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Parametric Representation
of Univalent Mappings
in Several Complex Variables

Ian Graham, Hidetaka Hamada and Gabriela Kohr

Abstract. Let B be the unit ball of C" with respect to an arbitrary norm. We prove that the analog of
the Carathéodory set, i.e. the set of normalized holomorphic mappings from B into C" of “positive
real part’, is compact. This leads to improvements in the existence theorems for the Loewner differ-
ential equation in several complex variables. We investigate a subset of the normalized biholomorphic
mappings of B which arises in the study of the Loewner equation, namely the set S°(B) of mappings
which have parametric representation. For the case of the unit polydisc these mappings were studied
by Poreda, and on the Euclidean unit ball they were studied by Kohr. As in Kohr’s work, we consider
subsets of S’(B) obtained by placing restrictions on the mapping from the Carathéodory set which
occurs in the Loewner equation. We obtain growth and covering theorems for these subsets of S°(B)
as well as coefficient estimates, and consider various examples. Also we shall see that in higher dimen-
sions there exist mappings in S(B) which can be imbedded in Loewner chains, but which do not have
parametric representation.

1 Loewner Chains and Biholomorphic Mappings in C"

Let C" denote the space of n complex variables z = (z),...,z,)’, equipped with an
arbitrary norm || - ||. The symbol ' means the transpose of vectors and matrices. Let
B, = {z € C": ||| < r} and let B = By. In the case of one complex variable B,
is denoted by U, and U; by U. If G C C" is an open set, let H(G) denote the set of
holomorphic mappings from G into C". If f € H(B,), we say that f is normalized
if f(0) = 0 and Df(0) = I. Let S(B,) be the set of normalized biholomorphic
mappings in H(B,). The set of normalized convex (respectively starlike) mappings of
B, is denoted by K(B,) (respectively $*(B,)). When n = 1, the sets S(U), $*(U) and
K(U) are denoted by S, S* and K respectively.

By L(C",C™) we denote the space of continuous linear operators from C" into
(€™ with the standard operator norm. Let I denote the identity in L(C", C"). For each
z € C"\{0},1let T(z) = {I, € L(C",C) : I,(z) = ||2]|, || || = 1}. This set is nonempty,
by the Hahn-Banach theorem. It is used to define mappings of B of “positive real
part”. When || - || is the Euclidean norm, T(z) reduces to only one element given by
L(w) = (w,z/|lz||]), w € C", for any z € C" \ {0}, where (u,v) = Z?:l u;jv; is the
Euclidean inner product of C".
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We recall that a mapping F: B x [0,00) — C" is called a Loewner chain if F(-,t) is
biholomorphic on B, F(0,t) = 0, DF(0,t) = €'I for t > 0 and

F(z,s) < F(z,t), z€B,0<s<t <00,

where the symbol < means the usual subordination.

It is known that starlikeness can be characterized in terms of Loewner chains:
f € S*(B) iff f(z,t) = ¢ f(z),z € B, t > 0, is a Loewner chain [Pf-Sul]. For the
analytical characterization of starlikeness the reader may consult [Sul] and [Su2].

A locally biholomorphic mapping f € H(B), normalized by f(0) = 0 and
Df(0) = I, is called close-to-starlike if there is a mapping ¢ € S*(B) such that

Re([Df(2)] 'g(z)) >0,
forallz € B\ {0} and ], € T(2).
Let C(B) denote the set of close-to-starlike mappings on B. Pfaltzgraff and Suf-

fridge [Pf-Sul] showed that close-to-starlikeness can be also characterized in terms
of Loewner chains: f € C(B) iff there is a mapping g € S*(B) such that

flz,t) = f(2) + (¢ — 1)g(z), z€B, t>0,
is a Loewner chain.

Next we recall the notion of spirallikeness, due to Gurganus [Gu] on the unit
Euclidean ball of C", and Suffridge [Su3] on the unit ball of a complex Banach space.
IfA € L(C",C") we define

m(A) = inf{ Re lZ(A(z)) zeC )zl =1,1, € T(z)} )

Let A be such that m(A) > 0. A normalized biholomorphic mapping f € H(B) is
called spirallike relative to A if f(B) is a spirallike domain with respect to A, that is

e f(B) C f(B), s>0,
where

e—sA _ i (_1)k5kAk
N —~ K '
—0

Suffridge [Su3] showed that if f is a normalized locally biholomorphic mapping
on B, then f is spirallike relative to a linear operator A with m(A) > 0 if and only if

Re,([Df(2)]'Af(2)) >0, ze€B\{0},
foreach I, € T(z).

IfA = e7'®I, where @ € R, |a| < 7/2, and f is spirallike relative to A, we say that
f is spirallike of type o ([Ha-Ko1]).
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Hamada and Kohr [Ha-Ko1] showed that spirallikeness of type « has the follow-
ing characterization in terms of Loewner chains: f is spirallike of type « if and only
if

flz,t) = 17 f(e2),  ze€ B, t >0,

is a Loewner chain, where a = tan oe. However, it is known that in general a spirallike
mapping relative to an operator A cannot be “nicely” imbedded in a Loewner chain
on the unit ball B of C" with n > 2 [Ha-Kol1]. Let $,(B) denote the set of spirallike
mappings of type « on B.

The set M of normalized mappings of “positive real part” on B plays a funda-
mental role in the study of the Loewner differential equation. As in [Ko3], we shall
introduce various subsets of M, and consider properties of the corresponding solu-
tions of the Loewner differential equation.

Definition 1.1 Letg: U — Cbe a holomorphic univalent function such that g(0) =
1, g(¢) = g(¢) for ¢ € U (so, g has real coefficients in its power series expansion),
Re g(¢) > 0 on U, and assume g satisfies the following conditions

(1.1) miny¢|, Re g(¢) = min{g(r), g(~)}
) max¢|—, Re g(¢) = max{g(r),g(—r)},

for r € (0,1). For example, the assumption (1.1) is satisfied by all functions which
are convex in the direction of the imaginary axis and symmetric about the real axis
(see [He-Sh]).

Let

M, = {p € H(B) :p(0) = 0,Dp(0) = I,

Llz(p(z)) €gU),ze B\ {0}, € T(z)} .

|2l
Note that, if [, € T(z) then

HTIHZZ(p(Z)) =1+0(||z]) =1 asz—0.

For g(¢) = (1 +¢)/(1 — {), { € U, we obtain the well known set M; = M of
mappings with “positive real part on B’ i.e.

M= {peHB):p0)=0,Dp(0) =1I,Rel(p(z)) >0,z€ B\ {0}, € T(2)}.

We first establish coefficient estimates and upper bounds for the growth of map-
pings in M (compare with [Kol]). These lead to the conclusion that M is compact.

Theorem 1.2 Let p € M and P,, = %D"’p(o) for m > 1. Then the following
assertions hold:
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@) |lZ(Pm(z))’ < 2form > 2, ||z|| = 1andl, € T(z). These bounds are sharp
when B is the unit ball of C" with respect to a p-norm, 1 < p < oo.

