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1. Introduction

1. In their fundamental paper of 1949, Higman, Neumann and Neumann
proved for the first time that a countable group can always be embedded in some
2-generator group: [1], Theorem IV. Two kinds of improvement of this result
have recently appeared. In [4], Theorem 2, Dark has shown that the embedding
can always be made subnormally. On the other hand, in [2], Theorem 2.1, Levin
has shown that the two generators can be given preassigned orders m > 1 and
n > 2; and in [3], Miller and Schupp prove that the 2-generator group can also
be made to satisfy several additional requirements, such as being complete and
Hopfian.

We make here two main contributions, Theorems A and C.

In the first, we adapt the methods of Dark to the direction taken by Levin;
and show that, if H and K are non-trivial groups not both of order 2, a group L
can always be embedded as a special kind of subnormal subgroup in some group
of the form J = (H, K}, subject only to the obviously necessary condition that
|L| < |H* K|. The corresponding pure embedding theorem, in which no assertion
of subnormality is made, has already been obtained, at least for the case of coun-
table L, by Schupp [13], using the methods of ‘small cancellation’ theory. In §3.5,
we show how this result, like the theorem of Levin, may be derived in a quite dif-
ferent way from the original Theorem IV of [1].

In the central part of the paper, we consider the problem of embedding a
given group in some simple group with a finite number of preassigned subgroup-
generators. Given any four non-trivial groups K, ---, K4, we show that a group
L can always be embedded in some simple group of the form S = {(K;, -, K )
provided only that the necessary condition IL] =< IK PRIt *K4| holds. We may
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even allow K, to be trivial, provided that at most one of K, K,, K3 is of order 2,
In particular, it follows that a countable group can always be e,mbedded in some
3-generator simple group.

The group J of Theorem A is obtained as a subgroup of a complete wreath
product, and the group S of Theorem C as a quotient group of an amalgamated
free product. It is due in large part to the work of Hanna Neumann that the use-
fulness of these two constructions is now widely recognised.

The proof of Theorem A occupies §2; that of Theorem C takes §§3 and 4,
with some supplementary results in §5. In the final §6, following up a remark of
Hanna Neumann, we find necessary and sufficient conditions for a group G to be
embeddable as a transitive subgroup in the wreath product of a given set of
transitive permutation groups I'y, -+, T,.

We shall now explain these results in closer detail, so as to place them in the
context of their proofs, with the special aim of introducing certain notations of
frequent occurrence, The most important of these are : the subnormality relation
<1,, the vector groups Q(L, A), the numerical invariant I(K), the characteristic
subgroup u(G) and the notion of a hololophic subgroup.

2. Let H and K be subgroups of the group G. As usual,
HX C;(H) and Ng(H)

denote respectively the normal closure of H in J = {(H,K), and the centralizer
and normalizer of H in G. We define the relation

(1) H<,G

to mean that the following two conditions hold: (i) H ¢ is the direct product of all
the conjugates of H in G; and (ii) Ng(H) = HC4;(H) i.e. the only automorphisms
of H which can arise by transforming it with an element of G are the inner ones.

Obviously, H <1, G implies H<1 H® and hence H <2 G. Thus <, is a special
case of the relation <12 of 2-step subnormality. In this respect <1, resembles the
normality relation <a; but <a,, unlike <, is transitive, indeed transfinitely so: cf.
Lemma 1.3, §2.1.

We can now state

THEOREM A. Let H, K and L be any groups such that
) |H|>2, |K|>1 and
?3) |L| £ R, = max(X,, |H[,|K].
Then there always exist groups of the form J = {H,K) such that
) L<,J
and such that J is soluble if H, K and L are soluble.
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Of course, X, = |H*K|.

It is easy to see that we could not replace <1, by <a in this theorem without
imposing further conditions on H, K and L. For example, a ‘small’ but non-
Abelian group L cannot be normally embedded in any group which is generated
by ‘large’ simple groups S,, S,, :-; for L<1{S§,, S,,---) would imply that at least
one S; can be embedded in the group of automorphisms of L. However, suitable
direct powers of L can always be normally embedded, as stated in

COROLLARY 1. Let H, K and Lbe any groups satisfying (2) and (3), and let D
be the direct product of N, copies of L. Then D can always be normally embedded
in some group of the form J = {(H,K).

PrOOF. We may suppose L # 1. Then |D| = N, and we may take D in place
of L in Theorem A. Hence D <1, J for some J = {H,K}; and |J| = X,. Thus D
has at most ¥, conjugates in J; and D’ is their direct product by definition of
<a,. It follows that D =~ D’ <1 J, which is the result required.

3. For any group L and any non-empty set A4, we write
(%) Q = QL, 4)

for the multiplicative group of all vectors v = (v,),. 4 With arbitrary coordinates
v, € L. Given a representation of any group I" by permuations of A, the semidirect
product W = QI with the transformation law

(6) (y0y ™ De = v, (acA,yeT)

is the complete wreath product of L by I' with respect to the given representation.
We shall assume throughout that this representation is transitive.

Given b € A, the vectors v e Q such that v, = 1 form a group M,; and those
such that v, = 1 forall @ # b form a copy L, of L. Let I, be the stabilizer of b in
I'. From the definition of Q, (6) and the transitivity of I', we then have
) Q = L, x My,y 'Ly = Ly,,(Ly)" = Dr L, and [L,,T},] = 1.

acA
Here Dr indicates the direct product. It follows that, for all be A4,

When T is the symmetric group of all permutations of a countably infinite
set A, Dark showed in [4], Theorem I, that the group W is always perfect; and
thereby that any group L can be embedded as a <1,-subgroup in some perfect
group. When, as in this case, I' is stated to be a permutation group, the intended
representation is clear; and we may write without ambiguity

C)) W=Wr(L,IN);withR=L21T
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for the corresponding restricted wreath product, referring to W and R as natural
wreath products. The base group D of R consists of all vectors in £ which have
finite support. Thus R < W, with equality when the support 4 of I is finite.

When no representation of I' is implied by the context, W and R in (9) are
always to be interpreted as the standard wreath products, formed from the regular
representation of I, so that A = I in this case. Throughout §§2 to 5 only standard
wreath products occur except for the unconventional kind used in §4.4-4.7 and
referred to in §1.7 below; but in §6 natural ones predominate.

For standard wreath products, we adopt the usual convention which iden-
tifies each x € L with the corresponding vector of Ly, so that x = x; and x, = 1
for all y # 1 in I. This convention makes L = L, a subgroup of W,D = L' and
R = (L,T). It is easy to see that the standard R is defined to within isomorphism
by the conditions

R =<(LT) L<,Rand T N NgL) = 1.

Repeated standard wreath products are defined inductively by
(10) Wr(L, Ty, T,) = We(Wr(L, Iy, ---,T,_ ), T},).

The group J of theorem A is constructed as a subgroup of a repeated wreath
product of this kind.

4, A further deduction from Theorem A leads to our major topic of embed-
ding in simple groups. This is

COROLLARY 2. Let K and L be any groups such that
(11) K # land|L| £ |[K=K|.

Then L can always be embedded in some simple group P which is generated by
N, copies of K.

Proor. If K is finite, it may be replaced by its free square K * K, which is in-
finite since K # 1. Hence we may suppose that |K| = ¥,. We take

P= UP, where Py < P, < P, < -

m=0
and the groups P,,, all of order ¥,, are to be chosen successively as follows.

Let P = K x L x A x D, where A is the alternating group of degree and
order N, and D = {t,1,) is the infinite dihedral group generated by two involu-
tions t; and ¢,. By (11), 'Pol = N,; and P, contains elements of all possible orders:
for each finite m >0, 4 contains an element a,, of order m; and the element a, =1,t,
of D is of infinite order.

We secure the simplicity of P by the choice of Py, P5, Ps,---. Suppose P,, to
be chosen and of order N,. In its regular representation PJ,, each x e P,, is re-
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presented by a permutation x* consisting of N, cycles of order m, where m is the
order of x (whether finite or c0); and so we may choose for each x a permutation
¢ such that ¢™'x*¢ = a¥. The group P;,,, = {x* &;x<cP,,> is then of order
N,; and if we identify P,, with P¥, it will follow that any two elements of the
same order in P,, are conjugate in P,,, . This rule ensures that in P any two
elements of the same order will be conjugate.

Now let 1 # M <1 P. We show that M = P by showing that a,,€ M for all m.
Since M # 1, we must have a,,€ M for some m > 1. If a, € M, then M contains
all elements of infinite order in P; in particular, a,a, € M for all finite n, and the
required result follows at once. On the other hand, if a,, € M for some finite m > 1,
then 4 "M # 1. Since A is simple, M must contain 4. Hence M contains every
periodic element in P, in particular ¢, and ¢,. Hence t;t, = a, € M and again the
result follows. Thus P is simple.

We secure that P is generated by N, copies of K by the choice of P,, P,,---.
Suppose P, to be chosen and of order X,. By Theorem A, P,,_, may be embed-
ded in a group P,, which is generated by two copies K,,_; and K,, of K. Hence
P = (K,;m = 1,2,--->. This concludes the proof of Corollary 2.

In this proof only the ‘pure embedding’ form of Theorem A is needed; sub-
normality is irrelevant. As remarked above, this weaker form of the theorem is
easily deduced, in the countable case, from Theorem IV of [1].Unfortunately, it is
precisely when o = 0 that the ‘even’ steps of the above proof are unnecessary.
For any o, omission of these steps gives an elementary proof of a well known fact:
a group of order X, can always be embedded in some simple group of order N,.

