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Abstract

Suppose that E and E’ denote real Banach spaces with dimension at least 2 and that D C E and D’ C E’
are domains. Let ¢ : [0, c0) — [0, 00) be a homeomorphism with ¢(f) > 7. We say that a homeomorphism
f:D — D' is -FQC if for every subdomain D; C D, we have ¢~ (kp(x,y)) < kp (f(x), f3) < @(kp(x,y))
holds for all x,y € D;. In this paper, we establish, in terms of the jp metric, a necessary and sufficient
condition for a homeomorphism f : E — E’ to be FQC. Moreover, we give, in terms of the jp metric, a
sufficient condition for a homeomorphism f : D — D’ to be FQC. On the other hand, we show that this
condition is not necessary.
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1. Introduction and main results

During the past few decades, modern mapping theory and the geometric theory of
quasiconformal maps have been studied from several points of view. These studies
include Heinonen’s work on metric measure spaces [5], Koskela’s study of maps
with finite distortion [7] and Viisidld’s work about quasiconformality in infinite-
dimensional Banach spaces [15-19]. Our study is motivated by Viisild’s theory of
freely quasiconformal maps in the setup of Banach spaces [15-17]. The basic tools
in Viisdld’s theory are metrics and the notion of uniform continuity between metric
spaces; in particular, the norm metric, the quasihyperbolic metric and the distance
ratio metric are used. We begin with some basic definitions and the statements of our
results.
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Throughout the paper, we always assume that £ and E’” denote real Banach spaces
with dimension at least 2, and that D C E and D’ C E’ are domains. The norm of
a vector z in E is written as |z| and, for each pair of points z;, 7, in E, the distance
between them is denoted by |z; — z3|. The distance from z € D to the boundary 9D of
D is denoted by dp(2).

For each pair of points z;, zp in D, the distance ratio metric jp(z1,72) between z;
and 7, is defined by

lz1 — 22l )
min{dp(z1),dp(z2)} /)

The quasihyperbolic length of a rectifiable arc or a path @ in the norm metric in D
is the number (compare with [2, 3, 15])

|dz|
(@) = f .
a dD(Z)
For each pair of points zj, z; in D, the quasihyperbolic distance kp(z1,z;) between

71 and z; is defined in the usual way:

kp(z1,z2) = inf {3 (@),

Jp(z1,20) = log(l +

where the infimum is taken over all rectifiable arcs « joining z; to z; in D. Gehring and
Palka [3] introduced the quasihyperbolic metric of a domain in R”. Many of the basic
properties of this metric may be found in [15]. We remark that the quasihyperbolic
metric has been recently studied by many people (compare with [4, 6, 8—12]).

Dermnition 1.1. Let D € E and D’ € E’ be domains, and let ¢ : [0, 00) — [0, o0)
be a growth function, that is, a homeomorphism with ¢(7) >¢t. We say that a
homeomorphism f : D — D’ is ¢-semisolid if

kp (f(x), f() < @lkp(x, )
for all x, y € D, and ¢-solid if both f and f~! satisfy this condition.

The special case ¢(f) = Mt (M > 1) gives the M-quasihyperbolic maps, or briefly
M-QH. More precisely, f is called M-QH if

kp(x,
_D;); Y <k (F), O < Mkp(,)

for all x and y in D.

We say that f is fully ¢-semisolid (respectively fully ¢-solid) if f is ¢-semisolid
(respectively ¢-solid) on every subdomain of D. In particular, when D = E, the
subdomains are taken to be proper ones in D. Fully ¢-solid mappings are also called
freely p-quasiconformal mappings, or briefly ¢-FQC mappings.

If E=E =R" then f is FQC if and only if f is quasiconformal (compare with
[15]). See [1, 14, 21] for definitions and properties of K-quasiconformal mappings, or
briefly K-QC mappings.
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It is well known that for all z;, zp in D, we have (compare with [15])
l(a) )

dp(z1), dp(z2)}

where I' is the class of all rectifiable arcs joining z; and z; in D. Hence, in the study of

FQC maps, it is natural to ask whether we could use the jp metric to describe FQC or

not. In fact, we get the following conditions for a homeomorphism to be FQC.

<inf G (@) = kp(z1,22), (L.1)

in(z1,22) < infl (1
Jp(z1,22) gér 08 +min{ el

TueEOREM 1.2. A homeomorphism f : E — E’ is ¢1-FQC if and only if for every proper
subdomain D C E

@' (ip(x,3) < jor (f(), f) < @2(jn(x,y)) (1.2)
for all x,y € D, where ¢ and ¢, are self-homeomorphisms of [0, oo) with ¢;(t) >t
(i=1,2) for all t, and ¢, @, depend only on each other.