(i) ||Pu(2)|| < 2k, form > 2 and ||z|| = 1, where k,, = m™/("=D),

(iii) for each r € (0, 1) there is a constant M = M(r), which is independent of p, such
that || p(2)|| < M(r) for ||z|| < r.

In fact M(r) < uf—’r)z.

Proof Fixz € C"with ||z|| = land ], € T(z). Letq(¢) = %lz(p(Cz)) for € U\{0}
and g(0) = 1. Then g is holomorphic on the unit disc and Reg({) > 0 on U.
Indeed, since there is a one-to-one correspondence between T(«z) and T(z) given by

Io.() = ‘;—xllz(), for each o € C\ {0}, we obtain for ¢ € U \ {0} that

Req(¢) = Re ~L,( p(¢2)) = ﬁl@( p(C2) > 0.

¢

Thus g belongs to the Carathéodory class and hence
L o
a0 <2, m=2
m!

(see e.g. [Po]). On the other hand, using the Taylor expansion of g, we obtain

a0 =143 g™ (0)C"
m=1

14 le(%Dmp(O)(z’”)) I
m=2 '

Consequently, identifying the coefficients in the power series expansions, we deduce
that

4" = L(D"pO)E), m>2

The desired bounds in (i) now follow. In order to see that these bounds are sharp on
the unit ball of C" with respect to a p-norm, 1 < p < oo, let |A| = 1 and

1+)\Zl 1+)\Zn)/

P(Z): (211*)\217“-’an*)\2"

forz = (z1,...,2,)’ € B. Then p € H(B), p(0) = 0, Dp(0) = I and using the
expression of T(z) in [Su2, Section 2] we can show that Re lz(p(z)) > 0 for all
z€ B\ {0}and !, € T(2).

We next prove the second statement. Our proof depends on an inequality given
in [Har] (also see [Har-Re-Sh]) which uses the numerical radius of a homogeneous
polynomial mapping to estimate the norm. Harris’ result is that if P,,: C" — C"isa
homogeneous polynomial mapping of degree m, then

[Pl < kin|V(P)|, m>1,
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where k,, = m™/ "= when m > 1 and k; = e [Har, Theorem 1]. In this inequality
the norm of P,,, is
[Pm|| = sup{[|Pm(2)| : z € B},

and |V (P,,)| is the numerical radius of P,,, that is

|[V(Pn)| = h?lo sup{|A| : A € V(Pmys)},

where P, (z) = P,,(sz), 0 < s < 1, and V(P,,;) is the numerical range of P,, , i.e.,
V(Pps) = {L(Pns(2) : L € T(2), ||z] = 1}.

Now, let P, = %D’” f(0). Then P,, is a homogeneous polynomial of degree m
and thus we obtain
[Pl < K|V (P

Taking into account the first part of the proof and the above relations, we easily de-
duce that
V(Pn)| <2, m2>2,

and consequently
1Pl < 2kpm, m > 2.

This completes the proof of (ii). Finally it suffices to apply (ii), to deduce that

lp@I <+ [Pl < (1423 k™)
m=2 m=2

o0
4r
1 .
< r(1+4m§_2:mrm ) =M < ao Msr<,

where we have used the fact that k,, < 2m for m > 2. This completes the proof.

Corollary 1.3 The set M is compact.

Proof It is clear that M is a normal family. Suppose that {pi}i>1 is a sequence of
mappings in M which converges locally uniformly to p € H(B). Then p(0) = 0,
Dp(0) = I, and if z is fixed with ||z|]| = 1 and I, € T(z), the function

1L(p(Ca), ¢#0
—_J¢
q(¢) {1’ c=0

is holomorphic on U and satisfies Re q(¢) > 0. But q(0) = 1 and hence Re g(¢) > 0
for ( € U by the minimum principle for harmonic functions. This implies that
peM

The basic existence theorem for the Loewner differential equation on B (see [Pf,
Theorem 2.1]) can now be improved by omitting the boundedness assumptions on
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h(z,t). This property follows automatically from the fact that M is compact. We note

that for the case of the maximum norm || - ||, it is shown in [Por1, Corollary 1] that
1+
e ol < 12 L e g iz
1= ||z

We also explicitly state that the solution is locally Lipschitz in ¢ locally uniformly
with respect to z € Brather than just locally absolutely continuous in t. The Lipschitz
property may be used together with a version of Vitali’s theorem in several complex
variables (Theorem 1.9) to show that the exceptional set of measure 0 in ¢ for which
the differential equation is not satisfied is independent of z.

Theorem 1.4 Let g: U — C satisfy the assumptions of Definition 1.1 and let h;(z) =
h(z,t): B x [0,00) — C" satisfy the following conditions:

(i) foreacht >0, h(-) € Mg;
(ii) for each z € B, h(z,t) is a measurable function of t € [0, 00).

Then the limit

(1.2) tlirglo ev(z,s,t) = f(z,s)

exists locally uniformly on B for each s > 0, where v = v(z, s, t) is the unique solution
of the initial value problem

v
. — = — et > = z.
(1.3) En h(v,t), aet>s, v(s)=z

The mapping v(z,s,t) = €'z + - - - is a univalent Schwarz mapping on B and it is
a locally Lipschitz function of t > s locally uniformly with respect to z € B.

Moreover, f(z,s) = f(v(z, s, t), t), z € B0 <s <t < oo (thus f(z,s)isa
Loewner chain), f(z,-) is a locally Lipschitz function on [0, 00) locally uniformly with
respect to z € B, and for a.e. t > 0,

%(Z, t) = Df(z,t)h(z,t), Vze€B.

Proof We have to show that f(z, t) is alocally Lipschitz function of t € [0, co) locally
uniformly with respect to z € B, and for almost all t > 0,

%(z, t) = Df(z,t)h(z,t), Vz€B.

The other conclusions can be obtained directly from [Por3, Theorems 2 and 3] and
[Pf, Theorem 2.1]. (It is observed in the proof of [Pf, Theorem 2.1] that v(z,s,t) is a
locally Lipschitz function of t > s locally uniformly with respect to z € B.) We will
use similar arguments to [Porl, Lemma 4].
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Fixzp € Bandlet 0 < s < t < 0o. From (1.3) one deduces that

t
v(z,$,t) — 20 = —/ h(v(zo,s7 T),T) dr.

Since [Pf, Lemma 2.2] holds on the unit ball of C" with respect to an arbitrary
norm, we conclude that

[ e P

(1.4) - |
(1- Hv(:/:,s,t)H)2 (1—||z]})?

z € B.

On the other hand, from the statement (iii) of Theorem 1.2, we obtain
(1.5) [[v(z0, 5, 1) — 2z0|| < M([|zo][)(t — 5).