It is not easy to give a secure attribution of this result. It is implicit in the
theorem of Neumann’s Essay, [5], 239, that every group can be embedded in a
larger group in which any two elements of the same order are conjugates. It is also
an easy consequence of the work of Onofri [6], Schreier and Ulam [7], and Baer
[8] on the structure of the infinite symmetric groups. These authors showed that,
if S is the group of all permutations of a set L of N, elements and if S, is the sub-
group of all permutations whose support is of cardinal less than X,, then the group
T = S/S, is simple. When L is a group, the regular representation of L provides
an embedding of L in the simple group T; and it follows easily that there are
simple subgroups of order N, in T which contain copies of L.

Corollary 2 suggests the following definition. Given any group K # 1, let
I(K) be the least cardinal number such that a group L satisfying (11) can always
be embedded in some simple group which is generated by I(K) copies of K. For
completeness, we define I(1) = 1. Then Corollary 2 states that

(12) I(K) < N, for all K.

The decisive step in the proof of Theorem C is to show that I(K) is always finite.
For this step we use the ‘well-known fact’ just mentioned, but not Corollary 2.
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5. To prove the finiteness of I(K) two things are needed: a theorem, B;, on

embedding in monolithic groups; and a construction, first used by Graham

Higman, involving free products with amalgamations. We consider these in turn.
For any group G, let

(13) wG) = N(M;1 # M<G)

be the intersection of all the non-trivial normal subgroups of G. We note that G is
monolithic if and only if u(G) # 1; and simple if and only if G = u(G) # 1. (This
definition of ‘monolithic’ is formally stricter than that given by Hanna Neymann
in her book [9] 146-7, where it is merely required that G shall have a unique
minimal normal subgroup; but for the finite groups being considered there, the
two definitions are equivalent. In dealing with infinite groups, the stricter defini-
tion seems essential: cf. [20], 597).
We can now state

THEOREM B1. Let H, K and L be any groups satisfying (2) and (3). Then
there always exist groups of the form J = (H, K> such that

(14) L = p(J)

This is formally similar to Theorem A and easily deduced from it. However,
we shall give an indedpendent proof. In view of the ‘well known fact’ mentioned
in the preceding section, it may be assumed that L = P is a perfect simple group.

A second theorem on embedding in monolithic groups, more precise than
Theorem B1 but of slightly narrower scope, is

THEOREM B2. Let H, K and L be any groups satisfying (11) and
(15) (K) < |H|.

Then there exists a perfect simple group P and an embedding of K in the base
group PY of R = P ¢ H such that

(16) L<PandR = <H,K>.

It is easy to see that R is monolithic: for all H, we have
an WP H) = PHif P = P' = p(P) # 1.

Monolithic groups of this special form we shall refer to as groups of RP-type.

The proof that I(K) < N, requires Theorem B1, but only for the case of in-
finite H. Once this is established, Theorem B2 becomes an easy corollary. To ob-
tain reaslitic bounds for I(K), we require Theorem B2, but only for the case of
finite H. (When H is infinite, condition (15) is vacuous). Thus both theorems are
essential, but in different ways.
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6. A subgroup H of the group G will be called hololophic in G (from Adgoc,
a crest) if and only if H "M = 1 for every proper normal subgroup M of G; or
equivalently, if

(18) (x% = Gforall x # 1in H.

For example, if G is either soluble or periodic, it will have a non-trivial hololophic
subgroup if and only if it is generated by a class of conjugate elements of prime
order.

The existence of infinite but finitely generated simple groups was first proved
by Higman [10] by showing that, in the group G = <a, b, ¢,d) defined by the re-
lations a”!'ba = b, b~ 'ch = c%,¢"'dc = d* and d”'ad = a?, the infinite cyclic
groups generated by a,b,c and d are hololophic, for arithmetical reasons. The
bearing of this notion on the problem of embedding in simple groups will be clear
from this example. If H is a non-trivial hololophic subgroup of G, then by Zorn’s
Lemma G has a maximal proper normal subgroup N;and the simple group G/N
contains copies of every hololophic subgroup of G. Any group which can be em-
bedded in one of these can therefore be embedded in G/N.

For our purpose, the most useful examples are the groups of the form
(19) G = (Jy, -+, 0, where J; = (J, N p(Ji- )" (i = 1,-+,m)

and the suffix i is to be taken modulo n. It is easy to see that the subgroups J; are
all hololophic in G. Consequently any group L which can be embedded in one of
them can also be embedded in a simple quotient group of G having the form S
=y I

The method of free products with amalgamations, applied to any four groups
Jy, oy J4 gives rise to groups G = {J,,--,J4> with four disjoint amalgamated
subgroups

(20) H =H,., =J;,NnJ;,y where H;NH; = 1 (i mod 4).

The Higman group is an example. We call these quadrilateral groups. When the
four ‘corners’ H; of the quadrilateral are trivial, G reduces to the ordinary free
product of its four ‘sides’ J;. On the other hand, if

@n 1# H < pJ)andJ,=H (i=1,-,9),

then (19) holds with n = 4. This construction gives an easy proof of the finiteness
of I(K) if we take for the J; suitable monolithic groups provided by Theorem BI.

If the group H in Theorem B2 is finite, then the base group P of R = Pt H
contains a copy P of P such that [H, P] = 1. Pis the group of all constant vectors.
This fact makes it possible to form bilateral groups G = {Jy,J,) with sides J,
and J, of RP-type, such that (19) holds for n = 2. Here G is the free product of
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J, and J, with a single amalgamated subgroup having the form of a direct product
H, x A, = H, x H,, such that J, = H} and H, < u(J)) for i = 1,2.

Using this bilateral construction, we obtain the first part of our second main
theorem, viz.

THeoREM C1. Let K,,---,K, and L be any non-trivial groups such that
(22) IL| < |Ky* - *Ky.

Then L can always be embedded in some simple group of the form

(23) S = <K1"'°9K4>'
It follows at once that
(24) I(K) £ 4 for all K.
7. The same construction, based on Theorem B2 for finite H, also yields em-

beddings in simple groups with only three given subgroup generators. But to ob-
tain a result comparable in generality with Theorem C1 we need a substitute, when
H is infinite, for the restricted wreath product R = P ¢ H, which then no longer
lends itself to the bilateral construction. We find this by tapping a higher stratum
of Q = Q(P, H) than that occupied by the base group of R. However, we only
need to discuss the case where H is cyclic, and prove

THEOREM B3. Let H be an infinite cyclic group and let K and L be any
groups sarisfying (11). Then there exists a perfect simple group P and a semi-
direct product J, = Hu(J,) such that

(25) L<P, ulJ,)=K{=P! and[H P,]=1,

where P, and P, are two copies of P contained in p(J,).

Note that J, = (H, K} and contains the subgroup H x P,.

J, may be described as a Boolean wreath product of P by H and its base
group PY as a Boolean power of P. For this notion, cf. [25] where other references
will also be found. The connection with the wreath products described above in
section 3 may be worth noting here.

Consider any groups P and H. Every transitive representation of H is equiva-
lent to one of the representations ny. , of degree IH : A] , where A4 is some subgroup
of H. This is the representation defined by

(26) (Ax)ny.4(v) = Axy (x,y € H).

The non-standard wreath products — complete and restricted — of P by H with
respect to my., occur naturally as subgroups of the complete standard product
W, viz. as the semidirect products

(27) WA = QAH and RA = DAH,

https://doi.org/10.1017/51446788700018073 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018073

442 P. Hall 9]

where Q, is the group of all vectors v € Q which are constant on each coset of A,
and D, consists of all ve Q, which are trivial except on a finite number of these
cosets. For any subset B of H, let Py be the group of all vectors in Q which are
constant on B and trivial elsewhere. Then Py is a copy of P, and the transforma-
tion law in W shows that :

(28) n~'Pgn = Py, (n€H);

and so, if X is any transversal to 4 in H, we have

(29) Dy= Dr Py = (P and R, = (P, H).
EeX

Now suppose that P is a perfect simple group. For any subsets B and C of H
we then have

(30) [PB’ PC] = PBnC and PBuC é <PB’ PC>

1If |H : A[ is finite, then R, contains the group P = P, of all constant vectors in
Q; but when H is infinite, R, is not monolithic, 'since it has the non-trivial normal
subgroup
(31 Kg(4) = N 4,
neH

which is disjoint from D,.

However, suppose that 4 is not a subgroup, but is still of finite index in H in
the sense that

(32) H= A VAL U - U AL,

for some finite set of elements &, -+, &, in H. The group R, = {P,, H) will never-
theless still contain P, by (28) and (30); but its base group D = (P )" is no longer a
direct power of P, but a ‘Boolean power’, associated with the H-invariant Boolean
algebra B, generated by the translates An(n € H). As a Boolean algebra with oper-
ators, B, is in general no longer simple, as it is when A4 is a subgroup. Its H-in-
variant ideals correspond one-to-one to the normal subgroups of R, which are
contained in D,.

The group J, of Theorem B3 has the form R /N, where N is the subgroup of
D 4 which corresponds to a maximal H-invariant ideal of B ,. To ensure that u(J,)
= D,/N, the subset 4 of the infinite cyclic group H has to be carefully chosen: it
may be described as a ‘dislocated’ subgroup of finite index.

We shall refer to monolithic groups J, of this kind as of BP-1ype.

8. The second part of Theorem C is
THEOREM C2. Let K,,K,, K5 and L be non-trivial groups such that

(33) IL| < [K,* K * K
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Then L can always be embedded in some simple group of the form

(34) = <K, K, K3),

3

except possibly when the K; are all of order 2, or when two of them are of order
2 and the third is uncountable.

This theorem clearly implies the greater part of Theorem C1, but its proof is
more difficult. The proof of Theorem C1 depends only on the ‘H finite’ case of
Theorem B2 for which an elementary ‘free product’ proof is available, and for
this reason we have treated it separately. The groups S in (34), like those in (23),
are obtained as bilateral quotient groups; but one of the two sides of the bilateral
may have to be of BP-type, or possibly— when two of the K, are small —a finite
simple group.