THeOREM 1.3. Let ¢ : [0, 00) — [0, 00) be a homeomorphism with ¢(t) > t for all t, and
let f: DG E — D' G E’ beahomeomorphism. If, for every subdomain D C D,

¢~ (b, (6, 9) < jo (F(), FD)) < @(jp, (x.)) (1.3)
forall x,y € Dy, then f is ¢,-FQC with ¢; = ¢ (¢). Moreover, if D; = D and ¢(t) = Mt
(M > 1), then f is M-QH.

THeEOREM 1.4. The converse of Theorem 1.3 is not true.

The proofs of Theorems 1.2—1.4 will be given in the next section.

2. The proofs of Theorems 1.2-1.4

For convenience, in what follows, we always assume that x, y, z, . . . denote points in
D and x’,y’,7,... denote the images in D’ of x,y,z,... under f, respectively.

Before the proofs of our main results, we list a series of results which are critical to
our proofs.

DEerintTioN 2.1 [15, Definition 3.6]. Suppose that f: D — D’ is a homeomorphism
withDCE, D' CFE'. LetO<1ty<1andleté:[0,t)— [0,c0) be an embedding with
6(0) = 0. We say that f is (6, fy)-relative if

=y e(lx—yl)

dp (x') dp(x)
whenever x,y € D and |x — y| < todp(x). If o = 1, we simply say that f is O-relative.

Tueorem A [15, Corollary 3.8]. For a homeomorphism f : D — D’, the following
conditions are quantitatively equivalent:

(1) fand f~! are #-relative;

(2) fand f~! are (6, ty)-relative;

(3) fis ¢-solid.

Derinition 2.2 [13, 15]. Let X and Y be two metric spaces, and let 77 : [0, c0) — [0, o0)

be a homeomorphism. An embedding f : X — Y is said to be n-quasisymmetric, or
briefly -QS, if [x" — y'|/|x" — 2’| < n(|x — y|/|x — z|) for all x, y, zin X.
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Tueorem B [15, Theorem 5.13]. Suppose that f : E — D’ C E’ is fully ¢-semisolid.
Then:

(1) D =F;
(2)  fisy-FQC with ¢ = yf,;
(3)  fis p-quasisymmetric with n = 1,,.
Tueorem C [15, Theorem 4.6]. Let f: D — D’ be a homeomorphism with D C E,
D’ C E’'. Then f is M-QH if and only if
e ’ ’
L(x, f)dp(x) <M and L', f7)dp () _ _ dp(x') <
dp (x') dp(x) I(x, fdp(x)

for all x € D, where

L(x, f) = lim sup W=y
y—ox |.X' - )’|

L i ) = timing 22220
y=x |x =y

Lemma 2.3. Let ¢ : [0, 00) — [0, o0) be a homeomorphism with ¢(f) > ¢ for all ¢, and
let f: DG E — D' ¢ E’ be ahomeomorphism. If, for every x,y € D,

Jo (f(0), fF() < ¢(jp(x, ¥)),
then f is (6, s)-relative, where 0(f) = e#2(1021+/(1=)) _ | and s € (0, 1) is a constant.
Proor. Let 0 < s < 1 and x,y € D with |x — y|/dp(x) =t < 5. Then
dp(y) = dp(x) = |x = y| > (1 = $)dp(x),
whence

lx —y| < lx =yl
min{dp(x),dp(y)} = (1 — s)dp(x)’

and therefore

/ 7
|;C Ey/)| < W) ] < o#Une) _ | < elloa(+/(1-9)) _ 1 _ g(p).
DX

which shows that Lemma 2.3 holds. |

2.1. The proof of Theorem 1.2. We first prove the sufficient part and we assume
that f : E — E’ is ¢1-FQC. By Theorem B, we know that f is n-quasisymmetric, where
n =1n,,. Let D be a proper subdomain in E. For x,y € D, by symmetry, to prove (1.2)
we only need to prove the right-hand-side inequality. Without loss of generality, we
may assume that dpy (x") < dp/(y"). Choose a point z € dD such that |x" — 7’| < 2dp (X).

Now
|x" = 'l lx" = y'| (Ix—yl) (Ix—yl)
<2 <2 <2 ,
dp () = =21 - M=) = N
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whence

) < log(l + 277(5;—_()?;')) < @(jp(x,¥)),

|x" =yl
dp (X')

where ¢(1) = log(1 + 2n(e’ — 1)).