From (1.2) and (1.4), we deduce that

|12l
D<€ , €B,s>0,
WEOIS e 26552

and using Cauchy’s integral formula it is not difficult to prove that for all T > 0 and
r € (0,1) thereisan L = L(r, T) > 0 such that

(1.6) [f(z1,8) = f(z2, )| < Lllzs = 22, &l <1 ||lzall <7yt €10, T].
Consequently, using the relations (1.5) and (1.6), we obtain

||f(ZO7S) - f(207t)|| = H f(V(Z(),S,t),t) - f(ZO)t)H
< L[v(z0,5,1) — 20]| < LM(t —s) = K(t — ),

for 0 < s <t < T. Therefore, f(zy,-) is Lipschitz on [0, T] locally uniformly with
respect to zy, for each T > 0.
It remains to prove that

%(z, t) = Df(z,t)h(z,t), ae.t>0,VzeEB.

For this purpose it suffices to differentiate both sides of the equality

flz,5) = f(v(z,5,1),1)

with respect to ¢ and to use (1.3), to deduce that
ov 0
0= Df(W7 t)|w:v(z,s,t) E (Za S, t) + 8—{(W’ t)|w:v(z,s,t)

0
= 7Df(W7 t)|w:v(z,s,t)h(v(za S, t)a t) + %(Wa t)|w:v(z,s,t)7
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for almost all # > s > 0 and all z € B. This completes the proof.
Taking into account Theorem 1.4 we introduce the following definition (cf. [Por1],
[Ko3]. Also see [Ha-Ko2]).

Definition 1.5 Let g: U — (C satisfy the assumptions of Definition 1.1. Also let
f € H(B). Wesay f € Sg(B) if there is a mapping h: B x [0,00) — C", satisfying
the assumptions from Theorem 1.4, such that

tlim ev(z,t) = f(2)

locally uniformly on B, where v = v(z, ) is the unique solution of the initial value
problem

% = —h(v,t), ae.t>0, v(z,0) =z,
forallz € B.

The set Sg(B) is called the set of mappings which have g-parametric representation
on B (¢f. [Ko3]). If g(¢) = (1+¢)/(1 — ¢), we denote the set Sg(B) by S°(B), and
we call this latter set the set of mappings which have parametric representation on B (cf.
[Porl], [Ko3], [Ha-Ko2]).

It is clear that S3(B) C S°(B) C S(B) and in the case n = 1, S'(U) = S, by
[Po, Theorems 6.1 and 6.3]. However, if n > 1, S(B) is a larger set than S°(B). On
the other hand, we shall prove that in several complex variables there are mappings
which can be imbedded in Loewner chains without having parametric representation
(Example 2.12).

In the rest of this paper we shall study certain properties of the set Sg(B), in par-
ticular growth and covering theorems and bounds of coefficients of mappings in
Sg(B). These results generalize to the case of the unit ball with respect to an arbitrary
norm some results obtained by Poreda [Porl1] in the case of the unit polydisc and by
Kohr [Ko3] in the case of the Euclidean ball. Also Hamada and Kohr [Ha-Ko2] ob-
tained certain results concerning parametric representation of univalent mappings
on bounded balanced convex domains with the Minkowski function of class C' in
C" \ {0}. We shall see that the most important subsets of S(B) are also subsets of
Sg(B) for certain values of g.

We next give the following result which may be used to generate many examples
of mappings in Sg(B) (respectively S°(B)). This result is a consequence of [Pf, Theo-
rem 2.3] and [Por3, Theorem 6].

Lemma 1.6 Let f: B x [0,00) — C" be such that f(-,t) € H(B), f(0,t) = 0,
Df(0,t) = €I, foreacht > 0 and f(z,-) is a locally Lipschitz continuous function of
t € [0, 00) locally uniformly with respect to z € B. Let g: U — C satisfy the conditions
of Definition 1.1 and let h: B x [0, 00) — C" satisfy the requirements of Theorem 1.4.
Suppose that

of

E(z7 t) = Df(z,t)h(z,t), ae t >0,
forall z € B. Further, assume there exists an increasing sequence {t,,} such thatt,, > 0,
ty, — 00 and

Tim e~ f(z, 1) = F(2)
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locally uniformly on B. Then f(z,t) is a Loewner chain and
tlim ev(z,s,t) = f(z,s)

locally uniformly on B for each s > 0, where v = v(z, s,t) is the solution of the initial
value problem (1.3). Hence f(z) = f(z,0) € Sg(B).

In connection with the above result we say that a mapping f(z,t) is a g-Loewner
chain (¢f. [Ko3]) if f and g satisfy the assumptions of Lemma 1.6. In the case of one
variable, if g({) = (1+¢)/(1 — (), ¢ € U, a g-Loewner chain is a Loewner chain in
the usual sense, by [Po, Theorem 6.2].

Let Sé(B) denote the set of those mappings in S(B) which can be imbedded in g-

Loewner chains. Thatis, f € S;,(B) if and only if there is a g-Loewner chain f(z,t)
such that f(z) = f(2,0),z € B. When g(¢) = (1+¢)/(1 — (), let S;,(B) = S(B).
Combining the results of Theorem 1.4 and Lemma 1.6, one concludes that SE(B) =
Sé(B) and therefore,

S°(B) = S§(B) C S(B).

Example 1.7 Let0 < ¢ < 1andlet f: B — C" be a normalized locally biholomor-
phic mapping on B such that

(1+ lzZDIDf(2)] ' D*f(2)(z,)|| < 2¢c, z€ B.
Then f € SY(B), where g(¢) = (1+¢{)/(1 — (), ¢ € U.

Proof In [Ha-Ko-Li, Theorem 4.2] and [Ha-Ko4, Theorem 3.2] it is shown that if f
satisfies the above assumption, then f is starlike on B. Therefore f(z,t) = €' f(z) is
a Loewner chain. Moreover, if p(z) = [Df(z)]"'f(z) — z, z € B, then in the proof
of [Ha-Ko4, Theorem 3.2] it is proved that ||p(z)|| < ¢ for z € B. Since p € H(B),
p(0) = 0, it follows in view of the Schwarz lemma that

lp2| <cllzll, ze€B.

Hence, if h(z,t) = [Df(z)] 7! f(z) for z € Band t > 0, then it is obvious to deduce
that

|(1 — cz)lz(h(z, t) — z) — 2|2 | <2c||zl|, ze€B\{0}, € T(z),t>0.
This relation is equivalent to

1 1+ 2
H Cl< = 2eB\{0},LeT(),t>0.

”712(}1(2,1‘)) 12l ST

Therefore we have shown that h(z,t) € My, z € B, t > 0, where g(¢) = (1 +¢()/
(1 — ¢€). Moreover, since

lim e f(z,1) = f(2)
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locally uniformly on B and since f(z, t) satisfies all assumptions from Lemma 1.6, we
conclude that f(z) = f(z,0) € Sg(B), as desired. This completes the proof.

Example 1.8 Let f: B — (C" be a normalized locally biholomorphic mapping on
the unit Euclidean ball B of C" such that

(1= [DIPf1 7' D*f(2)(z, )] <1, z€B.
Then f € S°(B).
Proof Let
fz,t) = flze™) + (¢ — e ")Df(ze )z, z€B, t>0.

