with respect to the £? inner
product. So that P; is the pushforward of Py via the isomorphism T7.

Lemma 4.13. Assume d>1, 0# f € Q(X,L;R>¢). For any nonzero S € H(OQ)(X7L),
the random variable on (H&) (X,L),P;) defined as H&) (X,L)>s5(5,8)2x,0)€Cisa
centered complex Gaussian variable with variance ||TfSH%2(X L)

Proof. Note that TS is nonzero in H(02)(X,L), the linear form

Hipy(X,L) 38"+ (s, T§S) r2(x,1) €C (4.32)
extends to a bounded linear form on (Bs(X,L),||-| ), hence defines an element in
Bs(X,L)*, denoted by Wg. Then by property (4.3), the random variable ¥g(s’) with s’
having the law Py, is a centered complex Gaussian variable with variance ||TS ||2£2( X,1)"
Put differently, by construction, for s’ € B¢(X,L),

\115(5/) = <TfS,,S>£2(X7L). (433)

Thus, as a random variable, it is exactly the same as (s,S),2(x,z) with s having
distribution P;. This completes the proof. O

4.4. Zeros of random L2-holomorphic sections: proof of Theorem 1.6

We assume d > 1, and we fix 0 # f € Q(X,L;R>(). The operator T]? :=TfoTy on
H(OQ) (X,L) is a positive self-adjoint operator of trace class. Let Tf(x,y) denote the
Schwartz kernel of TJ?.

Lemma 4.14. The function X 5>z +— logTJ?(x,x) is locally integrable on X so that the
(1,1)-current aélogT}%(x,w) is well defined on X.

Proof. Let {S; }?:1 be the orthonormal basis of H&) (X, L) satistying the equalities (4.26).
Then

d
TF(z,x) =Y N|S;(x)l},, forzeX. (4.34)
j=1

If d = 00, the above sum is uniformly convergent on any compact subset of X. Similar to
the proof of Lemma 2.6, we get that the function log Tf2 (z,x) is a quasi-plurisubharmonic
function on X, hence locally integrable. This completes our proof. O

We can now prove Theorem 1.6 for the zeros of the random £2-holomorphic sections
constructed in last subsection.
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Proof of Theorem 1.6. By (4.34), T7(x,x) vanishes exactly on BI(X,L). Let {5}
be the orthonormal basis of H&)(X,L) satisfying the equalities (4.26). By Lemma 4.13,
the complex random variables

1 .
ni =85 c2x,0), =12 ... (4.35)

Aj
form an i.i.d. sequence of standard centered complex Gaussian variable. As a consequence,
we get that for x € X,

s(z) = an)\jsj(m). (4.36)

Recalling the definition of Fubini-Study currents from formula (1.17), we can proceed as
in the proof of Theorem 1.1, replacing P(z,x) by T]%(x,x) given in formula (4.34), and we
conclude formula (1.18). O

Remark 4.15. In the above proof, we observe that the random £2-holomorphic section
s on (H&) (X,L),P;) is equivalent to the construction given in formula (4.36), as we
explained in the Introduction (cf. Equation (1.2)). More precisely, denote by S = {5 };-i:l
the orthonormal basis of Hfy (X,L) as given in formula (4.26), and write ¢y for the
Gaussian random holomorphic section defined by formula (2.8), which can be regarded
as a random variable valued in By(X,L). Then the distribution of the identity on
(H(Oz) (X,L),P) coincides with the distribution of the random section ffws.

Remark 4.16. The Fubini-Study currents (1.17) associated to f have the following
geometric interpretation, analogous to that of the usual Fubini—Study currents (1.4); see
Remark 2.7. Assume that that H (02) (X, L) has no base locus, and consider the Toeplitz—
Kodaira map ®; : X — CP4~!, given by ®(x) = [(T}S;(z)/er(x));], where ey, is a local
holomorphic frame around z (d = oo is allowed). As in Remark 2.7, formula (4.34) yields
®twrs = v¢(L,hr). Thus, the Fubini-Study current v¢(L,hy) is the pull-back of the
Fubini-Study metric by the Toeplitz—Kodaira map ®;.

Remark 4.17. Note that in the above constructions we consider a nonnegative real
function f in order to guarantee the injectivity of Ty on H (02)(X ,L). We can also consider
another setting. Here, we do not need the injectivity of T¢. Let f € Q(X,L;R), which can
be negative on a subset of X. Set

Hy (X, L, f) := (ker Ty) " = TyHPY,) (X, L) C Hy)(X,L). (4.37)

It is a Hilbert space, and the sections in H ?2)(X ,L,f) are the £2-holomorphic sections of
L detected by f. We consider the (self-adjoint) Hilbert—Schimdt operator

T} = Tylus, (x.1.p)  Hipy(X.Lof) = Hiy (X, L, f). (4.38)
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Then we can proceed as in Subsection 4.3 to construct a Gaussian probability measure ]P’gc

on H(OZ) (X,L,f). Let s* denotes the corresponding random section in H(OQ) (X,L,f) given
by identity map, then

S [[Div(s))]] = v7(L,hu), (4.39)

where v (L,hr) is given by formula (1.17).

