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1. I n t r o d u c t i o n . If 
00 

• S t 
(1 .1 ) f(s) = f e" F ( t )d t s > 0 

0 
and 

. , a k - l oo , „ 
a r „ , x, ( a t ) r - a t x a k - l T ( a k - l ) , ,„, N1 

(v) 
a > 0, k = 1, 2, 3, . . . ; w h e r e L is the L a g u e r r e p o l y n o m i a l of 

o r d e r v, defined by 
/ x z - v k 

(1 .3 ) L k (z) = —— (e z ) v > - l , 
dz 

then we s h a l l show tha t unde r c e r t a i n condi t ions 

l i m L ^ [f( . ) ] = F ( t ) . 
k->oo 

Fo l lowing the i n v e r s i o n t h e o r y , two r e p r e s e n t a t i o n t h e o r e m s 
a r e g iven . The p r o o f s of t he se t h e o r e m s fol low e a s i l y along the 
l ines of Widder [4, Ch. VII] and a r e t h e r e f o r e o m i t t e d . 

The o p e r a t o r (1 .2) can be w r i t t e n in d i f fe ren t f o r m s . Sub
s t i t u t ion of ( 1 . 3) in (1 .2 ) and i n t e g r a t i o n by p a r t s y i e lds 

The au thor i s indebted to P r o f e s s o r P . G . Rooney for s o m e 
helpful c o m m e n t s . 
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, v a k - l oo k i -, , 

0 dx 
( 1 . 4 ) 

, , .k . , a k - l oo , , ,, , 
( - D (at) f - a tx ak+k-1 (k) 

k l r ( a k - l ) J e X t W a x , 

p rov ided the i n t e r m e d i a t e t e r m s obta ined by i n t e g r a t i o n by p a r t s 
v a n i s h . The i n v e r s i o n o p e r a t o r in th is f o r m was g iven by 
A. E r d é l y i [ l ] wi thout deve lop ing the r e s u l t i n g i n v e r s i o n and r e 
p r e s e n t a t i o n t h e o r i e s . F o r a = 1, i t is the W i d d e r - B o a s i n v e r 
s ion o p e r a t o r [4, § 2 5 ] , 

Ano the r f o r m of (1 .2 ) i s ob ta ined by o b s e r v i n g tha t if a 
funct ion g of x t has d e r i v a t i v e s of a l l o r d e r s in bo th x and t 
then 

(1 .5 ) x" — g ( x , t ) = t~ —r g(xt) . 
at axk 

— a tx ale 4*k "* 1 
L e t g(xt) = e (tx) , a > 0, then by ( 1 . 4) and ( 1 . 5) 

a k - 1 - k oo k , , 

a k - 1 oo k , , 
a r - k o r - a t x , .ak+k-1- , , . , , , 

ki r (ak- i ) i x ^ k " [ e ( t x ) l f ( x ) d x 

a k - 1 ,k „ , , oo 
a d ak+k-1 /• a k - 1 - a t x „ , xn _ 

= k ' .r(ak-l) ^ k ^ i X e f ( x ) d x > 

The fol lowing r e s u l t s a r e f r e q u e n t l y employed in the s e q u e l : 
oo k 

(1.6) f e-2 ttVL (v ) ( t l d t ^ f r ^ y ' î 1 * 
0 k k l z V + k + 1 

z / 2 
/* 7\ | T ( V ) / N | . e r ( v + k + l ) /A , 
( 1 .7 ) | L k ( z ) | < v V k + 1 ' ( 0 < z < o o ) 

kl z 

See for e x a m p l e [2, Ch. 10, § 12(32), and § 18(14)] . 
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2. E x i s t e n c e and P r o p e r t i e s of the O p e r a t o r . 