From Theorem C2 it follows at once that

(35) (K) < 3if |K| # 2.
No very obvious reasons appear to forbid the conjecture that in fact
(36) IK) =2 if |K| > 2, and I(K) = 3 if |K| = 2.

More generally, it should be possible to strengthen Theorem Bl so that the
conclusion (14) reads L £ u(J) = J, thus obtaining a theorem on embedding in
simple groups of exactly the same scope as Theorem A. But our methods seem in-
capable of yielding such a result. Given groups H and K which satisfy (2), we
cannot even prove the existence of a single simple group of the form S = (H, K>
except in special cases. Accordingly, we confine attention in §5 to the case where
H and K are both finite.

Elementary calculations then show that the alternating group of degree g is
of the form {H, K) for infinitely many values of g: cf. Theorem D1; and it follows
that a finite group L can always be embedded in some finite simple group of this
form. But the interesting question remains: for which finite pairs H, K can any
countable L always be embedded in some simple {H,K>? When H is itself a
simple group of composite order, we obtain a positive answer for all finite K # 1;
in particular, I(H) = 2 for all such H: cf. Theorem D3, §5.6 We also show that
I(J) = 2 for a wide class of finite monolithic groups J: cf. the corollary to Theorem
D2, §5.5 But the fragmentary nature of these results is clear.

9. Finally, in §6, we take up an observation of Hanna Neumann: [9], 46, footnote,
to the effect that the well known theorem of Kaloujnine and Krasner [23], on the
embedding of group-extensions in standard wreath products, is implicit in the
much earlier work of Frobenius on monomial groups. What is in question is the
connection between the method of induced representations and extension theory.
When expressed in qualitative terms, this method lends itself to iteration, and
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leads to an abstract characterization of the transitive subgroups of the natural
complete wreath product

(37) W = wr(rls ""Fr)

of any given transitive permutation groups I';, ---,I',. If I'; acts on the set A,, then
W may be regarded as a transitive group acting on the set A = 4; x -+ X A,;
and by a transitive subgroup of W, we mean one which is transitive on A.

When r = 2, W = QI',, with Q = (I',, 4,); and may be regarded as the
group of all permutations n{ of 4; x A,, where n{ is defined for all e Q and
{el, by

(38) (b, ol = (bn.,c0)(be Ay, c€ 4y).

Equivalently, W may be regarded as the group of all 4, x 4,-monomial matrices
n{, where the (c, ¢')-coefficient of n{ is given, for all ¢, ¢’ in A,, by

(39) (ﬂC)c,c' = ’lc‘scgc'- (’7 eQ,{el,).

Here 6. = 1 if ¢{ = ¢’ and is zero otherwise. In this version, the elements of
I', are identified with the corresponding permutation matrices, while those of Q
become diagonal matrices.

To express the result of Frobenius in the required form without circumlocu-
tion, we use the following notation, in which Y and Z are transitive permutation
groups acting respectively on the sets B and C. Then

(40) (1) Y= Z, and (ii) YtransZ

are to mean: (i) that Z is a transcription of Y, i.e. Z = ¢ 1Y ¢ for some one-to-
one mapping ¢ of B onto C; and (ii) that Y &~ Y*, where Y* is some subgroup of
Z which is transitive on C.

Now let G, H and J be groups such that J < H £ G. We write
(41) Hg.n = 7.n(G).

where the representation 7., of G is defined as in (26). Thus I, is a transitive
permutation group acting on the cosets of H in G. As we shall show, the method
of induced representations leads to the formula

(42) .y trans Wr([ ., [;.5);
or equivalently:
(43) If I, trans I'; and ;.4 trans I, then I, trans Wr(I';, T,).

The theorem of Kaloujnine and Krasner is the particular case where J = 1 and
H <1 G; for in this case, G & Il; 4, since ng., is the regular representation of G;
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and the wreath product in (42) is isomorphic with the standard wreath product
Wr(H, G/H), since H<1 G.

We recall that the natural wreath multiplication of permutation groups defined
by (38) is an associative operation; cf. [15], 96; and so the inductive generaliza-
tion of (43) is immediate. When a converse is supplied as well, we obtain

THEOREM El. Let W be defined by (37). Then a group G can be embedded in
W as a transitive subgroup if and only if it has a chain of subgroups H = H,
< H, £ -+ £ H, =G such that

(44) Kg(H) = 1and Iy,.y,_, trans T(i=1,---, 7).

Here K (H) is the kernel of the representation ng.,, of G, and is defined as in
(31). It is sometimes called the normal core of H in G.

The most interesting special case of Theorem E1 occurs when the T'; are all
regular as well as transitive: cf. Theorem E2. I'; then has no proper transitive sub-
groups, and (44) implies that H; _; <« H,and H,/H;_, =~ I'; for each i. [n this case,
W is called the regular wreath product of the groups I'y,---,T,, although as a
permutation group it is not regular except in trivial cases.

To conclude, we apply Frobenius’ Theorem in its usual form to analyze the
connection between the relation <1, and wreath products: cf. (8) above and
Lemma 1.1 with Theorem E3 and Lemmas 23 and 24.

10. Some conventions of notation will be apparent from the foregoing sketch.
A group of the form {J,J,,---) is any group which can be generated by onc copy
each of J,J,,-+-; and in passing from one such group to another, we only use
distinguishing labels when confusion might otherwise arise. For example, in §1.6
where S = G/N, we have written S = {J,,J,,---> although S = (NJ,/N,
-+, NJ,/N> would be more strictly correct. But when a group contains several
copies K, K,,K*,--- of a given group K as subgroups, distinguishing marks are
essential. For any y € K, we then write y,, y,, y*, --- for the corresponding elements
of K,,K,,K*,--- on the tacit assumption that fixed isomorphisms of K onto each
of these groups have been chosen.

Commutators are defined by [x,y] = x"!x” = x 'y~ !xy; and inductively,
for n > 2, by

[xl’x29 '“’xn] = [[xl’ ""xn—1]9 xn]'

The support of a vector ve (L, A) is the set of all ae 4 such thatv, # 1;and the
support of a permutation @ of A is the set of all a € 4 such that af # a. The sup-
port of a vector group or a permutation group K is the union of the supports of
its elements. For these supports, we frequently write Sup v, Sup 0 or Sup K.
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2. Proof of Theorem A

1. We begin by noting some elementary properties of the relation <a,. In the
following three lemmas L is a subgroup of the group G.

LemMa 1.1. If L <a, G, then L <a,J for every subgroup J of G which con-
tains L. Conversely, if L<a, (L,Xy, -, x,» for every finite set of elements x,,---,x,
in G, then L <a,G.

PRrROOF. The first part follows easily from the definition of <1,. If L <1, G, then
LS is the direct product of all the conjugates of L in G, and so L is the direct pro-
duct of all the conjugates of L in J. Secondly, Ng(L) = LC4(L); and so, since
L <,
N{L) = J N NgL) = L(J NCxL)) = LCKL).

Thus L<a,J.

For the converse, note first that the join of any n distinct conjugates L™,
..., of L in G is their direct product, since L <1, {(L,x,*+,X,> by hypothesis.
From this it follows that LC is the direct product of all the conjugates of L in G.
Secondly, let x € Ng(L). By hypothesis, L <1, (L, x)>, and so x transforms L by an
inner automorphism. Hence Ng(L) = LCg(L). Thus L <, G.

LEMMA 1.2. Let1 # L £ M <1, G and suppose that L* £ M for some xeG.
Then M = M* and L™ = L’ for some ye M.

PROOF. Since M <1, G, distinct conjugates of M in G are disjoint. But by
hypothesis, 1 # L* £ M N M*. Hence M = M7, and x transforms M by an inner
automorphism. Thus L* = L? for some ye M.

LemMA 1.3. If L<a, M and M <1, G, then L <1, G. More generally, the rela-
tion <a, is transfinitely transitive.

Proor. The last statement means that, if L = Ly, G = L, for some ordinal
p,L;<a,L,,q for all A<p, and L, =J,.,L; for all limit ordinals u < p, then
L <1, G. This follows by transfinite induction from the first part of the lemma and
the converse part of Lemma 1.1.

In proving the first part, we may assume L # 1. Since L<1, M, L® is the
direct product of the conjugates of L in M; and by Lemma 1.2, these are the only
conjugates of L in G which lie in M. Since M <1, G, M€ is the direct product of
the conjugates of M in G; and each of these conjugates has, like M itself, as a nor-
mal subgroup the direct product of those conjugates of L in G which it contains.
It follows that LY is the direct product of all the conjugates of L in G.

Secondly, Ng(L) £ Ng(M) by Lemma 1.2; and Ng(M) = MCg(M) since
M <1, G. Since Cz(M) £ C4(L), this gives Ng(L) = Ny(L)YCg(L). But N (L)
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= LCy(L) since L <a, M. Hence Ng(L) = LCyL). Thus L <1, G, and this con-
cludes the proof of the lemma.

2. We prove next some useful results involving standard wreath products. We
recall from 1.10 the definition of Sup v, the support of a vector v (L, Q):

(1) a€Sup vifand only if xe Q and v, # 1.

The first result, which plays an important part in the proof of Theorem A, is
adapted from Lemma 1 of Dark’s paper [4]:

LEmMMA 2.1. Suppose that the group Q contains an element B of infinite
order; and let G = Wr(L, Q) where L is any group. Then there is a subgroup M
in G which is generated by |L| copies of Q and is such that

2) L < <™.
PRrROOF. For any u e L, let v = o(u) be the vector in Q = Q(L, Q) such that
vgn = u"*1if n 2 0, and v, = 1 otherwise.