One step further, set m(f) :=dimker7Ty € NU{oo}, and let {S; };n:({) be an orthonormal
Hilbert basis of ker T}, then the Schwartz kernel of the orthogonal projection Pie,yr, is
given as

m(f)
Peerry (2,y) = Y 5;(2) @ (Sj(y))". (4.40)

j=1

Let 1/JkerTf be a standard Gaussian holomorphic section constructed from the Hilbert
space kerTy. We define a Gaussian random holomorphic section as follows,

8 = Yrerr, + 8% (4.41)

If m(f) < oo, then 5 is valued in H&)(X,L); otherwise, it is almost never £2-integrable
on X. Then we have

P v—1,-
E[[Div(8)] = c1(L,hr) + ?881% (T7 (2,2) + Prerry (2,2)). (4.42)
Note that since f is bounded on X, then we always have
T§(z,2) < T (2,2) + Prerr, (2,2) < max{[| f|3, 1} P(z,), (4.43)

where ||f|loo is the £°-norm of f on X.
We will consider the above different settings in Subsection 5.4 for high tensor powers
of a prequantum line bundle on a complete Kahler manifold.

5. Random £2-holomorphic sections for high tensor powers

By analogy with Section 3, we want to study the asymptotic behavior of the zeros of the
random £2-holomorphic sections for high tensor powers of a given positive line bundle on
X. We make the same assumptions for (X,0) and (L,hr) as in the beginning of Section 3
(or in Subsection 1.2), in particular, we assume the condition (1.6) and the completeness
of gTX.

To construct in a natural way the sequence of random £2-holomorphic sections of LP,
p € N5, we use the Toeplitz operators {T p,}pen., associated with a suitable positive
function f on X. Such operators {T% ,}pen., are already well studied in the context of
Berezin—Toeplitz quantization.

https://doi.org/10.1017/51474748024000422 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000422

1244 A. Drewitz, B. Liu and G. Marinescu

5.1. Asymptotics of Toeplitz operators
Recall that P, denotes the orthogonal projection from £%(X,L?) onto H ?2)
smooth bounded function f on X and p € N5q, we set

Typ=PFpfPp. (5.1)

(X,LP). For a

This defines a bounded linear operator acting on H (02) (X,LP).

To obtain the asymptotic expansion of the Schwartz kernels of {1 ,}, we need further
assumptions either on the function f or on the geometry of X and L. We are mainly
concerned with the following two cases (note that we always assume g7¥ to be complete).

(I) The geometric data (X,J,0) and (L,hr) are as in Condition 1.2 and the function
f be smooth and constant outside a compact subset of X.

(IT) The geometric data (X,J,0) and (L,hy) are as in Condition 1.2 and have bounded
geometry (cf. Definition 3.2), and f is a bounded smooth function on X with
(globally) bounded derivatives (with respect to VI and g7*) of any order.

Theorem 5.1 (cf. [56, Chapter 7],[60], [33, Lemmas 3.11, 3.14 & 4.6]). Assume that
either (I) or (II) hods. Then the Toeplitz operator {T,p}pen has the following properties:

(i) For every compact subset K C X, every ¢ >0, and every £, m € N, there exists
Com,e >0 such that for p>1, z,a’ € X with d(z,z") > ¢, we have

|Tf,p($a$/)\<gvn(KxK) < Cﬁ,m,ep_{ (5.2)

where the €™-norm is induced by VX, and hy, g7*.
(ii) We have the uniform asymptotic expansion as p — oo on any compact subset of X,

Ty p(w,x) = D be(f)(@)p" ' +O(p™), (5-3)
=0
where by(f) € €°°(X,C), in particular,
bo(f)(x) =bo(x) f(x),z € X. (5.4)
(iii) The operator norms of Ty p, p € N, satisfy
Tim (1T, = 111 (5:5)

(iv) If g is a bounded smooth function on X in the same class as f (Case (I) or (II)), then
on any compact subset K C X, we have the uniform expansion

(Ty,pTg,p)(z,2) = p"bo(2) f (x)g(x) + O(p" 1), (5.6)

the expansion still holds if we take the derivatives with respect to = of any given order
on both sides. In particular, in Case (II), we can refine estimate (5.2) to an exponential
decay with respect to \/p, and the results (5.2), (5.3) and (5.6) hold uniformly on the
whole manifold X.

The above theorem for Case (I) was mainly proved by Ma and Marinescu in [56, Chapter
7], [57]. For Case (II), it can be proved by a variation of the arguments in [56, Chapter 7] by
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using the exponential estimate for the Bergman kernel obtained in [60]. This is explained
by Finski in [33, Sections 3 & 4].

Remark 5.2. The condition that f has bounded derivatives of any order in case (II) is
used to guarantee the full expansion (5.3) and can be relaxed for our purposes. If (X,J,0)
and (L,hy) are as in Condition 1.2 and have bounded geometry, and if we assume that
two smooth functions f, ¢ have bounded derivatives up to order 2, then the expansion
(5.6) still holds uniformly on any given compact subset in the ¥2-norm (cf. the proof of
[56, Lemma 7.2.4] and [3, Theorem 3.5 and Remark 3.6]).

Remark 5.3. Assume 0 # f € ¢5°(X,R>¢) to have compact support, hence T, is
compact for p > 1. We use the spectrum of the Toeplitz operators T , to define probability
measures Py, on H&) (X,L?) (Definitions 4.11 and 5.6). It is thus interesting to know
what is the asymptotic distribution of the spectra o(T},,) as p — oo. They play a role
in several areas of geometric quantization [7, 41, 51]. On (0,|f|o], the spectral density
measure (i, of Ty, is defined as the sum of the Dirac masses at all the eigenvalues
(counted with multiplicities) in op,(T%,;,), which is locally finite. A result of [41] shows
that as p — 400, we have the weak convergence of measures on (0,|f|o0],

—n 1 n
v sy fo (i), (5.7
This extends the results for compact Kéhler manifolds or domains in C”, such as [7, 51].

