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THE n-DIMENSIONAL HILBERT TRANSFORM OF
DISTRIBUTIONS, ITS INVERSION AND APPLICATIONS

O. P. SINGH AND J. N. PANDEY

1. Introduction. Pandey and Chaudhary [13] recently developed the theory
of Hilbert transform of Schwartz distribution space (D;»),p > 1 in one dimen-
sion using Parseval’s types of relations for one dimensional Hilbert transform
[17] and noted that their theory coincides with the corresponding theory for
the Hilbert transform developed by Schwartz [16] by using the technique of
convolution in one dimension.

The corresponding theory for the Hilbert transform in n-dimension is con-
siderably harder and will be successfully accomplished in this paper. We also
develop the n-dimensional theory of the Hilbert transform to D’(R") by using a
method analogous to that used by Ehrenpreis [4] to extend the theory of Fourier
transform to D’. Further we exploit the result proved in Theorem 10.1 to give the
intrinsic definition of the space H(D(R")) and its topology. Some applications
of our results to solve singular integral equations will be discussed. A related
boundary value problem and its solutions will also be discussed.

2. The n-dimensional Hilbert transform. If f € [P(R"),p > 1 then it is
well known that its Hilbert transform (Hf )(x) defined by

_ L. ot f (@)t
@D ) = 5 limmax e =0 /lnl—;fff” G = 1) = 1) -+ (6 — 1)

i=1,23,...

exists a.e. and (Hf )(x) € LP(R").
It is also known that there exists a constant C,, > 0 independent of f satisfying

22 HOHOl, = Collf -

The existence of the integral in (2.1) and its boundedness property as stated
in (2.2) was proved by Riesz and Titchmarsh [17] for n = 1, and for n > 1
the results were proved by several authors such as Kokilashvile [9] and others.
Riesz and Titchmarsh also obtained the following inversion formula

(23)  (HY)x) = —f(x)ae.

for the one dimensional Hilbert transform.
In this paper we generalize the above inversion formula for n > 1 to the space
LP(R™),p > 1 and then to Schwartz distribution spaces Dj,(R") and D'(R").
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3. Schwartz testing functions space D(R"). The space D(R"),n 2 1 is the
Schwartz testing function space consisting of C* functions defined on R" having
compact support and the C* functions defined on R with compact support will
be denoted by D or D(R). The topology of D(R") is that defined by Schwartz
[16]. Accordingly a sequence {p,,}>2 | in D(R") converges to zero in D(R") if
and only if

(1) ¢1,¢2, 3. ... have their support contained in a compact set K
(i) ¢®(x) — 0 as m — oo uniformly for each |k| = 0,1,2,... on arbitrary
compact subset of R".

The space X(R") is defined to be the collection of ¢ € D(R") which are finite
sums of the form

(3]) HD(\) = Z Pm, (~\'1)4ng(~\'2) e Wm,,(-\.n)

where ¢, € D,Vj = 1,2,...,n. Then we have the following well-known result:

LEmMA 3.1. The space X(R") is dense in the space L”(R"),p > 1 with respect
to the norm topology of L’(R") [18, p. 71].

4. The inversion formula. Note that if ¢ € X(R") and ¢ has the represen-
tation (3.1) then

@n  Hy =Y T[Hpm )
i=1

where Hi(¢p,) £ ©®m,» the classical one dimensional Hilbert transform of ¢,
defined by

1 ¢ m,(fi)dti N
(HMPm, )xi) = ; P/ \p— = Pm (xi).

R (—\‘f - {l)
We are now ready to prove our Inversion Theorem.