Thus, if u is not periodic, Sup v consists of the non-negative powers of g. All the
coordinates of v=! and v# being powers of u, these two vectors commute; and the
transformation law gives

(8,81 = B~"v= "B~ vpv="pv = B~ 1o - B~%0p* v = u,

from the definition of v. Define

3 M = (Q*™;ueL).
Theny = B*®eM and so u = B8 (M) for all u e L. (Here v(1) = 1, so that
Q< M)

A very similar calculation shows that, if x, y and ¢ are elements of any group
such that x commutes with y*, then

[x, ] = x~ 1y~ W€ yOX(E Ty~ )y = {1
With x and y in K, this gives
LemMma 2.2. If a group contains a subgroup K and an element ¢ such that
[K,K%] = 1, then K’ £ (&%),

For example, in the standard wreath product R = M ¢ H, we have [M, M?]
= 1forall ¢ # 1in H. Hence K’ < (&*) for every subgroup K of M.
The next result is of frequent application

LEMMA 2.3. Let X be any subgroup of Q = Q(M, H) such that the coordi-
nates of all the vectors in X together generate M. Then M N"N<a M for every
normal subgroup N of the subgroup J = {(X,H) of Wr(M, H).
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PrROOF. If xe X and neH, then gxp=-'eQNJ. But M<1Q and N<aJ.
Hence nxn~' normalizes M N N. Let ue M N N, so that u = u, by convention.
Since (nxn~'); = x,, this gives u™~'= ™. Hence x, normalizes M N N for all
x€ X and ne H. By hypothesis, M = (x,;xe X,ne H). Thus M NN <M, as
stated.

Although it is not needed for the proof of Theorem A, it will be convenient
to prove here

LEMMA 2.4, Suppose that in the preceding lemma we have u(M) non-Abelian
and M NJ # 1. Then u(J) = (u(M))".

ProoF. We have only to show that every non-trivial normal subgroup N of
J contains the group D = (u(M))"; for 1 # D<a V = Wr(M,H) since uy(M) # 1.

By hypothesis, M NJ # 1; and M NJ<t«M by Lemma 2.3. Hence u(M)
< J. Since J contains H, it follows that D < J. Since N # 1 and N, (u(M)) = Q,
we must have Q NN # 1, since otherwise [N, D] = 1. Hence 1 # ve N for some
ve Q. Since J contains H and N < J, we may suppose that v, # 1 without loss of
generality. By hypothesis, u(M) is non-Abelian, and so its centralizer in M is
trivial. Hence [v;,w;] # 1 for some w,e u(M). But [v;,w,] = [v,w;] €N, since
w,eJ and veN=<aJ. Hence 1 # MNN<aM by Lemma 2.3; and this gives
u(M) £ N, D £ N = N¥ as required.

3. In the proof of Theorem A, we shall use an auxiliary group Q which is
closely related to the given group K # 1. Let K, and K, be two copies of K. In
the free product K, * K,, the normal subgroup [K,, K, ] is freely generated by the
commutators

4 [x,y,] (1 #x1#y;x,yeK);

and K, and K, are disjoint from [K,, K,], the quotient group K, *K,/[K{,K,]
being isomorphic in a natural way with the direct product K, x K,. The group
K, *K,/K,,K,] is therefore generated by two copies of K which we may identify
with K, and K,. Hence we may define

%) Q = (K,Ky) = K1 *K,/[Ky, K,]'

In Q, the subgroup [K;, K,] is a free-Abelian group, the direct product of the in-
finite cyclic groups generated by the commutators (4).

The proof of the theorem is rather more difficult when both of the given groups
H and K are finite. When at least one of H and K is infinite, we may suppose
without loss of generality that IH | 2 !K | In this case, Theorem A follows from

THEOREM Al. Let H, K and L be any groups such that
(6) |H| = %, 2 max (K|, |L]) and K # 1;
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let Q be defined by (5)and let G =Wr(L, Q). Then there is a copy K* of K such that
)] K* £ Q(G,H) and L < [H,K*].

Here Q(G, H) is the base group of W = Wr(L, Q, H). As noted in 1.3 (8), we
have L<, G<a, W, and so L <1, W by Lemma 1.3. This also follows more directly
from the fact that W is also the non-standard wreath product of L by Wr(Q, H).

Assuming (7), we have L £ J = {(H,K*) < W. Hence L<1,J by Lemma 1.1.
The solubility clause of Theorem A also follows immediately from Theorem Al.
Let A™ denote the variety of all soluble groups whose derived length is at most m.
Suppose that He W, K e A* and Le W' Then Qe A**!, and so We Y*+*+!+1 and
J is soluble.

In [11], Neumann and Neumann proved, among other results, that a coun-
table W—group can always be embedded in some 2-generator N'*2-group. If we
take H and K in Theorem Al to be infinite cyclic groups, we obtain the following:
a countable W-group can always be subnormally embedded in some 2-genera-
tor AW+3-group.

For the proof of Theorem Al, we shall need

LEMMA 3.1. Every infinite group H contains a subset A and three distinct
elements a,, a,,a, such that

®) Aa7' NAda;' NAa;' = 1and [A| = |H]|.

Proor. If H is of exponent 2, we may take A to be a basis of H and a,, a,, a5
to be any three elements of A. The verification of (8) is immediate.

If H is not of exponent 2, it has an element « such that «®> # 1. The two
elements 1 and « form a set 4, such that 4, N Aqx~—! = 1; and by Zorn’s Lemma,
there is a subset 4 of H containing A, and maximal subject to the con-
dition A N Aa~' = 1. Let £€ H — A and let A, consist of A together with & By
the maximal property of A, we have 1 # neA; N A,a~! for some n; and either
n = &and nae A, or else 1 = fu~' € A. In the first case £ € Ax—!, in the second
£e Ax. Hence H = AU Aa~' U Aa and 50 |A| = |H|. In this case we may take
a, = 1, a, = a and for a; any third element of A.

4. ProoF OoF THEOREM Al. Since K # 1, it contains an element b # 1. Let
(9) ﬂ = [bl’bZa bl],

so that Be[K,,K,] < Q. In terms of the free-Abelian generators of [K,,K,],
we have § = [b%,b,][b,, b,]~2, so that B is of infinite order, even if b> = 1. By
Lemma 2.1, the group G contains a subgroup M, generated by |L| copies of Q,
such that (2) holds. Since Q is generated by two copies of K and ,Ll < N, we
may write

10) M = (K,;aeTD, where T| £ ¥,
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the K, are copies of K and I is a suitable set of labels which we may suppose to
include the numbers 1 and 2. Hence there is a mapping 0 of the set 4 of Lemma
3.1 onto I such that

11 0(a,) = B(as) = 1 and 0(a,) = 2.
For each y € K, let y* be the vector in Q(M, H) which is defined by the rule
(12) (3®)a = Yoy if a€ 4; and (y*), = 1if x ¢ 4.

The vectors y* form a copy K* of K; and this is contained in Q(G, H), since M £ G.
Also, if y # 1, we have Sup y* = 4 by (12), and hence Sup a;y*a;,~' = Aa,~! by
the transformation law. Let

(13) y = [ab*as !, ayb%a; " azb*a3’],

so that ye [H, K*]. Then Sup y £ Aa;' NAa;' N Aa;' =1, by (8); and so
yeM. By (12), (ab*a; '), = (b*)a, = bg,y; and so y = y; = B by (13), (11) and
(9). Hence

(14) 1 # pBeMN[H, K*].

Since 4 maps A onto I', the coordinates of the vectors y* in K* together
generate M, by (12) and (10); and since [H,K*|<J = (H,K*), Lemma 2.3
gives M N[H, K*¥] < M.Using (2) and (14), we obtain L < (M) < [H,K*].

This concludes the proof of Theorem Al.

ADDENDUM 1. If |H‘ = Wy and if H has an element a of infinite order, then
we may take A = Sup K* to be contained in {a). This makes

(15) L £ .
PROOF. We may take A to consist of 1 together with the powers o27-!
(n =1,2,--)and a, = 1, a, = a, a3 = &> Then (8) holds since |A[ = Ny = |H|

Since <o’><1J, we have M N<{a’> <1 M, by Lemma 2.3. With this choice of the
a;,(13) givesye M N {a’>. Since f = y, we obtain L < () < 'y, as required.

5. To complete the proof of Theorem A, we must deal with the case where the
given groups H and K are both finite. Let @, be a copy of Q. We write

(16) G, = Wr(L,Q,), W, = WK(G,,0Q) and W, = Wr(W, H).
With 1 # be K as before, let
a7 |K| = m; and « = [by, b,]" or [b,, by, b,]™

according to whether H is not or is of exponent 2. Here [b,, by, b,]
= [by, b,]*[b}, b,]~* and so in either case « is of infinite order, even if b% = 1.

https://doi.org/10.1017/51446788700018073 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018073

[18] On the embedding of a group 451

Noting that L is countable and ]Ql = Ny, we may apply Theorem Al to the
triple Q, Q,, and L (in place of H, @ and L). Hence there is a copy K; of K (corre-
sponding to the K* of the preceding section) such that

(18) K3 £ Q(Gy,Q), Sup K5 = <@ and L < ('),
where
(19) J =<K;,K;, K3).

Here we have used the Addendum to Theorem A1 and the fact that Q = (K, K,).

By (17), e [K;,K,]; and by (18), Sup y; = A4 < {«) forall y # 1 in K.
Hence Sup y;'ysy, = Ay, and Sup y3 ysy, = Ay, are both disjoint from A;
and so the coordinates of the vectors [y,,y;] = y3 *2y3 and [ys,y,] = y5 3
all lie in various copies of K. Therefore, by (17),

(20) [J’2sJ/3]m = [)’3,}’1]'" =1

Similarly, if H is of exponent 2, we have [y, y,|" ¢ (&), if y # 1, since in this
case o = [by, by, b, ]™; and so

(21) [[yh y2]m’.VS]m =L
Further, since [K,, K,] is Abelian, we have
@ (2, 1% 911" = [y, y1,3:1™

This follows from the identity [uv,w] = [u, w]’[v,w] by induction on r, taking

v=_[y,y,,u=vandw = y,.
We can now state

THEOREM A2. Let H and K be any finite groups such that

(23) |H| > 2 and K| > 1;

and let L be any countable group. Then there is a copy Kt of K in QW,, H)
such that

(24) L £ [H, K.