Our results in the sequel will mainly employ the expansion (5.6) with g = f. Note
that with further geometric conditions on (X,0) and (L,hr), we have a refined version
of formula (5.6). Let Ric denote the Ricci curvature tensor, and set Ricg =: Ric(J -,-).
Let 7% denote the scalar curvature of (X,g7%), and let A be the (positive) Bochner
Laplacian associated with ¢g7% acting on the functions. We will use (-,-) to denote
the C-linear extension of the inner product ¢*"7"X. Consider the connection V7 X :
CX(X,T*X®C) - €°(X,T* X T*X ®C), let D%, DY0 denote the its respective
(1,0), (0,1) components.

The following theorem was proved in [59] for a compact Kéhler manifold equipped with
a prequantum line bundle. It was showed in [56, 57, 58, 59] that the problem can be
localized and since the computations are local the result extends to the case of complete
(noncompact) Kahler manifolds. In particular, as a consequence of [56, Sections 7.4 &
7.5] (for the Case (I)) and [60] [33, Sections 3 & 4] (for Case (II)), these results hold for
both our cases (I), (II).

Theorem 5.4. Assume that (X,J,0) is connected, complete Kahler manifold and that
(L,h1) is a prequantum holomorphic line bundle on X with smooth Hermitian metric hy,,
that is, © = c¢1(L,hr). Let f,g be bounded smooth functions where are constants outside a
compact subset (Case (1)), or if in addition (X,0),(L,hy) have the bounded geometry, let
f,g be two bounded smooth functions on X such that their derivatives of any order are also
bounded on X (Case (II)). Then for £ € N, there exists a smooth function on X, denoted
by be(f,g), which is a polynomial in the derivatives of f,g with coefficients depending only
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on © and hr, such that on any compact subset K C X, we have the uniform exrpansion
as follows (N >0),

N
(TypTop) () =Y p"“be(f,9)(z) + O™ N71). (5.8)
£=0
Furthermore, we have
bO(f?.g):fg7
b - La A L350
1(f.9) = 5= f9= - ((Af)g+ [(Ag)) + 5 (0f.09),

s (1820 + (8279 —r (1(29) + (81)9))

— ) ) (5.9)
- Q(Ric@, f08g +goof)

bQ(fvg) =

rX

1 _
t2s { Af-Ag+ T - (01.09) +(D"10f, D 00g) - xor-x

— (92 f.09) <af,aAg>}.

Remark 5.5. Actually, by [59, Remark 0.5], a version of Theorem 5.4 holds also, without
the prequantum condition © = ¢q(L,hr). In this case, we have

(TypTy,p) () Zp" by (f.9)(z) +O(p N1, (5.10)

with explicit formulas for b;(f,g), by (f,9), b5(f,g) (cf. [59, (0.30)]), which generalize the
expressions (5.9). We will come back to this point in Remark 5.15.

5.2. Random zeros on the support: proofs of Theorems 1.8 and 1.9

Fix a pg € Ny, set
Q> po (X, LiR>0) 1= Npzp, Q(X, L7 R>0). (5.11)

Now, we consider a nontrivial f € Q>,,(X,L;R>¢). Note that such function always
exists, take for instance a nonnegative smooth function with compact support, or in the
case of Bargmann—Fock space, a nonnegative Schwartz function on C”. In the rest of this
section, we always consider an integer p > pg.

Definition 5.6. Following the construction in Definition 4.11, let Py, be the probability
measure on H (02)(X ,LP) induced by the spectral decomposition of the Toeplitz operator
Tt.p. We will denote by St , the random section in H, ?2)(X ,LP) given by the probability
distribution (H? ) (X,LP), Py ).

Let U be an open subset of X, and let Qf """ (U) denote the smooth (n—1,n—1)-
forms on U with compact support in U. For any (1,1)-current o on X, let |y denote its
restriction on U by acting on sections in Q)" (U).
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Theorem 5.7. Assume that (X,J,0), (L,hr), and f are as in one of the cases (I) or
(II), with f a nontrivial function in Qs (X,L;R>o). Let U be an open subset of X such
that f >0 on U. Then for every compact subset of K C U, there exists pxg € N such that
for all p > pr, v§(LP,hyp) is smooth on K, and we have the expansion of smooth forms on
K in any €*-norm,

/1 _
W(Lp,hp):pcl(L,hL)—|—?8810g(b0f2)+(’)(p71), p — +00. (5.12)

Proof. By formula (1.17), we get

V1 _
v (LP hy) :pcl(L,hL)—i-?8alogT]§7P($,x). (5.13)

For any compact subset K C U, set mp = max,ex bo(z)f2(z), cx = mingex bo(x)
f?(x) > 0. By formula (5.6), for £ € N, the following identity holds uniformly in any
¢*(K)-norm,

TF p(2,2) = bo(2) f2(2)p" + O(p" "), 2 € K. (5.14)

If we are in Case (II), the asymptotics (5.14) hold uniformly over the whole manifold X.
As a consequence, there exists px € N such that for p > pg, x € K, we have

1
2mpcp” > T} y(2,w) = Sexp”. (5.15)

Then for p > pg, v7(LP,hy) is a smooth form on an open neighborhood of K. Then by
the uniform expansion (5.14) and estimate (5.15), we get, in any €*(K)-norm,

vl 2 V-1, 2 -1
?8alogTﬁp(x,m) = ?aalog(bof )+O(m™), p— +oo. (5.16)
This way, we conclude the expansion (5.12). O

Remark 5.8. (1) The expansion (5.12) is a generalization of Tian’s approximation
theorem for a given integral Kéhler form ([76, Theorem A], [56, Theorem 5.1.4]) for
the case of the Toeplitz—Kodaira map (cf. Remark 4.16).