THEOREM 4.1. Let H be the operator of the classical Hilbert transform as
defined by (2.1) in n-dimensions. Then ¥f € L'(R")

42 HH) = (=D'fE) ae.

Proof. Equations (4.1) and (2.3) imply that the inversion formula (4.2) is
valid for the subspace X(R") of L”(R"). To prove it on L”(R") let us assume
that / € LP(R") and {¢;}}2, is a sequence in X(R") tending to f in L”(R") as
Jj — 00. Such a sequence exists by Lemma 3.1. Then
@.3) Hf =l = IH = D' = H o= Do)l

=[IH2(f =) = D' = @llp-

https://doi.org/10.4153/CJM-1990-014-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-014-4

n-DIMENSIONAL HILBERT TRANSFORM 241

Now H : L”(R") — LP(R") is a bounded linear operator [9], therefore H? is
also a bounded linear operator from L”(R") into itself. Therefore by (4.3)

IH?f = (=1'Fll, S KlIf = @ill, = 0 asj— oo
Hence
@44)  Hf =(1f
in the L7(R") sense and so a.e. as well.

S. The testing function space D;»(R"). A complex valued function defined
on R” belongs to the space D;,(R"),p > 1 if and only if

(1) ¢ € C*(R"),

(ii) oW e L'(R"), V|k| €N,

where
(1) = D* (1)
= Dj'dy - D"t
o
D,p = a—f i=1,2,....n
k= (kthv'--vkn)
and

k[=> ki keN, i=12...n
i=1

The topology on the space D;»(R"). The topology over D, ,(R") is generated
by the separating collection of seminorms {Y,}|k| € N where

1/p
(5.1) m-)(vﬂ):(/ |<p‘“(r)l”df) (20].
Jre

Therefore, a sequence ¢; converges to ¢ in D;»(R") as j — oo if and only if
Yu(pj — ) — 0 asj— o0, V[k| € N.

A sequence ¢, is said to be a Cauchy sequence in D;(R"Y) if and only if
VIk| €N

7(/()(99;11 - ‘pn) — 0 asm,n— o0
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independently of each other.
The space D;»(R")(1 < p < 00) is sequentially complete, locally convex
Hausdorff topological vector space [20].

Note (1). If ¢ € Dy»(R") then ¢®(x) — 0 as |x| — oo for each |k| € N [16].
(2) If ¢; is a sequence tending to zero in D;»(R") as j — oo then for each
|k| € N

(,p;")(x) — 0 uniformly on R" as j — oo.

This result is well known [5, 16].

THEOREM 5.1. The operator H of n-dimensional Hilbert transform as defined
by (2.1) is a homemorphism from Dy »(R") onto itself.

Proof. The result is well known for n = 1, see [13, 16] and we use this fact
to prove the result for n > 1. For ¢(¢) in Dy »,(R"),p > 1, let us define

(52) (H[<P)(tl7t27'"7t1717xi7[i+17"'7tn)
— lP/ ¢(t17[27"'7ti717yi7[i+l7"'7tn)
us R Xi — Vi

= (,_0(1‘1,[2,.. sy lim1y Xiy tisly ey tn)-

dy;

It is easy to see that if f € LP(R") then

HfYx) = (H\Hy---H;i_{HiHy, -+ - H, f)(x)
= H;H\Hy---Hi_1Hiyy -+ - Hp)f )(x)

(operators H,H;, H3, ... are commutative).
Therefore, for ¢ € D;»(R"),p > 1, we have

(H(QD)(_X) = Hi(@(xlvx27 e 7xiflvti7xi+l7 e 3xn))7
where

@(thz, . '~7-xi—]7ti7-xi+]7 . "7-XI’I)

1 lP/ 90()’1,)727---7yi—l,ti7)’i+l’~--7)?n)
Rr-!

(ﬂ-)nAl n
H(x,- =)
Jj=1
i#i

Xdyy - dyi1dyiv - 'd)’n} .