In [Pf, Theorem 2.4] it is shown that if f satisfies the above assumption, then f(z, t)
is a Loewner chain and thus f is biholomorphic on B. Also if we let

E(z,t) = —(1 — e *)[Df(ze )] 7'D*f(ze ") (ze”","), z€B,t>0,
then in the proof of [Pf, Theorem 2.4] it is shown that ||E(z, t)|| < ||z||. Moreover, if
h(z,t) = [I - E(z,1)]"'[I + E(z,))(2), z€B, t>0,

then h(-,¢) € H(B), h(0,t) = 0, Dh(0,t) = I and Re(h(z,t),z) > Oforz € B\ {0}
and ¢ > 0. Therefore h(z,t) € M. Further, since lim;_.o e~" f(z,#) = z locally
uniformly on B, one concludes in view of Lemma 1.6 that f(z) = f(z,0) € S°(B).
This completes the proof.

Pfaltzgraff remarks that the constant 1 in the hypothesis of Example 1.8 must be
strengthened to 1/3 if instead of the Euclidean norm we use an arbitrary norm of C"
(see [Pf, p. 67]).

We conclude this section with a result which gives a sufficient condition for a
Loewner chain to satisfy the generalized Loewner differential equation. The proof
makes use of a version of Vitali’s theorem in several complex variables (see e.g. [Na,
p-9D).

We recall that a set of uniqueness for the holomorphic functions on a domain 2 C
C" is a subset Q of {2 with the property that if ® is a holomorphic function on
and ®|q = 0 then ® = 0. We note that there exist countable sets of uniqueness, for
example any countable dense subset of €2 is a set of uniqueness.

Theorem 1.9 (Vitali’s Theorem in Several Complex Variables) Let €2 be a domain
in C" and let Q C (Q be a set of uniqueness for the holomorphic functions on 2. Suppose
that {®y}r>1 is a sequence of holomorphic functions on ) which is locally bounded
and which has the property that {®y}x>1 converges for all z € Q. Then there exists a
holomorphic function ® on Q2 such that &, — ® locally uniformly on Q.
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We note that this theorem also can be applied to holomorphic mappings whose
target space is C".

Theorem 1.10 Let f(z,t) be a Loewner chain which is locally Lipschitz in t locally
uniformly with respect to z. Then there is a mapping h = h(z,t) such that h(z,t) € M
foreacht > 0, h(z,t) is measurable in t for each z € B, and for a.e. t > 0,

(1.7) %(z, t) = Df(z,)h(z,t), Vz € B.

Moreover, if there is a sequence {t,,} such that t,, > 0, t,, — cc and

lim e ™ f(z,t,) = F(z)

m—o0

locally uniformly on B, then f(z) = f(z,0) € S°(B).

Proof First we prove (1.7). To this end, let v = v(z, s, t) be the transition mapping
defined by the chain f(z,t), i.e.

f(z,s):f(v(z,s,t),t), z€B, 0<s<t<o0.

Taking into account the normalization of f(z,t), we deduce that Dv(0,s,t) = &~ 'I
fort > s > 0. By using the subordination property and applying the mean value
theorem to the real and imaginary parts of the components of f, we obtain

(1.8)
%[f(z,t+r)—f(z,t)] = %[f(z,t+r)—f(v(z,t,t-i—r),t—f—r)]

1
:A(z,t,r)(—[z—v(z,t,t-l—r)]), zZ€EB, t>0,r>0,
r

where A(z,t, ) is a real-linear operator which tends to the invertible complex linear
operator Df(z,t) as r — +0. In view of this we deduce that the difference quotient
in the first member of (1.8) has a limit as r — +0 if and only if the same is true of
the difference quotient in the last member of (1.8). Since f(z,t) is locally Lipschitz
in t locally uniformly with respect to z, the difference quotients on the left-hand side
of (1.8) are locally bounded holomorphic functions of z. Let Q be a countable set of
uniqueness for the holomorphic functions on B. For each z € Q the limit as r — +0
of these difference quotients exists except when ¢t € E,, where E, is a subset of [0, co)
of measure 0. The set E = | J{E, : z € Q} also has measure 0, and Vitali’s theorem
implies that for t ¢ E, the difference quotient on the left-hand side of (1.8) has a limit
as r — +0 which is holomorphic in z. Moreover, since ¥(z, s, t) is a Schwarz mapping
and Dv(0,s,t) = eI, the difference quotient on the right has a limit h(z, t) in M,
by [Su2, Lemmas 1 and 3]. The mapping h(z, t) is measurable in t € [0, 00) for each
z € B, since %(z7 t) and [Df(z,t)]~! are measurable in ¢.

Finally, it suffices to apply Lemma 1.6 with g(¢) = (1 +¢)/(1 — (), to deduce that
f(z,0) € S°(B). This completes the proof.
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Remark 1.11 In higher dimensions, univalent solutions of the generalized Loewner
equation (1.7) need not be unique (c¢f. [Bec2]). For if f(z,t) is a Loewner chain
which satisfies the differential equation (1.7), and if ®: C* — (" is a normalized
entire biholomorphic mapping, not the identity, then g(z,1) = ®( f(z,t)) isanother
Loewner chain satisfying (1.7).

2 Main Results
2.1 Growth Results for Mappings in S3(B)

One of the main results of this section is a growth theorem for mappings in Sg(B). To
this end, we need to use the following lemma (cf. [Ko3]).

Lemma 2.1 Let g and h satisfy the assumptions of Theorem 1.4. If v = v(z, s, t) is the
solution of the initial value problem (1.3), then

@21) ] ex /'Z" [ ! _1}@
' ? l[vizs. L max{g(x), g(—x)} x

2] { 1 dx

< vz, s, )| < €l7]| exp/

[Iv(z,s,0)l

)

min{g(x),g(—x)} ! X

forz€ Bandt > s> 0.

Proof Fixs > 0andz € B\ {0} and let v(t) = v(z,s,t). Also let ], € T(z). Then for
all t,t’ with s <t < t’, we have

dav(r)
dr

VOl = D] | < vt — v < H /

t
</
t

by the statement (iii) of Theorem 1.2. Hence ||v(¢)| is absolutely continuous for
t € [s,00) and thus ||v(¢)|| is differentiable a.e. on [s, 00). Moreover,

= reln(5)]

forl, € T(V(t)) a.e. on [s, 00), by [Ka, Lemma 1.3]. Equivalently,

dTH

dv(t)
dr

ar = [ -notonn) | ar < v - o),

ol _
ot

On the other hand, let p: U — C be given by

(b, D), C#£0
—2¢ [E
p(©) {1, o

(2.2) - Re[lv(h(v, t))] , a.e.on[s,00).
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Then p € H(U), p(0) = g(0) = 1, and since h(z,t) € M, we deduce that
p(¢) € g(U) for ¢ € U. Indeed, since there is a one-to-one correspondence between
T(az) and T(z) given by L,,(-) = %lz(-), for each « € C\ {0}, one deduces that
Lz () = L(-), and thus for ¢ € U \ {0} we have

s ( (o)) = g (me(ep))
HCH T cz/|z|< (¢ HI)) € o(U).