(2) By the arguments in the proof of [56, Lemma 5.1.6] and the conclusions drawn in
Theorem 5.7, we infer that for any relatively compact open subset V' C X such that f >0
on V, the Toeplitz—Kodaira map restricted to V,

v:VCcX—Cpl

(I)f,p

is an immersion for p large enough. This remains true even when d,, is infinite.
(3) On an open subset where by f? is a nonzero positive constant, we have a sharper
remainder for the approximations

1
(L0 ) =ci(Lhr) +O(p™?), p— +oo. (5.17)

(4) For a compact Kéhler manifold X with a prequantum line bundle (L,hr,), Ancona—
Le Floch [1] proved the approximation theorem in sense of currents under the condition
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that f vanishes transversally on X:

/o

1 _
vr(LP hy) —pe1(Lhy) — 2—88 log f2, p — +o0.
™
Combining Theorem 1.6 with Theorem 5.7, we get the following results.

Theorem 5.9. Assume that (X,J,0), (L,hr) and f are as in one of the cases (I) or (II),
with f a nontrivial function in Q>,,(X,L;R>¢). Let U be an open subset of X such that
f>0o0on U. Let V be an open subset of U which is relatively compact in X, then there
exists py € N such that for all p> py EF7#[[Div(S; ,)]|v] is the smooth form ¢ (LP,h,)|v
on V, and we have the convergence of smooth forms on V in any €*-norms as p — +oo0,

1 .
E]Epf*” [Div(S¢.p)llv] = e1(Lhp)lv. (5.18)
Moreover, we have the expansion in any €*-norms on V for p>> 0,

. -1, = _
BE [IDiv(8,)]lv] — per(Lho)ly = Y 00log(bo/?) + 0. (519)
As a consequence, we have the weak convergence of (1,1)-currents on U as p — +00,

2P [Div(S o] = en (Lol
P /o (5.20)
B # [Div(Syp)llv] = per (L)l — 5 —00log(bo f*).

Remark 5.10. In line with Remark 5.2, for the case of bounded geometry, to show
the weak convergence in terms of currents in the limit (5.20), it is sufficient to require
that the function f has bounded derivatives up to order 2, since we only need the
asymptotics (5.14) to hold in local ¢?-norms.

By considering sequences of random sections in the product probability space,

(Srp)p € [ ] (HEy(X,LP7),Py,), (5.21)

we also have the following convergence with probability one.

Theorem 5.11. Let f be as in Theorem 5.9. Let U be an open subset of X such that f >0
on U, then for any ¢ € Qgil’nfl(U), we have

]P’( lim 1<[Div(ks*f,p)],<p> = <c1(L,hL),<p>> =1. (5.22)

p—00 p

If there exists a smooth closed positive (1,1)-form a on X such that [y ci1(L,hr) Aal <
oo and that a is strictly positive on U, then we have

P < lim 2 [Div(S; )]l = cl(L,hL)|U> =1, (5.23)

pP— o0 p

where the limit is taken with respect to the weak convergence of (1,1)-currents on U.
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Proof. Fix a nonzero ¢ € Qgil’”fl(U). Note that from the proof of Theorem 5.7, we
have the convergence

p—o0

lim <%'Vf(Lpah;D)750> = <Cl(Lth)7<p>' (5'24)

Defining the random variable

1 .
V= (DS 1) =7 (E 1)), (5.25)
the statement (5.22) is equivalent to proving that almost surely one has

Y}, — 0. (5.26)

Note that if we use the construction from the proof of Theorem 1.6, we can write

dp
Strp=> nASY, (5.27)
j=1

where {1}}; is a sequence of i.i.d. standard complex Gaussian random variables, {\}}; is
the point spectrum of T ,, and {Sf}j is the orthonormal basis of H&) (X,LP) given by the
eigensections of T ,. Then, as explained in Remark 3.10, we can proceed as in the proof
of Theorem 3.7, and we get E[|Y7 ,|?] = O(p~?), which entails the convergence (5.26), and
hence equality (5.22).

Now, we prove (5.23). Note that by our assumptions on «, the analogous arguments
in the proof of Corollary 3.8 show that there exists Cy,o > 0 such that for all ¢ €
Q~hH),

L
(D))l < Coaleleow,a, (5.28)

where ¢°(U,a) denotes the ¢-norm for differential forms on U with respect to the
Hermitian metric induced by «. Then the equality (5.23) follows as a consequence
of the equality (5.22) by considering a countable %°(U,a)-dense family of ¢’s in
Qp ). O

It is natural to investigate a relaxation of the assumptions of Theorem 5.11 as follows.
For f as above, consider U an open subset of supp f. In general, f might vanish at some
points in U, and it is a natural and interesting question to understand for which kind
of conditions on the zeros of f in U we still can have the equidistribution results for
the random zeros on U as above. Since f is nonnegative, if f(xz) =0, the least possible
vanishing order of f at z( is 2. In the sequel, we will explain that, if f has only zeros of
order 2 at which Af does not vanish, then the above results still hold. For this purpose,
we will employ the results in Theorem 5.4 so that we need the prequantum condition.