In the following, we prove the necessary part. Let D be a proper subdomain of E.
By the assumption, we know that there is a self-homeomorphism ¢, such that (1.2)
holds for every x,y € D. Then Lemma 2.3 shows that f : D — D’ is (0, s)-relative with
(1) = e2Uoe1+1/(1=)) _ 1 Hence, by Theorem A, we know that f : D — D’ is ¢-solid
with ¢ = ¢,,. By the arbitrariness of D, we get that f is ¢-FQC. O

jor(X',y) = log(l +

2.2. The proof of Theorem 1.3. We first prove the first part. Let D; be a subdomain
of D. By the assumption, we know that there is a self-homeomorphism ¢ such that
(1.2) holds for every x,y € D;. Then we get from Lemma 2.3 that f : D; — D/ is (6, 5)-
relative with 6(¢) = e¥1°e1+/(1=9) _ 1 and s € (0, 1) is a constant. Hence, Theorem A
shows that f: Dy — D] is ¢;-solid with ¢; depending on ¢. By the arbitrariness of
Dy, we get that f is ¢;-FQC.
Now we are going to prove the second part of Theorem 1.3. By Theorem C, it
suffices to show that
L(x, Ndp(x) _
dp(x)

foreach x € D. Let 0 < s < 1 and let 8(¢) be as in Lemma 2.3 for 0 < 7 < 5. Now

9(t)=(1+(1is))M—1,

whence 6¢'(0) = M/(1 —s). Let x,y € D be points with |x —y|/dp(x) =t. By

M 2.1)

Lemma 2.3,
¥ —yldp() _ 00 | M
ly - xldp(x') = ¢ -5
ast — 0. As s > 0 is arbitrary, this implies (2.1). O

2.3. The proof of Theorem 1.4. We prove this theorem by presenting two examples.

ExampLE 2.4, Let E = R? = C and f be a conformal mapping of the unit disc B(0, 1) =
{z:zl <1} (= D) onto D’ =B(0, 1) \ [0, 1). There is no self-homeomorphism ¢ of
[0, o) such that (1.3) holds.

Proor. By [2, Theorem 3], we know that conformal mapping is an M-QH mapping for
some constant M > 1. Hence, f is ¢o-FQC with ¢y(¢) = Mt. Therefore, for each pair
of points x,y € D,

kp(x,y)

< kp (X', y) < Mkp(x, ). 2.2)
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D =DB(0,1) D' =B, 1)\ [0, 1)

FIGURE 1. ' is a rectifiable arc joining x{, and y; in D".

Take x{, y, € D’ with x{, = (3,7) and y}, = (3, —1) (see Figure 1). Let I' be the class
of all rectifiable arcs joining x; and y(, in D’. Then, by (1.1),

C s () 1
kp (xy,yo) = ;/rél;log(l + m) > log(l + ;)

and , ,
|x() - yol

min{dp (x}), dp (y))}

Jor (X0, Y0) = 10g(1 + ) = log 3.

But, by [21, page 35] and (2.2),
. 1 1 ’ ’
Jp(x0,¥0) = EkD(XO,yO) > mkn(xo,yo)
1 1
> Wlog(l+;)—>oo ast — 0.

Hence, there is no self-homeomorphism ¢ of [0, co) such that (1.3) holds. The proof
of Example 2.4 is complete. O

ExampLE 2.5. Let E be an infinite-dimensional separable real Hilbert space with an
orthonormal basis (e;)jez. Setting y} = [ej_1, ], we obtain the infinite broken line
vy = U{y;. : j € Z}. Let y denote the line spanned by ey, let D =y + B(r) with r < %o
and let f be a locally M-bilipschitz homeomorphism from D onto a neighbourhood
D’ of v (for a detailed explanation, we refer the reader to [15, Section 4.12] or [20]).
There is no self-homeomorphism ¢ of [0, co) such that (1.3) holds.

Proor. By [15, Theorem 4.8], we obtain that f is M?-QH. Let m > 2 be an integer and
let x,y € D with x = V2e,, y=m V2e,. Then dp(x) = dp(y) = r. Because f is locally
M-bilipschitz,

,

M

r

dDI(XI) > M

and dp(y')>
Since D’ c B(0, 2),

| |X/ _ y/| 4M
() =1 (1 . )51 (1 _)
Jo(x,y") =log(1 + min{dp (x'), dp (y")} T
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but 7
. lx =yl ) ( 2(m - 1))
=logl 1 =logll + ——
oty =log1+ o s ) = ogl 1+ S
as m — oo. Hence, (1.3) does not hold. O

Remark 2.6. In support of Theorem 1.4, we include here another simple planar
example which is indeed similar to Example 2.4. Let D be the semi unit disc
D={zeB(0,1): |argz| < x/2} and let z = re’¥ € D (0 < r < 1) in polar coordinates.
Then f(r, p) = (,2¢) defines a locally 2-bilipschitz homeomorphism of D onto D’ =
B@O, 1)\ (-1,0]. ForO<t<n/4,let x=(1/2,n/2 1), y=(1/2,—m/2 + ) in polar
coordinates. Then jp(x,y) =1log(l + 2cott) — oo as t — 0, while jp (x’,y") =log3
for all ¢, whence there is no self-homeomorphism ¢ of [0, co) such that (1.3) holds.
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