By successive application of Theorem 5.1 for n = 1, it follows that

S—O(thz, cog Xie Ly Ly Xigly ..,X,,) € DL”(R")'
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When xy,x2,...,X—1,Xi+1,...,X, are kept fixed then it follows that

d d
(53) 5;, (H<P)(X) = Hi a_l, @(xlv-)‘?-, e 7-ri—17{i9/\'i+ls .. 7XII)

d
= H:HH,,...,H;_Hy "'Hngt‘_ Pty oo yty)

dp
=H|— =1,2,...,n.
(at,-)’ i=1,2 n

By successive application of this result it can be shown that
(5.4)  D'(Hp)x) = H(D" p)(x).
Therefore, using (2.2) we have
ID*Hp)l, = IHD* )0, = C,lID* ¢l

Hence,
(5.5) @ €Dr(R"Y=Hp € D »(R").
In view of the inversion formula (4.2), we have
56) Hp=0=¢=0
i.e., H is one to one.

The fact that H is onto follows by the same inversion formula. For if ¢ €

D;»(R™), we have

(5.7 H[Hp)=1D"] = o,

and note that (—1)"Hp € D;,(R"). Therefore H™! exists, and using (4.2) we
have

(5.8) H7'=(=1)H.

Since H is linear and continuous, in view of (5.8) H ™! is also linear and con-
tinuous; thus proving the theorem.

6. The n-dimensional distributional Hillberlt transform. For p > 1, assume
that f € LP(R") and g € LY(R") where — +; = 1. Then it is easy to show
p
that

6.1) (Hf)0)g ()dx = / FOON=1Y'(He)(x)d
Rll

Rn
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In the adjoint notation (6.1) can be written as

We are motivated by the equation (6.2) to define the Hilbert transform of dis-
tributions in n-dimension.

In conformity with the notation used by Laurent Schwartz we will denote
D;,(R™),p > 1 or some time abbreviated as D;, as the dual space of D;4(R")
where

1 1
-+-=1
P 9
Definition. For f € D[ ,(R"), we define the n-dimensional Hilbert transform
Hf of f as an element of D;,(R") satisfying
(63) <Hfa 90> = <f,(—l)nH<p>, V(P S DLV(RH)~
Hyp in (6.3) stands for the classical n-dimensional Hilbert transform of ¢.

It can be easily shown that the functional Hf defined by (6.3) is linear and
continuous on D;(R"™).

Example 1. Find H§ where § € D} ,(R").
From the definition (6.3), we have

1 @(t)dt
= (6,(-1)'=P
< =D " R"(Xl_tl)"'(xn'tn)>
_ (—1)"P/ p(ndt
('_71')" R Ll 50y

1 1
= <—p.v. (————) ,c,o> , Ve € Do(R").
o ity -ty

Therefore

1 1 Al 1
6.4 Hb=—pv.| ——— ) =—pv.|-].
(6.4) prd B (tm---tn) P [[]

Example 2. Find

o2

Operating both sides of (6.4) by H we get

e o 1)
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Hence

(oo [1]) = o

Since the operators H,,H,,...H, as defined in Section 5 are commutative, we
can see that

1 1
WV _— =pyv.| —mmm
P <f1f2“'fn) P (fi.fiz"'fin)

where iy, i,i3,...,1, is a permutation of 1,2,...,n.

7. Calculus on Dj ,(R"). Let f € D;,(R"). Then the distributional differen-
tiation on D} ,(R") is defined as follows

(1.1 (D*,9) = (f, (DD ), Yip € Dyu(RM, g = 1% p> 1

Now we prove the following

TueoreM 7.1. Let f € Dj ,(R") then

D*Hf = HD*f.

Proof.

Hf ,(=1)¥IDX ), Voo € Dpo(R™)
£, (=)"H(=D¥D*p)
D*f,(—=1)"Hyp)

HDf, ).

(D*HF ) =

o~ o~ o~ —~

Hence the Theorem 7.1 is established.

Example 3. Solve in Dj ,(R") the operator equation
(12)  y=Hy+/f,

where f € D} ,(R"),n > 1.

Solution. Operating both sides of (7.2) by H and applying the inversion
Theorem 4.1 and using (7.3) we get

(73) Yy = (D' =f+Hf.
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Case (i): n is odd

Hf +f

S

Case (ii): n is even
(7.5) (7.3) = Hf = —f.