Proposition 5.12. Assume that (X,J,0), (L,h1), f are as in either cases (1) or (II) with
f a nontrivial function in Q>p,(X,L;R>0) and the prequantum condition © = ¢ (L,hr)
holds. Let U be an open subset of X. If f only vanishes up to order 2 in U and Af is
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nonzero at all zeros of f, then for any compact subset K of U, there exists a constant
cx >0 and px > po such that for x € K, p > pg,

Tfyp(x,x) > cp™ 2. (5.29)

Moreover, log f2 is locally integrable on U, and we have the weak convergence of currents
on U as p— +oo,

90log T} ,(x,x) — 0dlog f>. (5.30)
Around a point x where f(x) >0, the convergence in (5.50) holds in any local €*-norms.

Proof. With our assumptions, we can apply Theorem 5.4 to T;f. Let zg € U with
f(zo) =0. By our assumption on f, we have

—Af(zo) #0. (5.31)

By taking a geodesic normal coordinate system (Y = (y;)3, € R®") centered at o, the
Taylor expansion of f near x( reads

F) =3 ej(wo)y +O(Y ), (5.32)
J
where ¢;j(zo) > 0 since f > 0. Then
—Af(zo) =Y _cj(xo) >0. (5.33)
J

Now, we compute the terms b,(f, f), £ = 1,2, from (5.9) near z,

by (1. ) = o= (P~ 40)f + 510

1 201 o 5 (5.34)
bo(f.) = 13 (;cxxo)) + 551D 19f (w0) - xer-x + O(Y ).
Setting
_ 1 (0)) + g [DO1Tf ()2 0
ulfsw0) = 15 (Z (20)) + 55 1D Of (@) e xorex >0, (5.35)
we can choose a small open neighborhood V,, of ¢ such that for x € V,,
1
and so
bi(f.f)(x) = 0. (5.37)

Since bo(f,f) = f2, then from the above computations and estimate (5.15), we get
estimate (5.29).
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By formula (5.32), on a sufficiently small open neighborhood of g, we have
1
FV) 2353 ei(wo)y;- (5.38)
J

Then it is clear that log f? is integrable near zg. Then the current ddlog f? is well
defined on U. Near a point where f does not vanish, we get the strong convergence
in the limit (5.30) by means of asymptotics (5.6) and (5.16).

Next, we focus on a point 2y with f(z() = 0. Note that

p"TE (@) = f2 by (f f)p™ +ba(f f)p 2+ O(p77). (5.39)
By formulas (5.34), we can take a small open neighborhood V;; of xg such that for z €V, ,

p>0,
bi(f. /) (@)p™ +bo(f,f)(@)p™ 2 +O(p~?) >0, and f*(x) <p™"T7 ,(z,x) <1. (5.40)

Then on V; , we have

‘log(p_"T]%’p(m,ac))‘ < |log f2(z)|. (5.41)
At the same time we have the pointwise convergence of functions as p — oo,
log(p~"T7 ,(z,2)) — log f*(x). (5.42)

Since log f? is integrable near xq, by the dominated convergence theorem, we get the
convergence of (1,1)-currents in (5.30) on V; , hence on U. This completes the proof. [

Remark 5.13. In the proof of Proposition 5.12, we see that if f has at least one zero in
K C U, then the power (n—2) in estimate (5.29) cannot be improved; otherwise, a lower
bound of TJ%, »(,2) on K is given in estimate (5.15). When X is compact, this observation
indicates that if f > 0 has only proper zeros of order 2 and at least one of such vanishing
point, then the lowest eigenvalue of T ,, should behave like O(%) as p grows. For this kind
of results, we refer to the papers [19, 20] of Deleporte. In particular, when X is compact,
the lower bound in estimate (5.29) can be deduced from [19].

As a direct consequence of Proposition 5.12, we obtain:

Theorem 5.14. Assume that (X,J,0), (L,hL), f are as in either cases (I) or (II) with
f a nontrivial function in Q>p,(X,L;R>o) and the prequantum condition © = ¢1(L,hy,)
holds. Let U be an open subset of supp f such that f only vanishes up to second order in
U with nonzero Af at the zeros. Then as p — oo,

(i) We have the weak convergence of (1,1)-currents on U as p — +00,

%E“”fm[[Div(sﬁp)]|U] — ey (Lh)|,
(5.43)

1 _
EPf’p[[DiV(Sﬁp)“U] —pcy (L,]’LL)‘U — ?8810gf2
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For any ¢ € Q""" Y(U), we have

P (tim TADN(S 1L p) = (e (L)) ) =1 (5.4

(ii) If there is a smooth closed positive (1,1)-form o on X with Jxa(Lhp)na ™t < oo
such that o is strictly positive on U, then we have

P ( lim L [Div(S; )]l = cl(L,hL)w) _1 (5.45)

p—o0 p

where the limit is taken with respect to the weak convergence of (1,1)-currents on U.