T H E O R E M 2 . 1 . If F ( t ) € L ( 0 , R ) for e a c h R > 0 and 
1 

CO - \ 

/ t ° |F ( t ) | d t < c o , 
R X 

o 
for s o m e X > 0, then (1 .1 ) e x i s t s for s > 0; if k > k n " . > 

a ° 
L, ff(. )] e x i s t s for e a c h t > 0 and 

k, tL n 

^ / i ,i v oo k . . a k - 1 ^, , _ 

/? n T
a rn r<ak+k> f u (at) F(u)du 

{ 2 , 1 ) L k , t L f J - k i r ( a k - l ) •/ , ^ .ak+k 
0 (at+u) 

<_ x 
_ . _. - s t o 
P r o o f . Since e t a t t a i n s i t s m a x i m u m at 
- 1 

t = X s , i t fol lows that for R > 0 
o 

co R -X -X oo - \ 
f e " S t [ F ( t ) [ d t < / | F { t ) [ d t + e ° X s °J t ° J F ( t ) | d t < co. 
0 0 R 

Hence f(s) = *C(F;s) e x i s t s for s > 0. By h y p o t h e s e s and (1 .7 ) 

with v = a k - 1 and z = a tx i t i s e a s i l y s e e n that for k > k = — 
o a 

1 r a t x , . a k - 1 | x (ak-1) , v • . r - x u . , . ^ 
r ( a k , D J e <atx> l L k ( a t x ) j d x / e | F ( u ) | d u 

X 
o a 

e x i s t s for e a c h t > 0. T h e r e f o r e , if k > k = — , L, ff(. )] 
o a k, t 

e x i s t s for e a c h t > 0. F i n a l l y , the u s e of F u b i n i ' s t h e o r e m and 

an a p p l i c a t i o n of (1 .6) wi th z = ( — - 1 ) and v = ak- 1 yie Id s 
3.1 

- a tx ^ ^ ^ a k - 1 T ( a k - 1 ) 

"0 

co 
r a m 1 r - a t x . a k - 1 (ak-1) , x ,{ v . 

CO CO 

1 /» - a t x . , a k - 1 „ ( a k - 1 ) . . , /• - x u ^ , . , 
; — - / e a tx 1 / ' ( a tx )dx / e F (u )du 
k -1) J k «̂  

r ( a k - l ) 

°° - a t x ( l + u / a t ) . a k - 1 ( a k - 1 ] 
= r ( a k . 1 ) J F ( u ) d u J e (atx) 1 ^ (a tx)dx 
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00 K ArC — A 

T(ak+k) ç u (at) F(u)du 
= k i r ( a k - l ) J 0 ( a t + u ) ak + k • 

The next theorem yields a relation involving the Laplace 
transform of the operator. 

1 X ' i 

THEOREM 2.2. If x" f(x)eL (R,oo) and x ° f(x)eL (0,R) 
1 1 

for each R > 0 and some X > 0, then 
o 
00 

(2.2) g(x) = J e " ^ u"1£(u-1)du 
0 

exists for x > 0. 

X -1 a 
(2.3) If in addition k > k = —, cr L -1 [g(. )] exists for 

o a k, or 
a 

cr > 0, L [f(. )] exists for almost all t > 0, and 
00 

(2.4) / e ^ ^ W . J J d t ^ - ^ ^ - l f g t . ) ] . 

Proof. Since 

fR - i , , r 1 / R - l , - l , - l 
J x |f(x)|dx= J v |f(v )|dv (v=x ) 
0 0 

and 
R X -1 oo -X 

/ x ° | f ( x ) | d x = / v °v" 1 | f (v" 1 ) |dv 
0 1/R 

- 1 
the hypotheses of Theorem 2.1 with R replaced by R are 

-1 -1 
satisfied by the function x f(x ). Hence (2.2) exists for x> 0 

X Q 

and if k > k =— , or L - l[g( .)] exists for cr > 0. Now, 
o a k, cr 

since |f(x )J satisfies the same hypotheses as f(x ), 

ak-1 oo - ax , , . oo 
a r -jr ak-1 , (ak-l).ax, . r - x u - l t r / - 1 i , 

— £ J e Œ x |L* ' (—) |dxj e u |f(u )|du<oo. 
o- T(ak-l) 0 0 

Also, by (1.7) with v = (ak-1), z = ats and hypotheses 
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00 00 
r i./ xf , r - a t s -c r t , , a k - 1 . ( a k - 1 ) , . . 