As in the case of Theorem Al, it follows from this that L <1, Jf, where Jt
= {H,K%); and that Jt is soluble whenever H, K and L are soluble. The proof of
Theorem A2 will therefore complete the proof of Theorem A.

PRroOF. Since J £ W, by (19) we may choose Kt to be a subgroup of Q(J, H).
If H is not of exponent 2, we choose d in H such that d? # 1; and define the vector
yt, for y € K, by writing only the 1, d-! and d-coordinates in order as

(25 =Yy
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the remaining coordinates, if any, are to be trivial. The corresponding coordinates
of d—'btd are then b,,b;,b, or b,,1,b, according as d*> = 1 or not. In either
case, [bt,d~'btd]™ = [b, b,]" = «, by (20) and (17). Hence

(26) xe[H,KT].

If H is of exponent 2, it has a subgroup of order 4, by (23). Let 1, d,, d, and
d; = d,d, be the elements of such a subgroup. In this case, we take the 1, d, d,
and dj;-coordinates of yt in order to be given by

27 yh=2y0151)3)
the remaining coordinates again being trivial. Then
dledl = (bl’ bz, bS’bl) and dszdz = (bl’ bs,bz, bl)'

Writing ¢ = [by,b,]™ and using (20), we have [bt,d btd,]" = (c7',¢c,1,1).
Then (21) gives [¢, b;3]™ = 1; and since in this case o = [¢~!,b;]™ by (17) and
(22), we obtain « = [[bt,d,btd, ", d,btd,]™. Thus (26) holds in this case also.
By (19) and (25) or (27), the coordinates of the vectors yt in Kt together
generate J. Since [H,Kt]<aJt = (H,Kt), it follows that JN[H,Kt]<aJ,
by Lemma 2.3. Hence L < <{«’) £ [H, Kt] by (18) and (26).
This completes the proof of the theorem, and therewith of Theorem A.

6. In the proof of Theorem Al, the role of Lemma 3.1 is to provide supports,
for conjugate vectors in a wreath product, which have small intersections. More
powerful lemmas give more precise results, and we now consider a few of these.

A subset A of any group will be called azygetic if there is no relation of the
form ay'a, = a3'a, connecting any four distinct elements a; of A. Thus every
set of at most 3 elements is azygetic; and by Zorn’s Lemma, every subset X of a
group contains azygetic subsets which are maximal in X.

LEMMA 3.2. Let X be any infinite set of elements in a group H and let A be
a maximally azygetic subset of X. Then |A| = |X|

PrROOF. We may suppose that A # X. Let x be any element of X not in 4. By
the maximal property of A, there are three distinct elements a,,a,,a; in A4 such
that x = a,a;"a;. Hence X £ A4-'4; and so |A| = [X| since X is infinite.

LEMMA 3.3. Let A be any azygetic subset of a group H, and let a,, a,,a; be
any three distinct elements of A. Then

(28) Aa;' N Aa;' N Aayt =1
except when a;a;' is of order 3 and a; = aja;'a, = aya; ‘a,.

PROOF. Suppose that 1 # xe Aa;' NAda; ' N Aa3'. Then x = ba; (i =1

2,3) where by, b,, b, are also three distinct elements of 4. Thus b, 'b; = a; 'a;;

https://doi.org/10.1017/51446788700018073 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018073

[20] On the embedding of a group 453

andif i # j, we have b; # a;and b; # b;. Since 4 is azygetic, this leaves only two
possibilities. Either (i) b; = a,,b, = a5 and b; = ay; or else (ii) a; = b,, a,
= b, and a; = b,. Hence a,a; '=a,a; ! is of order 3 and equal to x~* in case (i),
or x in case (ii). The result now follows.

We mention without proof

LEMMA 3.4. Let x and y be any two distinct elements of the group H.
Then |[Ax N Ay| < 3 for every azygetic subset of A of H.

Another result which will be useful is

LEMMA 3.5. Let x,, -+, x, be distinct elements of the infinite group H. Then
H contains a subset A such that

(29) |4] = |H| and |Ax, " Ax;| = 0fori #j (i,j =1,-,n).

PRrOOF. Since the elements x; are distinct, H contains a non-empty subset 4
which is maximal subject to the condition that the n sets Ax,,---, Ax, are (set-
theoretically) disjoint in pairs. Let y be any element of H not in 4. By the maximal
property of A, there is a pair i # j and an element a4 such that yx; = ax;.
Hence y € Ax;x; !, Since y was arbitrary, this shows that

H= U Axx[';

iLj=1
and since H is infinite, it follows that |4| = |H|.

7. We now reconsider the proof of Theorem Al. Use of the group Q and the
form (9) for f appears to be the path of least resistance. When H is not of exponent
2, the form g = [b,, b,] would do just as well, as the proof of Lemma 3.1 makes
clear. Perhaps of more interest is

ADDENDUM 2. In Theorem Al, if the group [K’, K] contains an element f of
nfinite order, then we may replace Q by K.

PROOF. In Lemma 2.1, we may take G = Wr(L, K) and obtain L < (™),
where M is contained in G and has the same form (10) as before, in which we
suppose that K, = K. But in place of the simple expression (9), we now have

C:

(30) B =

[xi Vi, z;] !

1

for suitably chosen elements x;, y; and z; in K. This means that the subset A of

H, which is to be the support of the vector group K*, must be chosen more care-
fully.
We may take 4 to be any maximally azygetic subset of H. Then |4| = |H| by
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Lemma 3.2, since the group H in Theorem Al is infinite. Let the a;, and
a;; (i = 1,--+,n) be any 2n distinct elements of 4. We may then select n further
elements distinct from these and from each other and such that a;; # a;,6;;"a;;,
(i = 1,:--,n). Then Lemma 3.3 gives

[€))) Aai' NAay! NAay' =13 =1,-,n).
Since |F] = IA], we may choose the mapping 0 of 4 onto I such that
(32) Oay;) =1@G(=1,--,n; j=123).
With K* defined by (12), we must now take
(33) Y= H [ailx?ai—lls a:zy?‘ale, aiziag 1] =1,

i=1

(31) ensures that each of the n factors of y liesin M; and by (12) and (32), the i-th
factor of y coincides with the i-th factor of 8. Thus y = B, and the rest of the proof
proceeds as before.

8. PrROOF OF THEOREM B1. We have to show that, if the groups H, K and L
satisfy the same conditions as in Theorem A, then L < u(G) for some group of the
form G = {H,K). Assuming L # 1, the well known fact mentioned in § 1.4, viz.
that L can always be embedded in a perfect simple group P such that
IPI = IL*LI, allows us to suppose without loss of generality that L is itself a
perfect simple group:

(34 L=L"=pL)#1.

We deduce Theorem Bl from Theorem A, using the groups of the form
J = {H,K) provided (with K= K* or Kt, respectively) by Theorems Al and A2.
Hence L <1, J in each case; and (34) therefore implies that L is a minimal normal
subgroup of J. We define

35) G = J|N,
where N is any normal subgroup of J which is maximal subject to
(36) LNN=1.

This ensures that G is monolithic, with «(G) = NL'/N, so that L can be embedded
in u(G).

It only remains to show that G is of the form {H, K); or more precisely, that
HNN =1and K NN = 1. These two relations will follow from (36), if we can
show that

37 L<(xtyforallx #1in H
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and
(38) L’ forally # 1in K.

In Theorem Al, we have L < Wr (L,Q) < Wr (Wr(L,Q),H), so that (37)
follows directly from (34) and Lemma 2.2. Note further that the element

Wy) = [agy*ar,ap*az !, asy*as e <M,

since the g, lie in H. Just as for the element y = y(b) used in the proof of Theorem
Al, we find here the relation ¥(y) = [yy, ¥, y1], which is a non-trivial element of
Q since y # 1. Since L < Wr(L, Q), we have [L,L"] = 1; and so L £ {(y(»)*>
by (34) and Lemma 2.2. Hence L £ {(y*)"), which gives (38) for this case, where
K = K*.

In Theorem A2, we have L £ W, < Wr(Wy, H); so that once again {L,L*]
= 1 and (37) follows from (34) and Lemma 2.2. Further, using (25) and (27), we
have L*' = I’* or L’* according as H is of exponent 2 or not. Since y # 1, y,
and y, are non-trivial elements of Q. By (16), L < G, £ W, = Wr(G,,Q); and it
follows that [L, L”T] = 1. Hence L £ {(yH*> by (34) and Lemma 2.2. Here
L £ Jt = (H,Kt) and this gives (38) in this case also, where K = K*.

This completes the deduction of Theorem B1 from Theorem A.

For the proof of the finiteness of the invariant I, we need to know a little more,
though only in the case of infinite H, viz. that the definition (12) of K* can be so
chosen that

(39) [K* K*] < H.

To ensure this we need only choose the support A of K*, which is provided by
Lemma 3.1, such that A N Au = (F for some u € H; for then [K*,u~'K*u] = 1,
and so the derived group of K* is contained in <u*"> < H’, by Lemma 2.2. If K
is perfect, (39) implies that K* < H' and so J = H’.

That the support 4 can always be chosen to satisfy this additional condition
follows easily from Lemma 3.5, 3.2 and 3.3. However, we shall give a direct proof

of the important part of Theorem B1, making no appeal to Theorem A, although
using a similar method.