Therefore p < g, and by the subordination principle we deduce that p(U,) C g(U,)
for each r, 0 < r < 1. Next, in view of the maximum and respectively the minimum
principle for harmonic functions, we conclude that

min{g(|¢]),g(=|CN} < Re p(¢) < max{g(|¢]),g(=[¢D}, (€U.

For ¢ = ||z|| in the above relations, we obtain

(2.3) |||l min{g(||z]}), g(—lz])} < ReL(h(z,)) < |z]| max{g(||z[}), g(~|lz])}-

We now integrate in both sides of (2.2) with respect to ¢t and use (2.3), to obtain

vl dx 1
_/M xmin{g(),g(—)} — Jo (v min{ ([P, g(~ VD) }

t
) d”V(T)H d’TE/ dr =t —s
dar s

and

HVH dx 1
_/m xmax{g(x),g(—x)} S )| max{g(|v)]),g(~Ivll) }
_dllz(:)ll dré/s gr— it

Finally straightforward computations in the above relations yield (2.1), as desired.
This completes the proof.

We now are able to obtain the following growth result for the set Sg(B). This result
generalizes [Ko3, Theorem 2.3].

Theorem 2.2 Let g: U — C satisfy the assumptions of Definition 1.1 and f € Sg(B).
Then

1B 1 dx
(2.4) ||l exp/0 [max{g(x),g(—x)} - 1] -

[Iz]l
< @) < lellew | [

B Y - T
min{g(x),g(—x)} x’ '
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Proof Since f € Sg(B) we have
(2.5) f(z) = lim é'v(z,t)
t—00

locally uniformly on B, where v = v(z, t) is the solution of the initial value problem

v
_— = — .e. > =
ER h(v,t), ae.t>0, v(z,0) =z,

for all z € B. Taking into account the relations (2.1), one deduces that

(2.6)
2l B | 0
z eXp/ |: _ 1:| -
vz L max{g(x), g(—x)} X
ozl < lellexp [ ! dx
<e v(z,t)Szexp/ { i % LeB >0
vz L min{g(x), g(—x)} x
Since
lim ¢'[lv(z,0)] = | f(2)]] < o0,
we must have
Jlim [Jv(z, 0)]| = lim e”"[le'v(z, )| = 0.

Letting t — oo in (2.6) and using (2.5), we obtain the estimate (2.4), as desired.
This completes the proof.

We remark that if f(z,¢) is a g-Loewner chain, then using similar reasoning as in
the above result, we obtain the following growth theorem.

Corollary 2.3 Let g: U — C satisfy the assumptions of Definition 1.1 and f(z,t) be a
g-Loewner chain. Then

I . x
I eXp/o {maX{g(x),g(x)} - 1} x

[Iz]]
<l el < el exp [ [
0

! —1 % zEB, t>0
min{g(x), g(—x)} x’ =T

A case of particular interest in Theorem 2.2 is the case g(¢) = (1 +¢)/(1 = ¢),
¢ € U. We remark that in view of Lemma 1.6, all mappings in $*(B), $.(B) and C(B)
belong to S%(B). To see this, it suffices to observe that the Loewner chains which
characterize the above sets satisfy the assumptions of Lemma 1.6. Therefore, we have
the following inclusion relations

. $*(B) € C(B)  $°(B) and $,(B) C S°(B), || < g
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We have the following growth result for the set S°(B) (cf. [Por1], [Ko3]). In par-
ticular, the growth result for normalized starlike ([Ba-Fi-Go], [Chu], [Ha2]) and
close-to-starlike mappings [Che-Re] can be deduced from Theorem 2.2.

Corollary 2.4 If f € S°(B) then

T g V@IS e 2B

Consequently, f(B) 2 By 4.

Remark 2.5 We remark that if B(p) denotes the unit ball with respect to a p-norm
-1, 1 < p < oo, where

2l = {[23! 21, 1< p < oo

maxi<j<u |zjl, p=o0,

then the result of Corollary 2.4 is sharp. To see this, let

flz) = ((1_2121)2""’(1_an )2> . z=(z1,...,2) € B(p).

Then f is normalized starlike on B(p) (see eg. [Ha-Ko2]) and for z =
(r,0,...,0)" € B(p), with r € ), llz]| = rand || f(2)|| = Moreover,
forz = (—1,0,...,0)" € B(p), wehaveHzH =rand ||[f(2)| = 55

On the other hand from Corollary 2.4 we obtain the followmg 1mportant conse-
quence in higher dimensions.

.
(1 a—-n2-

Corollary 2.6 S°(B) is a normal family. Thus in C", n > 2, S(B) is a larger set than
S%(B).

Actually we believe that S°(B) is a compact set.

2.2 Examples of Mappings in S}(B)

The following result, obtained recently in [Gr-Ha-Ko-Su], gives many examples of
mappings in S°(B) when B is the unit Euclidean ball of C". Properties of the operator
WU, 0,3 have been recently studied in [Gr-Ko-Ko].

Theorem 2.7 Let« € [0,1] and 3 € [0,1/2] be such thata + 8 < 1. If f € S then
\I/nu,ﬂ(f) S SO(B), where

Bas (@ = (e (LE0) () (PE0) (7))

forz=(z1,...,2,) € B. The branches of the power functions are chosen such that

(2

=1 and (f’(zl))ﬁ ‘21:0: 1.

z1=0
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In the case « = 0 and 8 = 1/2 we obtain the Roper-Suffridge extension operator
[Ro-Sul]. Properties of this operator have been investigated in [Ro-Sul], [Gr-Ko].

Next, we consider conditions under which the mapping F: B — (" given by
F(z) = P(z)z belongs to ) (B), where P is a complex valued holomorphic function
with P(0) = 1 and S; (B) denotes the subset of Sg(B) consisting of those normalized
starlike mappings f of B such that

@lz(w(z)) €gU), zeB\{0}, L€ T(2),

where w(z) = [Df(2)] 7' f(z), z € B.
We have the following result:

Theorem 2.8 Let P: B — C be a holomorphic function on B such that P(0) = 1 and
let F(z) = P(z)z, z € B. Also let g: U — C satisfy the requirements of Definition 1.1.
Then F € S;(B) if and only if

DP(z)z 1

1+ ) eg(U), z € B.

Proof We will use similar arguments to those in [Pf-Su2, Theorem 2]. Let L(z) =
DP@() Then
P(z) -
_ 1 zL(2)(-)
DE(z)] ' = —(1- 2222 ) zeB.
[DF&I™ = 55 ( 1+L2z) °

Letl, € T(z), for z € B\ {0}. A short computation yields that

_ ~1 _ z
w(z) = [DF(z)]” F(z) = 1710z
and since I, € T(z), we obtain
1 1
HIZ(W(Z)) - 1+ L(z)z

Therefore we deduce that F € Sg (B) if and only if % € g(U). This completes the

1+L(z)
proof.
We remark that if g(¢) = (1+¢)/(1 — (), this result has recently been obtained in
[P£-Su2].