J | f ( s ) | d s j e (a t s ) | L* ' ( a t s ) [ d t 

GO CO , 1 0* % 

r ( a k + k ) f
R

 r ° ° l £ ( s ) | d s 
kl 0 i (^)ak-V* + ,r) 

Z as 2 

w i j-i \ o a k R ^ a k ~ 1 °° i ^ 

r ( a k + k ) r 2 /* - l i . . i a r a k - 1 . . . . , 

<-~~ i—-J s l f ( s ) l d s + — r r - J s £(s) d s } < co. 
k ' a 0 cr a k R 

Hence , applying F u b i n i ! s t h e o r e m twice , we ob ta in 

k . 1 QQ , a x 

- l T a - -, a r o- a k - 1 (ak-1) ax 
a" I ^ - l [ g ( . ) ] = - ^ — — • / e x L k ( - ) g ( x ) d x 

o- T ( a k - l ) 0 

i A a x 

a k " 1 °° ~ ~ i ^ / i A \ °° A A 

a r a k - 1 (ak-1) ax r - x u - 1 - 1 
— J e x L ( — ) d x j e u £(u )du 
cr r ( a k - l ) 0 0 

1 A a X X 

a k - 1 oo - — co -— 
a r ^ a k - 1 (ak-1) ax /• s - 1 - 1 

: — J e x L£ ( — ) d x j e s f ( s ) d s ( s = u ) 
a- r ( a k - l ) 0 0 

. t ax x 
a k - 1 co co - — - " s 

a -A -
/ s - ^ a j d a / e x ^ ' V ^ " 1 } ( ^ ) d x 

ak 
cr J?(ak-1) 0 0 

alr-'l CO CO 

a f r , ^ r -as t -o- t . . a k - 1 T ( a k - 1 ) . ^ ... ,x_ / f(s ds e (st) L (a ts dt (— = t , 
- 1 ) Jn J A k ( r s r ( a k - x ; 0 0 
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00 00 

1 c _ ( r t , r - a t s , . a k - 1 T ( a k - 1 ) , . . . . , 
= r ( a k - 1 ) J e d t j e (a ts) Lj^ ' ( a t s ) f ( s ) d s . 

Since cr L - l [g(- ) ]> c > 0, e x i s t s for k > k = — , i t 
K, o* o a 

fol lows tha t the i n n e r i n t e g r a l above e x i s t s for a l m o s t a l l t > 0 
X X 

and k > k = — . Tha t i s , for k > k = — , L_ [f( .) l e x i s t s 
o a o a k, t 

for a l m o s t a l l t > 0 and 

00 
-o-t T a r./ M , - 1 . a 

i 
"0 
/ • ^ . t W - n " - ' L î . , - i i «« -« 

3. I n v e r s i o n T h e o r y and " F u n d a m e n t a l " R e p r e s e n t a t i o n 
T h e o r e m . 

T H E O R E M 3 . 1 . If the h y p o t h e s e s of T h e o r e m 2 . 1 a r e 
sa t i s f i ed , then a t e a c h point t > 0 of the L e b e s g u e se t of F 

l i m L* [ f ] = F ( t ) . 
k - o o K t 

P r o o f . By T h e o r e m 2 . 1 , f(s) = <£(F:s) e x i s t s ; for 
X^ 

X > 0 ,LL [£(.)] e x i s t s for e a c h t > 0 and 
O rC , C 

k > k = - 2 
o a 

a ^ r ( a k + k ) ( a t ) a k " 1
 r ° ° q k F(u)du 

k, tL J k i r ( a k - l ) J , ,ak+k 
0 (at+u) 

_ r(ak+k)(at) f r r r r k 
- k'.r(ak-l) { i + J + J + J >u F ( u d ? V ; 0 t -5 t t+5 , ^ ,ak+k 

(at+u) 