3. The finiteness of /(K).

1. LEMMA 4. Let the perfect simple group P be generated by iAl not neces-
sarily distinct copies of the group K and let a,a,, -, a, be n distinct elements
of A. Then there exist elements bV, ---, b in K and an expression

(1) P = (K, acA)
Jor P as the join of copies K, of K such that ¢ # 1, where
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@ ¢ =[b5, -, b0N].

We recall the convention that b, is the element of K, which corresponds, in
some fixed isomorphism, to the element be K.

Proor. By hypothesis, some expression of the form (1) exists for P. Since P
is simple, P # 1 and so K # 1. When n = 1, this leaves nothing to prove. Suppose
that, for some n = 1 and for some choice of the b in K and the expression (1),
we have ¢ # 1. Let a,,; = « be any element of A distinct from a,,---,a,. Then
P = (P,K,>, where P, = (K,;acA,a # a). Hence 1 # K*<P; and so
K?P~ = P, since P is simple. Since P is also perfect, its centre is trivial; and since
¢ # 1, it follows that c* = [c,(B,)] # 1 for some B = b"*Ve K and some
x,€P,. Then P = {P,,K}")>; and if we replace K, in (1) by K3*, we obtain a new
expression of the same form with respect to which the n + 1-fold commutator
¢* # 1 and has the form corresponding to (2). The lemma now follows by induc-
tion on n.

LEMMA S. Suppose that, in Lemma 4, A is a subset of the group H and that

3 Aal_1 N Aaz_1 N N Aa;l = 1.

Then there is a copy K* of K in the base group Q = Q(P,H) of W = Wi(P,H),
such that

@ u(J) = PR where J = (H,K*) and Sup K* = 4;

so thatJ = P H if A is finite.

ProoF. By Lemma 4, there is an expression (1) for P and elements b'”? e K
such that ¢ # 1. For y € K, let y* be the vector in Q defined by

) y¥=y,ifacd;yf =1if h¢ A.

The vectors y* form a copy K* of K, and their coordinates together generate P,
by (1) and (5). Since (K*)¥ <1 J, we have P N (K*)¥ < P by Lemma 2.3.

Ifacdand 1 # yeK, we have Sup ay*a~' = Aa—! by (5). Hence the com-
mutator y = [a,b""" a7 ", a,b®" a; *, -, a,b™ a; '] € Pby(3). The 1-coordinate
of a;p® a7' is bPby (5). Hence y = ¢, by (2). But ¢ # 1 and y € (K*)". We con-
clude that, since P is simple, (K*)# must contain P. Hence R =P H £ J.
Since P = u(P), we have u(J) = P¥ by Lemma 2.4.

If A is finite, we have K* < P#  which is the group of all vectors in Q of
finite support. Hence J = (H, K*)> = R in this case.

2. We now prove a key lemma, which not only contains the major part of
Theorem Bl in the form required to prove the finiteness of I(K), but then has
Theorem B2 as an immediate corollary. This is
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LeMMA 6. Let H, K and L be any non-trivial groups such that either

(6 (i) [H| = N, 2 max(|K|,|L]); or (ii) |L| = |K*K| and I(K) < |H]|.
Then there exists a perfect simple group P and a copy K* of K in QUP. H) such
that

N L £ Pand y(J) = PY, where J = (H,K*>;

and further

®) J = HX" if K is perfect.

ProOF. We begin by choosing the perfect simple group P and the subset A oi
H so that the conditions (1) of Lemma 4 and (3) of Lemma 5 hold. Then (7) will
follow from Lemma 5 if we define K* by (5).

In case (i), IK X L| =< N, and we may therefore choose P to be of order N,
with K x L as a subgroup. Since K # 1, this gives P = (K";u e P). By Lemma
3.1, H has a subset 4 and three distinct elements such that (3) holds with n = 3
and IAI = |H| This makes IAI = [PI, so that P is generated by IA[ copies of K.

In case (ii), by the definition of I(K), we may suppose that P contains L and is
generated by I(K) copies of K. If H is infinite, we choose A and the g; as in case (i).
If |H I = n + 1 is finite, we take A to consist of all the non-trivial elements a,,
---,a, of H. Then (3) holds; and since I(K) < |H , P is generated by at most IA!
copies of K.

It remains to prove (8). Suppose that K = K’. Then K coincides with the n-
th term of its lower central series; it is therefore generated by all the commutators
of the form u = [y, y'3), ... y™], where yV, .-,y run independently through
K. We have

- n* -1 2 -1 * -1 K*
9 u* = [a,yMarayP a3t a,y™ a, ' mod D = HY.

By (3) and (5), the right-hand commutator in (9) lies in P. But 1 # D<1J and so
D contains u(J) = P¥. Hence u* e D. Since the commutators u* generate K*
this gives K* < D and hence J = (H, K*) coincides with D, as required.

This concludes the proof of the Lemma 6.

Once the finiteness of I(K) has been established for all groups K, we may
take the set 4 in case (ii) of the lemma to be finite, even when H is infinite. This
makes J = P2 H by Lemma 5 and Theorem B2 follows and therewith a major
part of Theorem BI.

We shall then show, without further appeal to Theorem Bl, that I(K) < 3
for |K| # 2 and I(K) < 4 for |K| = 2. Since the conclusion of Theorem Bl is
symmetrical as between H and K, this will leave only a small squad of awkward
cases requiring special treatment viz. those in which |H ] and IK ] are respectively
(i) 3 and 3; (ii) 4 and 2; and (iii) 3 and 2. These cases are only required in the proof
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of our two ‘/ = 2’-theorems D1 and D3. The first two are dealt with in Lemma
18: ¢f. § 5.3-4; and the third in Lemma 20: cf. § 5.8. We shall then have a complete
proof of Theorem B1 which makes no appeal to Theorem A.

3. As noted in §1.6, the problem of embedding a given group L in some simple
group of the form S = <{K,, K,,--->, where the groups K,, K,, -:- are also given,
is equivalent to that of embedding L in a hololophic subgroup of any group G
having the same form as S and in which the generating subgroups K, K,, -+ are
also hololophic. Useful for this purpose are the groups G described in

LEMMA 7. Let G = {J,,J;,++,J,> and suppose that the J, are subgroups of
G which satisfy the n conditions

(10) Ji = (J; N p(J;- 1)) (i mod n).
Then Jy,--,J, are hololophic in G.

ProoF. If any J;_, = 1, then J; is also trivial; and it follows in cyclic order
that J;,,---,J;-, are all trivial and G = 1. Dismissing this case, let M <1 G and
suppose J;_; MM # 1. Since J,_, "M < J,_,, we have u(J;_,) £ M. Hence
J; £ M by (10); and so J; "M # 1; and M contains all the J; by cyclic induction,
giving M = G. The lemma now follows.

Let J,, -+, J, be any four groups with subgroups H; and A, such that

(1) HLHY < J,H,NH, = 1and A, ~ H,,, (i mod 4).

i

Supposing the four isomorphisms in (11) to be given, we may form the groups
(12) G, =J,*xJ,/H =H,and G, = Jy+J,/JH; = H,

each of which is a free product with a single amalgamated subgroup, as indicated.
The subgroups H, of J, and H, of J, are both disjoint from the amalgamated sub-
group H, = H, of G,, by (11). Hence the subgroup (H,, H,> of G, is the ordinary
free product H, * H,: cf. Neumann’s paper [12]. Similarly, the subgroup {H3, H,)
of G,is Hy* H,. Since H; = H, and H, =~ H, by (11), we may now form the free
product G of G, and G, with the subgroups (H,, H,) and {H,, H,)> amalgamated
in the obvious way. Thus the quadrilateral group.

(13) G=Jy+Jy*Jy*xJ,JH = H,,H, = Hy,H; = H,H, = H,
has the form
14) G={y,JyywithH,=H,,, =J,N0J,, (imod 4).

Although the four corners H; of the quadrilateral are the intersections of adjacent
sides J;, in general J; will be larger than the group-theoretical join of the two cor-
ners H; and H;,, which it contains. The two ‘diagonals’ are the free products
H{*H;and H,*H,.
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4. LEMMA 8. Let H be any infinite group, K, -+, K, four icosahedral groups,
and L any group such that |L| = IHI Then L can always be embedded in some
simple group of the form

(15) S = <H11(1’__,’Hf4>’
where H,,---, H, are four copies of H.

Proor. For each i = 1,--+,4, let H; and H, be two copies of H and L; a copy
of L. Note that H; is infinite, K; = K] is finite and non-trivial, and IL,. X I?,.[
= [H,-I. By case (i) of Lemma 6, there exists a perfect simple group P, and a sub-
group of the form J; = (H;, K> in Wr(P;, H;) such that

(16) L;x A, < u(J) =PlandJ, = HY (i=1,-,4).

This implies that H, N H, = 1. By hypothesis, 4, ~ H =~ H;,, for i mod 4.
Hence the conditions (11) hold and we may form the quadrilateral group G defined
by (13). In G we have H; = H,_, < J;nu(J;_,) for all i mod 4, by (16); and
since J;, = HY', (10) holds with n = 4. Hence J,, -, J, are hololophic in G by
Lemma 7; and so there is a simple quotient group S = G/N of the form
S = {Jy, -, J4>. Therelations J; = HY' in (16) show that S has the required form
(15); and L is embedded in S as any one of the subgroups L; < J,.

This concludes the proof of Lemma 8.

Since |K,~| = 60 for each i, S is generated by 240 copies of H. Hence /(H)
< 240 for all infinite H. For any finite K # 1, the group H = K* K is infinite.
Hence I(K) < 480. Thus I(K) is finite for all groups K. As noted above, Theorem
B2 now follows as a corollary of Lemma 6.