Therefore solution to (7.2) does not exist if

(7.6)  Hf # —f.
If Hf = —f is satisfied then there exists infinitely many solutions and in this
case

y :g is a solution to (7.2).
If g;’s are such that they satisfy
(7Y  Hy=y

then

B f m
(7.8) y= 5t ;Cigiv

where C;’s are arbitrary constants, satisfies (7.2).
The fact that there exists non-zero solutions to Hy = y (n even) follows
easily; for

y = e100)¢2002) - @alyn)
+ (Hy o) D)H200)(32) - - (Hy ) ),

where ¢; € D, satisfies Hy = y when # is even, and

y = (HIQDI)(YI)' . '(Hn@n)(yn) - Wl(yl)' . @n(yrz)

satisfies

Hy = —y.

There do exist non-zero y’s not satisfying

Hy ==y
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when 7 is even.
As an example if we choose

y = H(Hfsaf)(y,-) + H @i(yi)
i=1 i=1
where ¢; € D such that y # 0, then it does not satisfy Hy = —y, when n is
even. It is still an open problem to determine the whole class of solutions to
y=Hy+f

when Hf = —f is satisfied for n even.

8. The testing function space H(D(R")). A complex valued C* function
o defined on R” belongs to the space H(D(R")) if and only if ¢(x) is the n-
dimensional Hilbert transtform of some (t) in D(R"). Hence ¢ € H(D(R")) &
there exists 1(¢) in D(R") such that

v(n)

R X — t

1
(8.1) px) = o P dt = H,
where the integral is being taken in the Cauchy principal value sense and (v —1t)
in (8.1) is interpreted as

H(«V,‘ — ).
i=1

The topology of H(D(R")) is the same as that transported from the space D(R")
to H(D(R")) by means of the Hilbert transform H. Therefore a sequence ¢, in
H(D(R™)) converges to zero in H(D(R")) if and only if its associated sequence
Y, converges to zero in D(R"), where Hy, = ¢,,Vn € N.

THeoreM 8.1. Let H(D(R™)) and D;»(R") be the spaces defined as before.
Then

(1) HID(R™) C D;»(R") and H(D(R™)) is dense in D;»(R").

(i) Convergence of a sequence in H(D(R")) implies its convergence in
D;»(R").

Hence the restriction of any f € D], (R") to H(D(R") is in H'(D(R")).
Therefore

H'(D(R") D D, (R").

Proof. (i) Since D(R") is dense in D, »(R") and

onto

H : DL/!(R”) —‘—)DL/Y(R”)
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is homemorphism, we conclude that H(D(R")) is dense in D.,(R"). [See also
14.]

(ii) Let ¢; — 0 in H(D(R")). Then there exists a sequence 1); — 0 in D(R")
as j — oo such that Hvy; = ¢;. Now using equation (2.2) and (5.4), we have

lefll, = Cplle?ll, — 0 asj— oo,

Remark. In view of the Inversion Theorem 4.1,
H : H(D(R") — D(R")
is linear and continuous.
9. The n-dimensional generalized Hilbert transform. The generalized
Hilbert transform Hf of f € D’(R") is defined to be an ultradistribution

Hf € H'(D(R™)) such that

O.1)  (Hf,0) = (f,(=1)'Hp), Yy € HDR")

where Hep is the classical Hilbert transform defined by (8.1). If g € H'(D(R")),
its Hilbert transform Hg is defined to be a Schwartz distribution by the relation

92)  (Hg,p)=(g,(=1)"Hyp), Vy € DR").
Let g = Hf, for some f € D'(R"). Then

93)  (H’f,p) = (Hf ,(=1)"Hp)
= (f,H?p)
=(f,(=1)"¢p)
= H? = (—1)"I on D'(R").