= I l + I 2 + I 3 + I 4 " 

k - a k - k 
w h e r e t > 5 > 0. Since u (at+u) i s an i n c r e a s i n g funct ion 

k + X o - a k - k 
of u in ( o , t - 5 ) and for suff ic ient ly l a r g e k, u (at+u) 
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a decreasing function of u for u :> t + 5, a straightforward 
calculation shows that both I and I tend to zero as k-*co. 
M 1 4 
Now 

= r(akfk)(at)ak"1
 r

t + ô ukF(u)du 
3 k'.r(ak-l) J , ,ak+k 

t (at+u) 

r(ak+k)(at)ak"1
 r

t + 5 k - h ( u ) _ , . , 
kir(ak-i) { e F (u ) d u ' 

where h(u) = log u - (a+1) log (at+u). Since 

and 

h'(u) = - - -77 1 , h'(t) = 0 
u at+u 

h"(u) = - - 7 + a M
2 , h" ( t )< 0, 

u (at+u) 

Widder [4, Theorem 2b, Chapter VII, § 2, pp.278] applies, so 
that 

lim I = — ~ - a. e. 
k o £* 

- * 0 0 

The same argument is applicable to the remaining integral 
I , only now Widder [4, Corollary 2b, 2, Chapter VII, § 2; pp. 279] 

must be used to obtain 

lim I = -^~ a.e. 
k-*oo 

Hence 

lim Juf [£] = F(t) a.e. 
k, t 

k-*oo 

which proves the theorem. 

The following theorem is fundamental in the representation 
theory. 

THEOREM 3.2. If x"1 f(x) € L (R, 00) and 
1 
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X - 1 
x f (x)€ L (0, R) for e a c h R > 0 and s o m e X > 0, then 

1 o 
00 

l i m / e" 0 ^ L £ [ f ( . ) ] d t = f(cr) a . e . 
k-*co 0 

X 
P r o o f . By T h e o r e m 2. 2, for k > k = — / 0 a 

(3 .1 ) / e - ^ L ^ ^ J J d t ^ " 1 l ^ ) ( r - l [ g ( . ) ] 

w h e r e g(x) i s defined by ( 2 . 2 ) . Also s ince 

1/R , , oo 
J u |f(u ) | d u = / v" | f (v) |dv<oo (u~ =v) 
0 R 

and 
co -X R X - 1 

J u ° u |f(u ) | d u = J v ° | f (v) |dv<oo, 
1/R 0 

- 1 
T h e o r e m 3 . 1 with R r e p l a c e d by R i s a p p l i c a b l e to the 

- 1 - 1 - 1 
funct ion u f(u ). T h e r e f o r e , r e p l a c i n g t by cr , we obta in 

l i m L - 1 [g( . )] = or f(cr) a . e . 
R, or 

k-*oo 

Hence by (3 .1 ) 

co 

-crt a r , / M , , . - 1 T a l im f e * " L a F f ( . ) ] d t = l i m i r " \ - l [ g ( . )] = f (cr) a. 
k-*- oo 0 k-*-oo 

4. R e p r e s e n t a t i o n T h e o r e m s . The following t h e o r e m s 
a r e now e a s i l y obta ined f r o m the p r e v i o u s s e c t i o n and s o m e we l l 
known weak c o m p a c t n e s s a r g u m e n t s (See e . g . [ 4 , p . 33]). 

T H E O R E M 4 . 1 . A s e t of n e c e s s a r y and suff ic ient con
d i t ions for f to have a r e p r e s e n t a t i o n (1 .1 ) wi th F ( t ) € L (0, oo), 

P 
p > 1, i s tha t 
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(4.1) f(x) is continuous in 0 < x < oo, 

(4.2) f(x) = 0 ( x { 1 " p ) / p ) , x - 0 , x -oo 

and 

(4.3) | |L? [ f ] | L < M , 

where M is independent of k. 

THEOREM 4 . 2 . A set of necessa ry and sufficient con
ditions for f to have a representa t ion (1.1) with 

ess sup |F( t ) | < M 
0< t<oo 

is (4. 1), 

-1 
(4.4) f(x) = 0(x ) as x-*oo, x -* 0+ 

and 

(4.5) | L £ t [ f ( . ) ] | < M, 0 < t<oo . 
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