Another easy deduction from Lemma 8, although it will be superseded by
better results in § 4, is that a countable group can always be embedded in some
9-generator simple group. For we have H, ., = H; £ J, = (H;,K,) in the group
S of (15), and hence S = {(H,,K,,K,, K5, K,>. Taking H to be an infinite cyclic
group in Lemma 8, and noting that the icosahedral groups K; can each be gen-
erated by two elements, it follows that S is a 9-generator group.

5. We show finally how to deduce from the original Theorem IV of [1] a
pure embedding theorem for countable groups which is not a direct corollary of
Theorems A and B1.

For any group G and ordinal «, let
V)] U, and sQ(G)

denote respectively the class of all groups of order at most ¥, and the class of all
groups which can be embedded in some quotient group G/N of G. Thus Theorem
1V of [1] implies that

(18) U, = sQ(F3),

where F, is the free group of rank 2.
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LEMMA 9. Suppose that the group G has a normal subgroup F such that
|G :F| is finite and W, < sQ(F). Then U, < sQ(G). More precisely, every group
L in W, is isomorphic with some M|/N, where N<1G and M £ F.

ProoOF. We may suppose without loss of generality that L is a perfect simple
group. By hypothesis, L € s(F) and so L = Cy/N, for some N, <1 F and some
subgroup C, of F which contains N,. By Zorn’s Lemma, we may choose the nor-
mal subgroup N, of F to be maximal subject to the condition that Co "N = N,.
Then C,/N, = L, where C, = Cy,N,. By the maximal property of N,, every non-
trivial normal subgroup of F/N; must contain C;/N,, since by hypothesis L is
simple. Hence C,/N; < w(F/N,).

Now let N=[,.¢ N7. Since |G : F| is finite, we can choose a minimal expres-
sion N = N, "N, N - NN, for N has the intersection of conjugates N, of N,
in G. It follows that N* = N, N --- NN, > N = N, N N*; where we must take
N* = Fif N, <= G. Hence N*/N = N,N*/N,, which is a non-trivial normal sub-
group of the monolithic group F/N,. Hence N*/N contains a copy of u(F/N,);
and so it also contains a copy of L = C,/N;. Since N <a G and N* £ F, the lemma
now follows.

COROLLARY 9.1. If a group G has a non-cyclic free subgroup of finite
index, then U, =< sQ(G).

For G then has a normal free subgroup F of finite index, with F of rank at
least 2. Hence U, < sQ(F) by (18).

COROLLARY 9.2. Given any groups H and K with IH, > 2 and IK‘ > 1,a
countable group L can always be embedded in some group of the form
J=< H,K>.

Unlike Coroliary 9.1, this is a direct consequence of both Theorems A and B1.
A quite different proof has been obtained by Schupp [13], using the methods of
‘small cancellation’ theory'"). Here we deduce it from Lemma 9.

PrOOF. We may suppose that H and K are either both finite, or both cyclic.
For in the general case, there will always exist subgroups H, of H and K, of K
such that |H1| > 2; |K1| > 1, and such that either H; and K; are both cyclic, or
else H, is the 4-group and [K,| = 2. Assuming that L < J, = (H,K,), we can
form the free product J, of H and J, with amalgamated H,, and then the free
product J of J, and K with amalgamated K,, giving L < J = (H, K.

If H and K are both finite, we take G = H* K and F = [H,K] in Lemma 9;
since the rank of F is ('Hl - 1)(,Kl —1) = 2, the result follows from Corollary 9.1.
In particular, when H = {u) and K = {(v), we obtain an embedding of L in

(1) 1 am much obliged to Dr J. E. Roseblade for drawing my attention to this work, and
also to the paper [13].
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{w’) for some J = <u,v), where w = [u,v]. If {t) is an infinite cyclic group, the
subgroup J* = (tu,v) of {t) x J will then also contain L. Here tu is of infinite
order. In this way we deal with the case in which one of H and K is an infinite
cyclic group and the other is a finite cyclic group. When both H and K are infinite
cyclic groups, the result is contained in Theorem IV of [1].

Let B be any variety of groups; and for any group G let ¢(G) be the corre-
sponding verbal subgroup of G, so that ¢{(G) < H <1 G if and only if G/H € B.

COROLLARY 9.3. Provided that B is not the variety of all groups, the group
J and the embedding of L from Corollary 9.2 can always be chosen so that L ¢(J).

Proor. The countable group L x F, can be embedded in a countable simple
group P; and by Corollary 9.2, we may suppose that P < J = (H,K). If PN ¢(J)
= 1, then ¢(P) = 1. But F,, and therefore P, contains a free subgroup of infinite
rank; and so ¢(P) = 1 would imply that B is the variety of all groups, contrary
to hypothesis. Since P is simple, the only alternative to P N ¢p(J) = L is P £ ¢(J).

4. Proof of Theorem C
1. The basic method is the bilateral construction and the key lemma is
LemMA 10. Let K,,K,, K5 and L be non-trivial groups such that
1) IL x K| < |Ky*K,yl.

Suppose further that there exists a non-trivial group H, which can be embedded
in K3, a group of the form J, = {H,,K,> and a finite group H, such that

(2 I(Ky) < |H2 ,Hy x Hy £ J; and {H,,K;) £ pu(J,).

Then L can be embedded in some simple group of the forms
(3) S = (K, K3, K3) = <Ky, ).

PROOF. Let H, be a copy of H,. Then I(K,) < |H1l, by (2). It follows from
(1) and Theorem B2, that there exists a perfect simple group P, which contains a
copy of L x Kj; and is such that P, ? H, has the form J, = {(H,K,).

Since H, is finite, the base group P of J, contains a copy P, of P, con-
sisting of all the constant vectors in Q(Py, H,). Since P, contains a copy of K3, so
does P, and we may identify the latter with K itself. Since H, can be embedded
in K5, we have H, @ H, £ K; < P,. Here we have denoted the copy of H, in
K, by H,. But [H,, P,] = 1. Hence the subgroup {H,, H,) of J, is the direct
product H, x H,, and is therefore isomorphic with the subgroup H, x H, of
J,. Thus we may form the bilateral group

4 G=J1*J2./H1=ﬁ2, szﬁp

which is the free product of J, and J, with their direct product subgroups amal-
gamated in the obvious way.
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In G, we have H, = H, < J, NnuJ,) by (2); and J, = P, ¢ H, = H]!
since Py is a perfect simple group and H, # 1. Further, K, < u(J,) by (2), and
so J, = {H;,K,» = Hy* since H, # 1; and H, = H £ J, Nyu(J,). Hence
J;=(J; 0 u(J;_))" for each i mod 2; and so J, and J, are hololophic in G by
Lemma 7. Hence G has a simple quotient group of the form § = {J,,J,).

Since J, = (H,K;) and H, = H, £ J,, we have S = (K,,J,). But
J, = (H,,K,> = {(H,;,K,)> and the subgroup H, of J, is contained in the sub-
group K; of P,. Hence S = (K;,K,,K3); and this completes the proof of the
lemma.

The group J; is of RP-type. If we take J, also to be of RP-type and make a

slight change of notation, we obtain
Lemma 11. Let H, K, K, and L be non-trivial groups such that
(5) |H x L| < |K,*K,

and suppose further that H has a finite subgroup H, such that
(6) (K,) < |H,|.
Then L can be embedded in some simple group of the form
@) S =<H,K,K,>.

Here H corresponds to the K; of Lemma 10,

PRrOOF. Since I(K,) is finite (cf. §3.4), we can select a finite group H, such that
(K < |H 1|. By (6) and Theorem B2, there is a perfect simple group P, which
contains a copy of H; and is such that

(8) J, = P, H, = (H,,K,) where K, < P12,

Since H, is finite, the base group Pf2of J, contains a copy P, of P, such that
[H,, P,] = 1; and P, contains a copy H, of H,. Hence J, contains the subgroup
H, x H,.

We now have I(K,) < |H,| and <(H,,K,> < u(J,) = P§*. The conditions
(1) and (2) of Lemma 10 are all fulfilled with K; = H; and (7) now follows.

CoROLLARY 11.1. Let K, K, and K; be non-trivial finite groups such that
I(K,) < IK3|. Then a countable group L can always be embedded in some simple
group of the form S = (K,,K;,K3)>. In particular, L can always be embedded
in some 3-generator simple group.

This follows from Lemma 11 by taking H = H, = K;.

2. PrOOF OF THEOREM C1. Now let K, ---, K, and L be any non-trivial groups
such that |L| =< ]K ¥ *K4!. We may suppose without loss of generality that
IKII = lK,-I for i = 2,3,4. Then
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9) l(Ks*K,) x L| = |Ky*Ky|.

We have to show that L can be embedded in some simple group of the form
S = (K, "+, K. By (9) and Lemma 11, it will be enough to prove the existence
of some group of the form H = <K, K,) which contains a finite subgroup H,
satisfying (6).

If K; and K, are both of order 2, we may take H = H, to be a sufficiently
large but finite dihedral group. If K; and K, are not both of order 2, any preas-
signed finite group H, can be embedded in some group of the form (K5, K,> by
Theorem A. Alternatively, since subnormal embedding is not required, we may
appeal to Corollary 9.2.

This concludes the proof of Theorem C1 and therewith of the relations

(10) KK) <4 forall K,

which are an immediate consequence. If we take the three groups H, K, and K,
in Lemma 11 to be isomorphic, (10) gives

CoROLLARY 11.2. I(H) £ 3 for every group H which has a finite subgroup
of order greater than 4.

The appeal to a general embedding theorem for the final step in the above
proof of Theorem C1 can easily be avoided. If K5 and K, are both finite, let M be
the subgroup of K;* K, which is generated by [K;,K,]' together with the p-th
powers of all elements of [ K5, K,]. Then the group K; * K,/M is finite and of the
form (K3, K,); and since K; and K, are non-trivial, its order can be made arbi-
trarily large by a suitable choice of p.