We shall also give some applications of the above result. We remark that in the case
2(¢) = (1+¢)/(1—), the result below was obtained by Pfaltzgraff and Suffridge [Pf-
Su2]. In this case Corollary 2.9 gives the following extension result: if each f; € %,
j=1,...,n,then F € S*(B).

Corollary 2.9 Foreach j =1,2,...,n,let f;(¢) be a normalized holomorphic function

on U such that CJ}S% < g(C), for ¢ € U, where g: U — C satisfy the requirements
J

https://doi.org/10.4153/CJM-2002-011-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2002-011-2

340 Tan Graham, Hidetaka Hamada and Gabriela Kohr

from Definition 1.1. Moreover, assume 1/g is a convex function on U. If \j > 0 and

Z;’:l \j =1, then

n Aj
(2.7) F(z)—zH<iji@> ., zZ€B,

j=1 !

is a mapping in Sg (B).

Proof Note that since each f; satisfies the assumptions in the hypothesis, we have
fj € S;. Thus the mapping F given by (2.7) is a holomorphic mapping on B, and
also F(0) = 0 and DF(0) = I. Let P denote the product in the statement and let
L(z) = DP(z)(-)/P(z). Then

z]f z;)

1+ L(2)(z) = Z e
J\=]

Jf (z))

IeD) we have
7

and since
8(zj)

1

1+L(2)z  ~ oy 40G)
Zj* )\7 fj](zj)

e g(U).

Finally, it suffices to apply the result of Theorem 2.8 to deduce the desired conclusion.
This completes the proof.

Corollary 2.10 For each j = 1,2,...,n, let f; be a normalized starlike function of
order 1/2 on U and let F be defined by (2.7). Then F € S; (B), whereg({) =1+ (.

We have seen that the class of spirallike mappings of type «, || < 7/2, is a sub-
class of S°(B). However, in general a spirallike mapping relative to a linear operator
need not belong to S°(B). In other words, in higher dimensions there exist mappings
in S(B) \ S°(B), which do not have parametric representation. We have the following
example on the unit Euclidean ball of C":

Example 2.11 Letn=2and f: BC C* — 2,
f(z) = (z1 +az,2)', z=(z21,2,) €B.
LetA: C? — (2, A(2) = (221,22)', 2 = (21,22)" € B. Then m(A) > 0 and
[Df(2)]7'Af(2) = 221,2)", z=(2z1,2)" € B,
hence f is a normalized spirallike mapping relative to A, for all 4 € C. In particular
f € S(B). Leta € Rwitha > 2v/15. Let zy = (0,1/2)". Then f(z) = (a/4,1/2)’

and
||Zo||

| f(z0)]] >2_ ” H)2
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Taking into account Corollary 2.4, one deduces that f ¢ S°(B).

The above observations suggest that one should consider another subset of S(B),
namely the set S'(B) consisting of those normalized biholomorphic mappings of B
which can be imbedded in Loewner chains. Thus

f € S'(B) if and only if there is a Loewner chain f(z,t) such that f(z,0) =
f(z),forz € B.

Combining Theorem 1.4 and Definition 1.5, we have the following inclusions:

. S°(B) = §(B) C S'(B) C S(B).

In the case of one complex variable, S°(U) = S'(U) = S, by [Po, Theorems 6.1,
6.2 and 6.3].

The following example shows that S°(B) is a proper subset of S!(B) in higher di-
mensions.

Example 2.12 (i) As noted in Remark 1.11, if f(z,t) is a (normalized) Loewner
chain and ®: C" — (" is an entire normalized biholomorphic mapping, not the
identity, then <I>( f(z, t)) is also a (normalized) Loewner chain.

We first remark that for any such @ there exists a point zy € C" such that ||®(zy)|| >
lzo||. For otherwise, ® maps B to itself and Cartan’s theorem on fixed points
(¢f. [Ru]) implies that & must be the identity. After conjugation with a unitary trans-
formation, we may assume that there exists p > 0 such that || ®(p, 0, ...,0)| > p.

Now let B be the unit Euclidean ball of C" and consider the Loewner chain

ez ez,

f(Z,t): ((1_21)27.”’(1_271)2) ) Z:(Zla"'azn)/er

whose initial element f(z) = f(z, 0) satisfies

’
0,...,0)[|=———, 0<r<]l.
Hf(r )H (1—7‘)2 r
Choose r such that ﬁ = p, where p is as above. It is obvious that ® o f is the
first element of a Loewner chain, thus ® o f € SY(B), and

|@(fr0,...,0)| > W

In view of Corollary 2.4 we conclude that ® o f ¢ S°(B).
(ii) For example, let n = 2 and ®(z) = (21,2, + 22)’, z = (21,2,)’ € C2. Then ®
is an entire normalized biholomorphic mapping on €. Also if

ez ez

flz,1) = <(121)2,(122)2) , ZEB, t>0,

then

o(f(z,1) =

ez ez, . ezl
1-2z)2" (1—-2) (1—z)*

/
) , z€B, t>0,
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is a Loewner chain. Let f(z) = f(z,0), z € B. It is clear that for each r € (0, 1),

r r2 r
[e(f(r0) ] = (1—r) \VT (1—r)? > 1—r2

Therefore ® o f ¢ S°(B). We remark that {e*t<I>(f(z7 t)) }t>0 is not a normal

family.

Note that if f(z,t) is a Loewner chain which is locally Lipschitz in #+ > 0 locally
uniformly with respect to z € B, and such that {e~ f(z,t)},>0 is a normal family,
then in view of Theorem 1.10, f(z) = f(z,0) € S°(B). Thus f satisfies the growth
estimate from Corollary 2.4.

2.3 Subsets of Mappings in Sg(B) With g(¢) = 1+¢

We next study the set S3(B) when g(¢) = 1+, ¢ € U.
In this case g(U) is the open disc centered at 1 and of radius 1. Therefore,

M, = {p € H(B) : p(0) = 0,Dp(0) = 1,

1
@) 1 <1zeBVo)Le T
Let u € C" with ||u|| = 1 and I, € T(u). For a normalized locally biholomorphic
mapping f on B, let

2c a+

- , a,BeU.
L(IDf(aw) " (flaw) — f(Bu) ) =P

Grla, B) =

Let G denote the set of all normalized locally biholomorphic mappings f on B that
satisfy the condition Re Gf(cr, ) > 0, forall o, 3 € U, || < |a|, u € C" with [|lu| =
1 and I, € T(u). This set, called the set of quasi-convex mappings of type A, has been
recently introduced by Roper and Suffridge [Ro-Su2], as a natural generalization to
higher dimensions of the convex functions in the plane. They proved the inclusion
relation

. K(B) C G C §*(B),

and obtained a number of interesting properties of the mappings in G. In particular

they showed that in the case of the Euclidean norm the 1/2 growth result for the set

K(B) is also valid for the set §. We shall prove that this result remains true in the case

of an arbitrary norm. We shall refer to the set G as the set of quasi-convex mappings.
Now let f € G. In [Ro-Su2] it is shown that f satisfies the relation

El |
Re{ lz([Df(Z)]_lf(z)) } > 7z € B\ {0}, L, € T(2),
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which is equivalent to

L L(IDf@I7' @) —1] <1, zeB\ {0}, L € T(2).