Definition 9.1. The derivative D*g of an ultra distribution g € H'(D(R")) is
defined as follows:

9.4)  (D*g.¢) = (g,(—=D*Dry),

for every ¢ € H(D(R")).
THeorEM 9.2. Let f € D'(R"), then

©.5)  HHY =H(D).
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Proof.
(DHFf, o) = (Hf ,(=1)D* ), Vi € H(DR"))
= (f, (=D HD* o)
= (£, (=D DFHLY  (from (5.4))
= (D*f,(—1)"Hyp)
= (HD'f, ).
Example. Solve in D'(R")
dy o
5;[‘ + H‘a?] = 5()()

We rewrite the equation in the form

d
Fy y + Hf ] = 6(x) = 6(x1) ¥ 6(x2) * - - - % 6(xy).
X1

Then

y+Hf = h(x;) *6(x2) * - - - 6(x,)
+C (X2, X3, ..y Xp)-

10. An intrinsic definition of the space H(D(R")) and its topology. In
this section we will give an intrinsic definition of the space H(D(R")) and its
topology. We also now give some lemmas to be used in the sequel.

Lemma 10.1. Let {p,}%2, be a sequence of functions tending to zero in
Di»(R"yasv— o0 ie.,

Yilpy) — 0 asv— oo V|k| €N,
then for each |k| = 0,1,2,...

©® 0 as v — oo uniformly ¥x € R".

Proof. The lemma is well known [5, 16], but a very simple proof can be
given as follows:

(10.1)  o®x) = (6(1), eP(x — 1)), Vi € DLo(RY).

In view of the boundedness property of generalized functions [20] there exists
a constant ¢ > 0 and an r = (ry,r2,...,r,) and |r| = r; +ry + - -+ r, such that

PP £ €Y, (00— 1) 120, p. 8-19]
< O] (@M
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where

7?01 = 'YJ()| and 'YLA‘ = max 7(/).

L=l
Therefore
|<py ()| = C7| \(gaff ) —0 asv— o0
independently of x. This completes the proof of the lemma.

LemMma 10.2. Let o(t) € D(R") then as y — 0% ie., y; — 0" Vi = 1,2,

3,...n
(1)
1 Vi Y2
10.2) — -
( ) s R,,w (H—-\'l)2+y12 (tz—)fz)z*'\’2
Yn
o4 D »(R" 1.
(tn — x0)> +y2 (e inbL®D.p >
(ii)

(10.3) /p(r)H[(t —-\)2+\ ]dt

—»P/ Tﬂ—df n DL/r(Rn),[) > 1.
R

e -
i=1
(1i1)
(104) n—m / @([)H [([’ — X )2 +) ]
I
(ti —x;) +y?

i=m+l

- (Hm e H3H2Hl LP)(—"‘l s A2,y Xy Xmt1s - ‘~\'N)
inD,(R", m=1.2,....n(p >1).

(iv)

—x7,)
(10.5) ;;7/ ‘P()H[(r, — X)) +y} ]
n \Y
— " |dt—
X H [(f/,—.\'[,)z'*‘ylz,} [

i=m+1
(HI”,H/,,,...l . 'H[l QP)(' . "\‘II . .’\‘[2 . .X/m . .)
inD (R, p>1, m=1,2,3,...,n
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Proof. (i) For the proof see [7, p. 400].
(ii) Denoting the L.H.S. expression in (10.3) by 7"F(x), we see that

. I
FO () = - / 20(0) H (t,—x,)2+y, dr.

By successive application of Fubini’s Theorem and [17, Theorem 101, p. 132],
it follows that

”F(k)(x)”ﬂ = C,;'”‘P(k)(x)“m

where C, is a constant independent of ¢ and y;, y2,..., yn.
Since the space X(R") is dense in D;»,(R"), p > 1, it is easy to show that

(10.6) [|[FP@) —He® )|, =0 asyi, y2,..., yu— 0.