Remark 5.15. Following Remark 5.5, we have more general versions of Proposition 5.12
and Theorem 5.14 without the prequantum condition. In fact, let b;-(f,g), 71=0,1,2,...,
denote the coefficients in the general expansion (5.10), valid without assuming the
prequantum condition. We still consider the same function f in Proposition 5.12, and a
point g € U such that f(xg) =0, —Af(xg) > 0. Then by [59, (0.17), (0.30) and Remark
0.5], we get that, on a very small neighbourhood of zg, we have

bo(f:f)(x) = bo(z) f(z)? > 0,
bi(f.f)(z) >0, (5.46)
by (f.f)(x) = bo(x)u(f,20) + O(IYY]),

where bg(x) is the positive function given in (3.3), and Y denote the normal coordinates
centered at xo. Note that for by(f,f)(x) > 0, we use that —Af(x¢) dominates the terms
f, 0f/0y;, 7 =1,...,2n, near the point zy. Then we can proceed as in the proof of
Proposition 5.12 to get the same conclusions. All the results in Theorem 5.14 still hold
except that we need to change the second line in (5.43) to the following limit as p — +o0,

EF s [[Div(S.,)]|v] — per(Lhr) |y — —Vz;laélog A+ —Vz;l@glogbo. (5.47)

Example 5.16. We give here simple examples for the situation of Theorem 5.14.

(1) Let X =D be the unit disc in C endowed with the hyperbolic metric w :=wp given
by Equation (2.41). This metric induces a metric hg, on the canonical bundle K with
c1(Kp,hkp,) = w, hence (Kp,hk,) is a prequantum line bundle on (D,w). For r € (0,1)
consider a cutoff function x € €§°(D) such that x =1 on B,(0). We define f € €5°(D) by
f(2) =x(2)|z|%. Then we have on U = B,.(0), with &y the delta distribution at 0,

1 . .
];Epfvp [Div(Sy.p)llu] = wlu, IEPf~P[[D1V(Sf,p)|U]] —pw|y = 200, p — 00, (5.48)

since by Lelong—Poincaré formula we have 2£7r18510g |2]2 = do.

(2) Let X = CP! endowed with the Fubini-Study metric wpg and (L,hy) = (O(1),hps)
be the hyperplane line bundle endowed with the Fubini-Study metric, so ¢1(L,hr) =
wrs. We define f € €°°(CP') in homogeneous coordinates [29,21] on CP* by f([20,21]) =
1202/ (]20]% +121]?) (note that f is a rescaling of the height function on the sphere S? C R?).
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Then we have on CP!',

1 . .
EE]P’f"’[[DIV(Sf,p)H — WFS, IE]vaP[[Dlv(Sf,p)]] —(p+2)wrs — 200,17, p— 00, (5.49)

since gaglogf = dj0,1) —WFs, With djg 1) the delta distribution at the point [0,1] € CP'.

(3) The previous example can be generalized as follows. Let X be a compact Kéhler
manifold, (L,hr) be a prequantum holomorphic line bundle on X. Let D C X be a smooth
complex hypersurface of X, and F'= &(D) be the associated holomorphic line bundle. Let
sp € H°(X,F) be a canonical holomorphic section of F, that vanishes at first order on D.
It is uniquely determined up to a multiplicative constant. We endow F' with a Hermitian
metric hp and consider f € €°(X), f =|spl;, . By the Lelong-Poincaré formula (2.29),
we have on X as p — oo,

1 P o [[Div c
ST Div(Sy,)]) = e (L), (5.50)

E*##[[Div(Sy,p)ll = per(Lhe) = 2([D] = e1(F,hp)),

where [D] is the current of integration on D.

These examples illustrate how one can recover the geometric input (the curvature form
c1(L,hy)) and the classical observable f in the semiclassical limit p — co. By recovering
the zero divisor D of sp in the limit (5.50), we have determined sp up to a constant
factor.

5.3. Higher fluctuation of random zeros near points of vanishing order two

In this subsection, we work under the assumption that (X,J,0), (L,hr), f are given
in either cases (I) or (II) with f a nontrivial function in Q> (X,L;R>¢) and with
prequantum condition © = ¢1(L,hr,). We aim to examine the random zeros of Sy , near
a proper zero of f with vanishing order 2, up to Planck scale 1/,/p. Note that in [1],
for a compact Kéhler manifold X and under a different assumption on f, Ancona and
Le Floch proved that the random zeros fluctuate more near the zeros of f. We will prove
a similar result for our setting. For this purpose, we need to refine the computations in
formulas (5.34) in a complex coordinate system centered at xo where f vanishes with

order 2.
Suppose f >0 and that zq is a zero of f with Af(zg) < 0. Then we can choose a
holomorphic coordinate system centered at xg, denoted by z = (z1,...,2,) € C" such that

g9: " =ga +0(), (5.51)
where g§" denotes the standard Euclidean metric on C" ~R?". Note that we view z as a

column vector, and let (-)7 denote the transpose of a matrix. In this coordinate system,
we can write

f(2)=2TAz+2"B2+ 2" Bz 4+ O(|2%), (5.52)
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where the matrix A is Hermitian and semipositive definite, B is symmetric complex
matrix and they are determined uniquely by the Hessian of f at xg. Set

fuo(2) = 2T A2+ 2Bz + 2" Bz. (5.53)
Since f > 0, then for any z € C™ with ||z|| =1,
2T Az > 2|R(2T Bz)|, (5.54)

where R(-) denotes the real part. In particular, f,,(z) > 0. Using this complex coordinate
system, we compute
Af(z) = —4Tr[A]+ O(|z]),
|0f(2)|* =2|Az+2Bz> + O(|2]*), (5.55)
[D%1Of (2)] 2 xorex = 16 Te[BBT]+O(|2]).