B

If we set p(z) = [Df(z)]7!f(z) and use the above inequality, one deduces that
p € M. Moreover, let f(z,t) = €' f(z). Since f € § it follows that f € §*(B), and
thus f(z,t) is a Loewner chain. If h(z,t) = p(z), z € B, t > 0, then obviously the
differential equation

U (e) = Dfz,Ohzn), z€B, 120,

holds. Since lim;_,oc e " f(z,t) = f(z) locally uniformly on B and h(z,t) € M,,
we see that f(z,t) satisfies all assumptions of Lemma 1.6. Consequently, f(z,t) is
a g-Loewner chain and f(z,0) = f(z) € Sg(B). Therefore we have proved that
G C Sg(B), and thus we have the following inclusions:

o K(B) C G C S(B) withg(¢) =1+¢, ¢ €U.

These inclusions between K(B), § and Sg(B) with g(¢) = 1 + (, were one of
the motivations for considering the set Sg(B). In particular the growth results for

normalized convex mappings on B and quasi-convex mappings can be deduced from
Theorem 2.2 (see [Su4], [Fi-Th], [Ro-Su2], [Ha-Ko3], [Ko2], [Hal]).

Corollary 2.13 Letg(() =1+¢, ¢ € U, and f € S)(B). Then

[l

1= [l2]l”

[l

€ B.
1+ || z

‘ <|f@)| <

Consequently, f(B) D By 5.

Note that the above growth result is sharp in the case of the unit ball B(p) with
respect to a p-norm, 1 < p < oo. To see this, let

Zn

fo= (2 ). 2= ) €BO).

b)
Z 1—2z,

Then f is normalized biholomorphic on B(p) and using the expression of T(z) in
[Su2, Section 2] we can prove that

‘”71”12([Df(2)]_1f(2)) - 1‘ <1, 0<|z]| <1, Le€T().

Thus f € Sg(B) with g(¢) = 1 + ¢. Moreover, for z = (r,0,...,0) with r € [0, 1),
we have ||z|| = rand || f(2)|| = &. Also forz = (—1,0,...,0), ||z]] = rand

1—r"
If@I = -
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2.4 Bounds of Coefficients of Mappings in S}(B)

We now prove the following estimate for the second order coefficients of mappings
in the set Sg(B) (compare with [Porl, Theorem 3] and [Ko3, Theorem 2.4]). Note
that if f(z,t) is a g-Loewner chain, then f(z, 0) satisfies (2.8).

Theorem 2.14 Let g: U — (C satisfy the assumptions of Definition 1.1 and let f €
SE(B). Then

(2.8) ‘ (D2F(0)(w, w)) ’ <lgO)], we, |w|=1,1, e T(w).
Proof Since f € Sg(B), there is a mapping h = h(z,t) € M, such that
flz) = tlim e'v(z,t)

locally uniformly on B, where v(¢) = v(z, t) is the solution of the initial value problem

0

—V(z, t) = —h(v,t), ae.t>0, v(z,0) =z

ot

Let f: B x [0,00) — C" be given by
flz,s) = tlim ew(z,s,t)

locally uniformly on B, where w(t) = w(z,s,t) is the unique solution of the initial
value problem

(2.9) %V: —h(w,t), ae.t>s, w(s) =z,

for z € Band s > 0. Then it is obvious to see that w(z,0,t) = v(z,t), forallz € B
and t > 0, hence f(z,0) = f(z),z € B.
Fixz € B\ {0}, 1, € T(z) and #y > 0. Let

H(h(CEp), ¢ eUN\{0},
— < [
Pto(c) {1’ C _ 0

Then p;, is a holomorphic function on U, and as in the proof of Lemma 2.1 we
have p;,({) € g(U) for ¢ € U. Hence p;, < g, and thus |p;(0)| < |g’(0)| by the
subordination principle.

Since
hto i > = to < ) 2 ) Ua
(ﬂw| TSt AP O )€+ <

we obtain by identifying the coefficients in the power series expansions that

Pa(0) = (D%“m<n|1>>
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Consequently, we deduce the following relation

1 z z
—1, DzhmO(—,—) < 1g"(0)].
2 ( RNENE )‘ o)

On the other hand, since f(z, -) is locally Lipschitz on [0, c0) locally uniformly
with respect to z € B by Theorem 1.4, we deduce that f(z, ) is differentiable with
respect to t for almost all t € [0, 00). Moreover, since f(z, s) satisfies the relation

(2.10)

flz,5) = f(w(z,5,0),1),

we obtain by differentiating the above equality with respect to t and using (2.9) that
for almost all t > 0,

of B
E(z’ t) = Df(z,t)h(z,t), z € B.

Fix T > 0 and integrate both sides of the above equality, to obtain

T
fz.T) — f(z,0) = / Df(z, )hiz, t) dr.
0

For fixed z, let G,: U — C be given by

G:(Q) = f(¢z, T) — f(¢z,0)

and

T
H(C) = / Df(Cz, )h(Cz, 1) d.
0

Then G,(¢) = H,({), ¢ € U and both mappings G, and H, are holomorphic on
U. After simple computations, using the fact that Df(0,t) = €'I, we deduce that

d’H,
ac?

T
(0) = / [2D?£(0,1)(z,2) + ¢ D*h(0, 1) (2, 2)] dt,
0
and hence
T
D*£(0,T)(z,2) — D*£(0,0)(z,2) = / [2D? £(0,t)(z, z) + €' D*h(0, t)(z,2)] dt.
0
By simple transformations this equality is equivalent to the following

T
e_ZTsz(O7 T)(z,z) — sz(O7 0)(z,2) = / e 'D*h(0, 1)(z, 2) dt,
0
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hence

(2.11) e ML (D*f(0,T)(z,2)) — L(D*£(0,0)(z,2))
T
= / 1.(e"'D’h(0,t)(z,2)) dt.
0
As in Corollary 2.3, we have the following estimate

1 . @
min{g(x),g(—x)} x

I
212) el <o [ |
0
Next, using the Cauchy formula

fcu1)

1 1
—D*f(0, T)(u,u) = — ¢, r<1
2! ’ ’ 2T [¢|=r C3 ’ ’
for u € C", ||u|| = 1, and taking into account (2.12), we easily obtain that

lim e*ZTDZf(O, T)(z,z) = 0.
T—oo

If we now let T — oo in (2.11) and use the above equality and (2.10), we deduce

that
1 z z
—1L| D*£(0,0 (——) < 1g"(0)].

Obviously, the above relation is equivalent to

S (D F0,00ww) | < IO, Il =1, 1y € Tow)

Since f(z,0) = f(z), z € B, the proof is complete.
For the norm of the second order Fréchet derivative of a mapping in Sg(B) we have
the following estimate.