A much more general result is proved in [15, Theorem 3.2].
(iii) follows as a result of (i) and (ii) and (iv) is only an elementary variation
of (iii) and can be proved similarly.

Lemma 10.3. Let z; € C for j = 1,2,3,...,n where z; = x; + iy; and
Xj,y; € R. For ¢(t) € D(R"), define a function F as a mapping from C" to C
by

(10.7) F(z) = / —,,-—W—)—

H(fi —z)

i=1

dt,

fyi#0Vi=1,2,...,n; and
(10.8)  F(z1,22, ..y Zic1yXiy Zitly - - 5 Zn)

= E[F(zlv"‘7zi717x(‘+72i+la-~'72r1)

+F(Zla--'7Ziflsxrvzi+lv~~~azn)]v

if yi = 0, for some i,1 =i < n.
Then limy_+ F(z) converges uniformly to

Z(iﬁ)"*lHj,ng ~-Hjp, Vx€eR"

Proof. Since z; = x; +1y;,Vj = 1,2,...,n;

F() = / s@(t)H[((:j x’)“y’]dt,
]

xj)? +y?
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as y — 0%, (in view of Lemma 2 (ii)),

!
Foy=> /R () [H TR

m=1

n—I n—1 .,
% H U Vin dt
(1, =X, +;

m=1

and the result follows in view of Lemma 2 (iv). Now we come to our central
problem of defining the space H(D(R")) intrinsically and we need the following

Definition 10.1. A holomorphic function v(z) defined on the complex n-space
C" belongs to the space W if and only if the following properties hold:

(Py): ¥(z) is holomorphic outside the intervals a; = x; = b;,i = 1,2,3,...,n
(the interval depending upon (z)).

p oo L)
il - -zl

as |z;] — oo, Vi, for each fixed & satisfying [k| = 0,1,2,3,....

(P3): (a) For each fixed |k| = 0,1,2,3,...,9%)(z) converges uniformly Vx €
R" as y — 0.

(b) For each fixed |k| = 0,1,2,...,9*)(z) converges uniformly Vx € R" as

y—0".
(P4): w(:l',:Z-,'-~7:17|7-xi~:1'+|~~--'»:n)
1 +
= o[V 220 2 X Zikd s ey 20)
2
+w(.?],:'z.....Z,’,,1..’(,-7,3,+|....,Z,,)]. i=1,2,3,....nm
where
- - £ .
U122 ey T 1 X Tikl e s AR
= lim Y(zi, 22,0y Zinen s n)-
vi—0!

THEOREM 10.1. A necessary and sufficient condition that a function Y (z) de-
fined on the complex n-space C" belongs to the space Y is that there exists a
p(1) € D(R") satisfving

(10.9) w(:):/ #d!, Imz #£0,Vi=1,2.3,..., n,
| ()
i=1
(10.10) — pv f a0 dr.,
R" (11 w:l)"‘(l‘,—.Y,')"'(I,,'“Z,,)
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when Im z; = 0 for some i,1 =i = n.

Proof. Necessity: If 1(z) € ¥ then in view of the properties (P;),¥(z) as a
function of x € R” is a member of D;»(R") for a fixed y # 0 (i.e., for each
component of y € R” non-zero). Now from (P,) and (P,) it follows that if
{ym ¥, is an arbitrary sequence in R” such that ||v,]| — 0 as m — oo then

me(x + in)l) - w(k)(-‘. + i}'l)”l? —0

as [,m — oo independently of each other. Therefore {W(x + iy,)}>> , is a
Cauchy sequence in D;»(R"),p > 1. Since D;»(R") is sequentially complete
there exists a function ¥, (x) in D, »(R") such that

Hm Y(x +iyy) = ¥e(x) in D (R, p > 1.

m—00

Since {y,} is an arbitrary sequence in R” tending absolutely to zero it follows
that

(10.11) IE& Y +1y) = Yu(v) in Dy (R").