Note that p(f,z¢) is defined in (5.35), then we have

il fzg) = — (Tr[A])2+%Tr[BBT] S0, (5.56)

2
Then we rewrite the computationsﬂin formulas (5.34) as follows:
bo(.£)(2) = F2,()+ O(12I"),
bu(£,)(2) = = Te[Al oy () + 1] A2+ 2B2? 1+ O(12f") (557)
ba(f,f)(2) = pu(f,z0) + O(|2)).

Definition 5.17. Associated with the Kéhler form © and f near x, we define a (strictly)
positive function on C™ as follows:

Fra(2) = £2,(2) = 5o (AN (@0) fay () + |42 + 2B 4 u(fy0). (5.589)

Note that this function does not depend on the choice of the holomorphic coordinate

systems centered at xz( satisfying the equality (5.51). Equivalently, we have for z € C" ~
(Two Xa J:Uo ))

Ff oo(2) = lim {P*bo(£.1)(2/v/P) +b1(f.f)(2/ /D) +b2(f. [)(2/ /D) }- (5.59)

We also define the following positive quadratic function in z € C™,

o~

b1(=) = lim pby (£.1)(=/VB) = —5 - (AF) (w0) oo (2) 4 —|AZ+2B2. (5.60)

1
27
Proposition 5.18. With the above notation,
Bf .2y = 00by = DOF} 4, (0) € ABVTE X (5.61)
is a positive (1,1)-form on C™, more precisely,

Btz = (d2)" N K 2002, (5.62)
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where Ky . is the semipositive definite Hermitian matriz given by
2
Kfpy=—Tr[AJA+ = (A2 +4BB). (5.63)
T
We have the convergence of (1,1)-forms at xg as p — oo,

%8510gT]%p(x,x)|w:m L 8. —Blog Fy ., (0). (5.64)

(f, 0)

Proof. The first part follows directly from the formulae (5.58) and (5.60). We now prove
the convergence (5.64). In complex coordinates z centered at xg, we have for |z| <1,

P T )(2,2) =p P Fr 2 (VD2) + O(p )+ O(|2°) +p 7' O(I2>) +p720(|2l),  (5.65)
hence

1. = —n2

Eaﬁlog(p 15 ,(2,2))

_ (90F1ay) (VP2) +O(~") +pO(2*) + O(|2])
F.2y(v/02) + O(p~ 1) + p2O(125) + pO(|2P) + O(]z])
(0F .2y NOFy 2,) (VP2) +P°O(12]) +p*O(2) + pO(12) + O(2) + Op ™)
{F, 20 (V/B2) + O(p=1) +p20(|2%) +pO(|2]?) + O(Jz]) }* '

(5.66)

Taking z =0 in the equality (5.66) and letting p — oo yields (5.64). O

Definition 5.19. For a zero xg of f as above, we define for R > 0 the linear function

e

00log Fy 1o (2) N, (5.67)
2r Jpen (0,R)

sz A(’I’L Ln— l)T X—>(C (I)fzo( )::

(n—1,n—1)

where a € AJco is viewed as a constant (n—1,n—1)-form on C" ~ (T,, X, J,,)-

Remark 5.20. The expression of ®% /. 2, (@) can be made more concrete by using the
formula (5.58), especially if f has a nice shape near z( (for example, if B =0). We will
demonstrate this in Example 5.21, but our expectation is that the calculations in general
will be much more complicated, so we will not attempt to do so in this paper.

Example 5.21. Now, we assume f near z( is given by expansion (5.52), where B =0
and

A=1d,. (5.68)
Then

(2n+1)
= fopt+ 2D

n2
Ff,a(2) +ﬁ' (5.69)
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Set wo = +/—13_,dzj Adz;. Then we have

n—1
V—1001og Fy 4, (2) A 1)1
(2n—2)7r3|z|6—|—(6n2—n—2)7r2|z|4+(6n3+2n2—3n—1)7r|z\2+2n4+n3]w{}
=T -
72|18 + (dn+2)73|2]8 4+ (6n2 + 4dn+ 1)72|z|* + (4n3 + 2n2)7|2|? + n? n!
(5.70)
In the case n =1, we have
_ 3m2|z|* +4r|z|2+ 3
V=100l0g Fyay(2) = 7| Jwo. 5.71
08 Fr.zo(2) =7 74|28 + 6732|064+ 1172| 2|4 + 67|22 + 1 o (5.71)

Theorem 5.22. Assume that (X,J,0), (L,hg), [ are as in either Case (I) or Case
(II) with f a nontrivial function in Q>p,(X,L;R>¢) and the prequantum condition © =
c1(L,hyp) holds. Let xg be a zero of f with Af(xg) < 0. Then for any fized R >0, p €
Qu " N(X), and for all p > po,

e

5 99log(T7 ,(w,x)) Ao =p " T1&F , (p(w0)) + O~ 1/).  (5.72)
™ JB(@o, R/ )

Proof. For p>> 0, we identify B(zo,R/\/p) ~ B¢ (0,R/\/p). Then for z € B"(0,R/\/p),

leN,
PO(|2) = 0(p~'72). (5.73)
Also, note for z € B®"(0,R),
¢(2/v/P) = p(x0) + O(p~'/?). (5.74)
Then the asymptotics (5.72) follows from the asymptotics (5.66). This completes the
proof. O

As explained in Subsection 1.4, formula (5.72) gives different powers of p in the
asymptotics (1.25), which exhibit two different behaviors of the fluctuations of the random
zeros depending on whether f(z) =0 or f(z)#0.