Corollary 2.15 Letg: U — Csatisfy the assumptions of Definition 1.1 and f € Sg(B).
Then

H%sz(‘”(z’@H <4lg' O], |z =1.

Proof It suffices to use similar arguments as in the second part of the proof of Theo-
rem 1.2. For this purpose, let P, = %DZ £(0). Then P, is a homogeneous polynomial
of degree 2 and thus we obtain

1P| < 4]V (Py)].

Taking into account (2.8) and the above relations, we easily deduce that

[V(Py)| < |g'(0)]
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and the result now follows. This completes the proof.

For g(¢) = (1 +¢)/(1 — (), ¢ € U, we obtain the following consequence. In
particular, this result is satisfied by all mappings in S*(B). The bound (2.13) was
obtained by Kohr [Ko1] in the case of mappings in $*(B) when B is the unit Euclidean
ball of C". We also note that this bound is sharp in the case of the p-norm, with
1< p<oo.

Corollary 2.16 If f € S°(B) then

(2.13) | (DO w) | <2, wl =1, 1 € Tow)

Moreover

—D*f(0)(z,2)|| <8, |z||=1.

E

It would be interesting to see if the mappings in S'(B) satisfy the above bound.
Note that using the growth result in Corollary 2.4, one may prove that if f € S°(B)
then
e(k+1)

Iz

We leave this bound as an exercise for the reader.

It would be interesting to study the following conjecture in several complex vari-
ables (this could be considered the n-dimensional version of the Bieberbach conjec-
ture for the set S).

Conjecture 2.17 If f € S°(B) then

SO < [ } Ll =1, k>2.

| %IW(Dkf(O)(wk)) [ <k Iwl=1heTon k>2

Remark 2.18 In higher dimensions if f € S°(B) it need not be true that

H k'Dkf(O ( k)H <k |wl=1,k>2.

(However, in the case of the maximum norm the above inequalities are true for
k = 2, as shown by Poreda [Porl], and are open for k > 3. On the other hand, Gong
[Go2, Theorem 5.3.1] has recently proved that if f is normalized starlike on the unit
polydisc of C", then the above bounds hold for k = 2, 3, and are open for k > 4.)

To see this, let # = 2 and consider the space C? with the Euclidean structure. Also
let f(2) = (z1 + az},2,)" for z = (21,2,)" € B. If |a| = 31/3/2 then f is starlike (see
[Ro-Su2, Example 5]). Thus f € S°(B). However, for w = (0, 1), we have

3vV3
=|a|=i>2.

| 502 @) v

For g(¢) = 1+ (, ¢ € U, we obtain the following bound for the second order
coefficients of mappings in Sg(B). In particular, this result is satisfied by all mappings
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in K(B) and G respectively (also see [Kol]). Note that (2.14) is sharp in the case of
the unit ball B(p) with respect to a p-norm, 1 < p < 0.

Corollary 2.19 If f € S)(B) with g({) = 1+ ¢, { € U, then

(2.14) zi!zW(DZf(O)(w,w))‘ <1, |wl|=1,1,eTw.
Moreover,
| 50 @ 0mm| <4 i =1,
and
(2.15) H k'Dkf(O)(wk)H < ek,

fork €N, k>3, and ||w| = 1.

Proof It suffices to prove the bounds (2.15). To this end, fix k € N, k > 3, and
w € C", ||w|| = 1. Using the Cauchy formula

f(¢w)
<k+1

Lpkroywh) =

k' ¢, 0<r<1,

and taking into account Corollary 2.13, we easily obtain

1

] 1 2T 0
e e

Setting r = 1 — 1/k in this inequality gives

DrOh | < k(1+ L) ek

I =

This completes the proof.

Remark 2.20 1t is well known that if f € K(B) and if f(z) = z + Z;?iz Ar(2),
then the homogeneous polynomial Ay (z) satisfies the following bounds (¢f. [Fi-Th],
[Gol], [Ha-Ko3], [Kol], [Pf-Su3]):

lAwll <1, Jwll =1, k> 2.

However, if f € Sg(B) \ K(B), with g(¢) = 1 + ¢, then the above bound need not
be satisfied. To see this, again consider the case n = 2 and C? with the Euclidean
structure. Also let f(z) = (z;+az?,2)" forz = (z,2;)" € B. In [Ro-Su2, Example 9]
it is shown that if [a| < 3v/3/4, then f € G, and hence f € S9(B) with g(¢) = 1 +¢.
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However, if |a| > 1/2, then f ¢ K(B) by [Ro-Su2, Example 7]. If |a| = 31/3/4 and
w = (0,1)’, then

|10 =255

Finally, we remark that another case of spec1al interest in the study of the set Sg(B)
is the case g({) = (1 +¢()/(1 — ¢(), ¢ € U, where 0 < ¢ < 1. Obviously, g is a
univalent function on U that satisfies the assumptions of Definition 1. 1 and more-
over, the image of the unit disc is the disc centered at ”‘ . Let
S{(B) denote the set S3(B) when g(¢) = (1 +¢()/(1 — CC) ce(0,1). In the case of
one complex variable, a g-Loewner chain with g(¢) = (1 + ¢{)/(1 — ¢(), is called a
c-chain [Becl]. The interest of such a chain f(z, ) arises from the fact that its first
element f(z) = f(z,0) can be extended to a quasiconformal homeomorphism of C
(see [Becl]).

In the Euclidean case, Chuaqui [Chu] studied the following subset of $*(B), called
the set of strongly starlike mappings. He proved that these mappings can be extended
quasiconformally to C". Also see [Ha-Ko4].

Definition 2.21 Letz € C", ||z|| = 1 and f € S*(B). We say that f is strongly starlike
if the values of

q@)z%LUDﬂ@H*fK@L <1,

lie in a compact subset of the right half-plane, independent of z and I, € T(z).
Next, let ¢ € (0,1) and f be a normalized locally biholomorphic mapping on B
such that

1+ 2c

(2.16) HH L(DF@I'f@) - 1=5| < =5 z€B\{0}, L€ T@).

Clearly if f satisfies the above assumption, then f is strongly starlike. Moreover,
since f(z,t) = € f(z) is ag-Loewner chain, with ¢({) = (1+¢()/(1—c(), one deduces
that f € S°(B). Also, it is obvious that if f is strongly starlike, then f satisfies (2.16)
for some ¢ € (0, 1) and thus, f € S(B).

From Theorems 2.2, 2.14 and Corollary 2.15 we obtain the following growth re-
sult and coefficient estimates for mappings in S°(B). In particular, if f satisfies the
assumptions of Example 1.7 and ¢ € (0,1), then f € S°(B), and therefore satisfies
the hypotheses of the result below.

Theorem 2.22 Let f € S2(B) withc € (0,1). Then

el L
e = VOI= G e 25

Moreover, )
| S (D@ w) | <2¢ il = 1, 1y € T(w),

and
|32 <se fwi=1.
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