Similar arguments show the existence of a function y_(v) in D, ,(R") satisfying

(10.12) ,l_if(r)‘, Y +iy) =v_(x) inD (R, p>1

and hence is the uniform limit (from Lemma 10.1) with respect to every x € R".
In quite a similar way it can be shown that

w(zlazb ...,Z,‘,],X,-i,z,'_,,l, “-7:!:) € DI./’(RH)
for each fixed z; € C,1 =j = n and j # i. Therefore
(1013) 1/)(31722“--a:irh-\.i‘,:iH«-~~-:n)

+ —

1
= 3 (V1,22 X 2+ 20 X ey )]

belongs to D;»(R"),p > 1 for fixed y;,y2,..., Vie1sVigls---sVn £ 0, where
yj =Imz;, 1 =j=n,j#i. Since ¢(z) is analytic outside the interval [a;, b;] on
the X;-axis, hence

(21522 ey Xy Zy) — (120 X ) =0

outside [a;,b;] on the X; real line, Vi = 1,2,...,n. Using Cauchy’s integral
theorem it can be shown that

1 ] .
(10.14) — / [’lﬁ(ﬂ.lz, e Zj—ls (1, + IEV/')7 Zjtls e ,Z,,)Idf,

270 oo 1 = 5
=Y(z1,200 ..oy Zjo1a 5 € o, 2), I >0
=0 Imz <O0.
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Letting ¢, — 0" in (10.14), we have

00
1
(]015) 57;/ i - w(Zh"'72_/'*]7[;72_[4]7~'-7Zn)dtj

oo i —Zj
= "7[)(217227-”72_/7'“7211)7

Imz,>0
=0, Imz <O0.

Similarly we can show that

1 SO _
(1016) i 1/)(2172% . -'72_['—]7[.,' s Zjtly - ~7Zn)d[j

ol =z

= ‘w(zlvz%“'7;/7-'-7211)7

Imz_,<0
=0, Imz >0.

Therefore, combining (10.15) and (10.16) we get

1 1 +
(1017) '2_7_”' Iw(ZhZZa'-'vzj—htj7Zi+lv'--7zr1)

oo i =z

—Y(z1, 22, .. '7Z_f'fl7{jvvzj+lv cen 7Zn)]dtj

=Y(z1,22,...,2,), Imz;#0; 1=j=n.
In view of Lemmas 2 and 3 and (P,) it follows that

(1()18) 1/)(217227 ey Zj— 15Xy Zjaly - 72")

= : : [d)( t
= P Z19Z205 ey Zj—],
2 l ) 15425 s 4j—1

L J?
oo I — X;

Zitly .- 'vzn) - ¢(217227 . ~-7Zj—lvlf,'_7zj+lv .- 7211)](1[/'

(10.19) _—_p'v./oo 021,22, ..y Zj 15 by Zjwls - -5 Zn)

dt;
R o
—o0 Xj — I

where

(10.20)  —2miB(z1,22, . 5 tjy ...y Z0)

=@ 22 s Z0) = )

Clearly 6(zy,...,t,...,2z,) = 0 when ¢ -4 la;, b;]. Exploiting the Lemmas 2, 3
and (P4) once again it can be proved that

(1021) d)(zlszv cees i1 Xy Zjw s ooy 2l 15 XI5 Zl Ly - e 7Zn)

00 00 . - - -
=pw / / [n(“hZZ?“'7Ziv~lalf/'74_j+17~"7‘-/—[7tlvz[+l~,~"7“n)
~00 J —00

dtdt |,
(G =10 = 1) o
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for a suitable n(z1,22,...,t,...,1,...,2,) vanishing whenever ¢; o4 [aj, b;] and
t; & [a;, by]. Carrying similar arguments one can show that there exists ¢(f) €
D(R") with support contained in ¢; = t; = b; Vi = 1,2, ..., n; such that

(10.22) w(x,,xz,...,x,,):p.v./ _0 4

n
R"
H(Xi — 1)
i=1

Now using (10.17) and repeating the technique of contour integration etc. (as
used in deducing (10.17)) it can be shown that there exists ¢(¢) € D(R") satis-

fying
p()dt

e -

J=1

?