5.4. Case of real functions with negative values

This subsection continues the discussion from Remark 4.17. We examine the equidis-
tribution of random zeros of £2-holomorphic sections detected by a given real function
f, which is not necessarily nonnegative. Now, we consider the case of complete Kéhler
manifold (X,0) equipped with a prequantum holomorphic line bundle (L, ). Recall
that Q(X,LP;R) is the subspace of Q(X,LP;C) cousisting of real-valued functions and
that

O>po (X,L;R) := Ny>p, Q(X, LP;R). (5.75)
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Definition 5.23. Let f be a real smooth function on X, for x € X, we say f is vanishing
properly at x up to order 2 if one of the following cases holds:

e f(z)#0,0r
o f(x)=0,df(x)#£0, or
o f(x)=0, df(x)=0, Af(x)#0 with fAf <0 on an open neighborhood of z.

For any subset U C X, we say f is vanishing properly on U up to order 2 if it does so for
every point in U. Given such a function, we also set

K(K) = mal)éordm (f) € {0,1,2}. (5.76)

fAS

The following proposition is an extension of Proposition 5.12.

Proposition 5.24. Assume that (X,J,0), (L,hr), f are given in either cases (I) or
(II) with f a nontrivial function in Q>p,(X,L;R) and with prequantum condition © =
c1(Lyhy). Let U be an open subset of supp f such that f vanishes properly on U up to
second order. Then for any compact subset K of U, there exists a constant cx >0 and
PK > po such that forx e K, p > pgk,

Tﬁp(x,x) > cxpn T, (5.77)

Moreover, log f? is locally integrable on U, and we have the weak convergence of currents
on U,

8510gTﬁ)p(x,x) — 00log 2, as p— oo. (5.78)
Around a point x with f(x)# 0, the convergence in (5.78) holds in any local €*-norms.

Proof. We start with proving estimate (5.77). For =z € U, if f(xzo) # 0, then
f?(x) >0, so estimate (5.77) holds near zg. If f(2¢) =0, df (xo) # 0, then in a sufficiently
small neighborhood of z, there is a constant c;, > 0 such that have

1o x 1 2 2
bu(fof) = 4= (5 f—AANF+ S 1OfP > coldf(wo)2pn >0 (5.79)
so that near z,
1 _
T?,p(xﬂx) > §Czopn 1~ (580)

If ord,, (f) =2, we can adapt the proof of Proposition 5.12. The condition that A f(z)
is nonzero with fAf <0 near xy implies that on a small neighborhood of z,

(rX f—4Af)f >0, u(f,z0) > 0. (5.81)
Then estimate (5.77) still holds near xo. The second part of the proposition follows from
arguments analogous to those used to prove Proposition 5.12. O

For f € Q>,,(X,L;R), the operator T, , might not be injective so that, in Remark 4.17,
we introduce a closed subspace H(OZ) (X,Lr,f) = (kerT},,) " of H&)(X,Lp) and the
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Gaussian probability measure ]P’%c ponit. Consider the sequence of random £2-holomorphic
sections detected by f

(Sgc,p)PZPO € HPZPO (H?Q) (XaL‘D?f)v P§f7p)7 (582)
and a sequence of random holomorphic sections defined as in the decomposition (4.41),
‘/S\'f’p = Vker Ty, +S§c,p7 P 2 Po- (5.83)

Recall that the £2-integrability on X of § t,p depends on the finiteness of dimkerTY ,.
From the inequality (4.43) and by Proposition 5.24, we get:

Theorem 5.25. Under the assumptions of Proposition 5.2/, let U be an open subset of
supp f such that f vanishes properly on U up to order 2. Then the following assertions
hold.

(i) We have the convergence of (1,1)-currents on U as p — oo,

1 _pt .
EEme [[Dlv(Sgcvp)] lv] = c1(L,hr)|o,

" ) (5.84)
EE[[DiV(Sf,p)HU] — c1(L,hp)lu-
(it) For any ¢ € Q™ """ Y(U), we have
1
P( lim ~([Div(S% )],¢) = (c1(L.hr). )
(’H‘X’p ! ) (5.85)

N R
= ( Jim S (Div(S1, ) = fer(Lr)o) ) = 1.

(iii) If there is a smooth closed positive (1,1)-form o on X with [ c1(L,hr) Aol <o
such that « is strictly positive on U, then we have

P ( lim 1[Dixz(S?,,D)}lzf = cl(L7hL)|U> =P ( lim

1
p—oo P p—oo P

Div(8 ;)] = c1<L,hL>U) 1,
(5.86)

where the limit is taken with respect to the weak convergence of (1,1)-currents on U.

Remark 5.26. If X is compact, then H?Q)(X,Lp) = HY(X,LP), p € N, are finite
dimensional, and we can take f to be any real smooth function vanishing properly up to
order 2 in the above theorem. If k(X) <1, then the first limit (5.84) is already proved
by Ancona and Le Floch [1]. As mentioned in Subsection 5.3, Ancona and Le Floch
studied the fluctuations of the random zeros near a vanishing point of f with order 1.
Their computations, as well as ours in the proof of Proposition 5.18 for points with
vanishing order 2, were done by rescaling the expansion (5.8) of T]?,p(:c,:c). Since the
problem has local character, their results [1, Theorem 1.5 and Corollary 1.6] also hold in
the noncompact setting for a vanishing point of f of order 1.
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