(10.23) w(z):/

when
Imz,;éOV,,l §] g n.

It can easily be seen during the course of derivation that ¢’s used in (10.21)
and (10.22) are the same. This completes the proof of necessity.

Sufficiency. Assume that ¢(f) € D(R”) and define a function ¥(z) and a
mapping from C” to C by the relation

(10.24) 1/)(2):/ _e®0

RN n
H(’/ —z)
j=1

dt,

when

Imz;#0Vj,1 =j=n

(1)
10.25) =p.v. dt
(10.25) =p» /R (=20 s — 2 ) — %) (g — 20

when Im z; = 0 for some j, 1 = j = n.

The support of ¢(f) is contained ina; = t; < b;,i = 1,2,...,n. Using (10.23)
and (10.24) now it follows quite easily that (P;), (P,), (P3) and (P4) follow. This
completes the proof of Theorem 10.1.

Theorem 10.1 demonstrates one to one correspondence between the space ¥
and H(D(R")). We, therefore, can define the space H(D(R")) in a genuinely
intrinsic way as follows:

A C* function ¥(x) defined on R” is said to belong to the space H(D(R"))
if and only if there exists a holomorphic function 1(z) defined on C” satisfying
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(Py), (P2), (P3) and (P4). In other words ¥(x) € H(D(R")) if and only if ¥(x)
can be extended uniquely as a holomorphic function satisfying (P;), (P,), (P3)
and (Py).

The convergence of a sequence {w”,(x)}jjf: , to zero in the space H(D(R"))
can be defined in an intrinsic way as follows:

A sequence {1, 102, in H(D(R")) converges to zero in H(D(R")) if and only
if

(1) the associated functions ,,(z) in accordance with Theorem 10.1 are ana-
lytic outside a closed n-box H;’:l[al-. b;] of R" or else 1,,(x) is analytic outside
a fixed closed n-box []_,[a;, b;l.

(ii) Ym(x) — 0 in Dy, (R™) as m — o0.

Clearly if {«p,,,(x)}ﬁzl is a sequence in D(R") tending to zero in D(R") as
m — 00 and

(10.26) ¥, (x) = p.v. / _en®
JR
[Te -
j=1
V) :/ ”(pL,)df’ Imz;#0 Vi=1,2,...,n,

H(f/ - z)

J=1

then 1,,(z) is analytic outside the closed intervals a@; = x; = b;,j = 1,2,....m;

and
: DY, (t
[)kd),,,(x) = p.v./ T’f_(“)_ dt.
RN
[To -
Jj=1
Therefore

HDkwm(X)Hp = CpHstH,, — 0 asm— o0.

m

Hence, (1) and (ii) are satisifed.
If however, (i) and (ii) are assumed then there exists closed intervals a; =
t; = b; containing the supports of all

@,,I(X) = (_Lz> / —Mdf
m R

" n
H(’/ — X))
j=1

Therefore

' 1
el ol = ﬁ%”“ﬁﬁy“n —0 asm— o0
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i.e., pm(x) — 0 in Dy »(R") as m — oo. Therefore, by Lemma 10.1, ¢, (x) — 0
uniformly Vx € R” as m — oo. By (i) all ¢,,(x) have supports contained in a
fixed n-box Hj'-’zl[aj, b;]. Therefore if ¢,,(x) — 0 in H(D(R")) as m — 0o then
the associated sequence {¢,, o) tends to zero in D(R") as m — oo. Thus we
have proved that

em — 0in D(R") as m — 00 & ¥, — 0 in H(D(R")) as m — oo.

Thus the conditions (i) and (ii) together describe intrinsically the convergence
of a sequence {9, }°°_, to zero in H(D(R")) as m — o0.
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