If at least one of K, and K, is infinite, we may use the following weil known
result

LEMMA. Let K% and K% be the regular representations of the non-trivial
groups K and K, and suppose that Ky " K, = 1. Then [K¥, K5 ]= Alt(K3U K),
the group of all even permutations (of finite support) of the set K;UK,.

PROOF. Let 1 # x3e K5 and 1 # y, e K,. The hypothesis K; N K, =1 and
an elementary calculation then show that [x3,v3] is the 3-cycle (x3,1,y,). All
3-cycles on K3 U K, can be obtained from those of this special form by a succession
of at most three transformations by suitable elements of K3 and KJ. Since the
alternating group is generated by its 3-cycles, and [K%, K] by the commutators
[x3, %], the result follows.

If at least one of K, and K, is infinite, the group H = (K%, K¥) therefore
contains alternating subgroups of every finite degree n. Hence this group H meets
the requirements of the proof of Theorem C1.

3. An important part of Theorem C2, which concerns embedding in simple
groups with three given subgroup generators, is already contained in Lemma 11.
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The condition (6) there imposed on the group H amounts, in view of (10), to this:
H must have a finite subgroup of order greater than 4. This allows the group J,
of Lemma 10 to be of RP-type, as provided by Theorem B2. If, as we shall see, we
take for J, the kind of monolithic group provided by Theorem B3, we obtain a
result similar in form to Lemma 11 except that the condition becomes: H must
have an infinite cyclic subgroup. Only a few groups fail to satisfy one or other of
these two conditions:

LeMMA 12. Let H be a periodic group with no finite subgroup of order
greater than 4. Then |H| < 4.

ProoF. Any two involutions ¢, and ¢, in H must commute, since otherwise
{t,,t,»> would be a finite dihedral group of order at least 6. Hence the involutions
in H, if any, generate a normal subgroup M of exponent 2. Clearly |M [ £ 4.
Since H is periodic, lM l = 4 implies that H = M ; and [M [ = 2 implies that H/M
must be of exponent 2, and so |H f < 4. If H contains no involutions, it must be of
exponent 3 and therefore locally finite, by a theorem of Burnside: cf. [14], 321.
Hence [H | < 3 in this case.

Once Theorem B3 has been proved and the analogue of Lemma 11 deduced
from it, only a small gap will remain in the proof of Theorem C2. This gap can be
bridged by using for J, the linear fractional group LF(2,41).

4. Let P be any group and ‘B any Boolean ring. By a classical theorem of
M. H. Stone, we may assume without loss of generality that 3B is a subring of the
Boolean ring of all subsets A4, B,--- of some suitable set C; we express this by
writing

(1) B < 2°.

Two elements A4 and B of 2¢ will be called orthogonal (in preference to disjoint)
whenever A N B = . Apart from this, we shall use set-theoretical terms and
notations throughout: the sum of A and Bis (A N B’) U(A’ N B), where A’ is the
complement of A in C; and their product is A N B.

Given x e P and A £ C, we define the vector x, e Q = Q(P, C) by
(12) (x., =xifacAd;and (x,), = 1ifacA’;
and the Boolean power of P by B to be the group
(13) U =0P,B) ={xy;xcP,AeB).

If A # J, the elements x (x € P) form a copy P, of P. Since x, = 1 for all
x, we write P, = 1. Forany x, y in P and any A4, B in 2€, the relations

(14) X4¥8 = X4 B (XY) 4BV 4’ B
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and

@1s) (x4 ¥8] = [%,¥]4nn

follow immediately from (12). Note that, if A and B are in B, so also are the sets
ANB, AnB and A’ N B which appear in (14). There is an evident generalisa-
tion of (14) for a product of any finite number of factors x,yg - tp; and this shows
that

(16) U(P,2°) = Qy(P, 0),

where Q, = Qu(P, C) consists of all those vectors in Q which have only finitely
many unequal coordinates. Every w # 1 in Qg has a normal form

an W= W)W, Wna,»

where w,, -, w, are distinct non-trivial elements of P and A, -:-, 4, are mutually
orthogonal non-empty subsets of C, which we shall the constancy sets of w. The
form (17) is unique apart from the ordering of the factors.

The genqralised form of (14) also gives

LEMMA 13.1. we U = U(P,B) if and only if all the constancy sets of w be-
long to B.

If B is finitely generated, it is finite; and IEBI = 2" for some n. B then has a
basis of n mutually orthogonal non-empty elements A4,,-:-, 4,; and (15) shows
that, in this case,

(18) U=PAlXPA2X-~-XPA".

For general B, it follows that every finite subset of U is contained in some direct
product of the form (18). Thus Boolean powers form a natural generalisation of
direct powers.

In general, Q, is not normal in Q, nor is Q a Boolean power of P. For example,
the Cartesian power Q = (4, C) of an infinite alternating group A by an infinite
set C is not even periodic; whereas all Boolean powers of a locally finite group,
such as A, are locally finite.

The group U = O(P,B) has a simple abstract definition in terms of generators
and relations. If x and y run independently through P, and 4 and B through all
pairs of orthogonal elements of B, then the defining relations are

19) Xa¥a = (XP) 4 XaXp = X4.p and [x4, y] = 1.

We omit the proof,
More important is

LEMMA 13.2, Let V = U(P, W), where Wis an ideal of B. Then V< ; and
if Wis a principal ideal, V is a direct factor of U.
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When P is a perfect simple group, every normal subgroup of U has the form
V = O(P, W) for some ideal W of B; and in G all subnormal subgroups are nor-
mal, cf. [25], Theorem 5. ’

PROOF. V is generated by the elements x, (xe P, A ), and U is generated
by the elements yz (yeP,BE®B). By (15) yz'x,ys = x[x,¥]4~p; and here
AN BeUforall Ae and BeB, since Wis an ideal, Noting that (y5) ™! = (y 1),
it follows that V< 0.

For given AeB, we have X = (ANX)U (4’ NX) for all XeB. The ele-
ments 4 N X(X €B) form the principal ideal A = (4) determined by A. The
elements A" N X (X € B) form another ideal A*, in general not a principal ideal
since A’ need not belong to B; and B = A @ A* is the direct sum of A and A*.
The generators yy (y€ P, X €B) of U have the form yy = y . xV4 ~x; and the
Yanx generate V = O(P,N), while the y,..x generate V* = U(P,U*). Since
N NU* = (&), we have VN V* = 1; and since [y x, 24 ~y] = 1 for all y and
zinPandall X and Yin B, wehave [V,V*] = 1.Hence U=V x V*.

Now let P be a perfect simple group, and let N < U and we N, where w is
given by (17). Here w; # 1 and so the elements [w;, u] with u € P generate P. By
Lemma 13.1, 4,€B; and so u,,€0, and [w,u,,]€ N since N< 0. But [w,u,,]
= [w;,u],,, since Ay,---, 4, are mutually orthogonal. It follows that P,, < N
for each i. Since we P,, x --- x P, , we conclude that N = {P,; A ), where
A consists of & together with all the constancy sets of the non-trivial elements of
N. In (14), we may choose x and y in P such that the four elements 1, x, y and x !
are distinct; and it follows that, if A and B are in A, so is their
sum (A N B’) U (A’ N B). Since P is perfect, (15) gives

(20) [PA’PB] =Pyng-
Hence ANBeW for all AcW and BeB. Thus A is an ideal of B and
N =0(P,M).

In a Boolean ring B, any ideal of an ideal of B is itself an ideal of B. It follows
that, when P is a perfect simple group, every subnormal subgroup of U is normal
in U.

This concludes the proof of the lemma. It is easy to verify that, in the general
case, the quotient group U/V is isomorphic in a natural way with O(P, B/2).

5. Now let any group H be represented by ring-automorphisms n* of the
Boolean ring B:

1) n* i A - An(AeB,neH).

For any group P, we may then form the semidirect product W = OH, where
U = U(P,B), with the transformation law

(22) 'I_le'-'l = qu(XEP,AE%,’IGH)-

https://doi.org/10.1017/51446788700018073 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018073

[34) On the embedding of a group 467

Since the n* are ring-automorphisms of B and (&n)* = &¥n* for all &,nin H, it is
clear that the relations (22) determine a representation of H by automorphisms of
the group U. We call W the Boolean wreath product of P by H with respect to the
representation (21).

We shall only be concerned with the standard case in which

(23) B <28,

so that the elements 4 of B are subsets of H, and the representation (21) is the
natural one for which € Ay if and only if én~'e A (¢,ne H). B is then an H-
invariant subring of 2: a Boolean ring with the elements of H as right-hand opera-
tors.

We recall from §1.7 the definition: a subset A4 is of finite index in H whenever

(24) H= A8 VAL, U - VAL,

for some finite set of elements &,,---, &, in H. If B is H-invariant and contains an
element A of finite index in H, then H ¢ B, and so B is a Boolean algebra with H
as its unit element. The group of constant vectors

(25) P=rPy
is then contained in O. k

LemMa 14.1. Let P be a perfect simple group, A any subset of finite index
in H and

(26) U, =0P,B,), R, =0,4H,
where B, is the Boolean ring generated by all the translates An(n € H) of A. Then
27 Uy =<{PyysneH) and Ry = (P4, H).
Proor. Let X and Y be any subsets of H. Since P is perfect, we have
(28) Pxoy £ Pxny X Pyny X Pyony = Py, Py),

by (14) and (15). Assuming (24), it follows that the group V = (P,,;ne H) con-
tains P. If Px and Py are both contained in V, then Py.y = [Py, Py] < V and
Py. < Vsince {Py, Py =Py X Py.. But B, is a Boolean algebra and is the smallest
system of subsets of H which contains all the An and is closed with respect to in-
tersection and complementation in H. Hence V = U = {Py; X B ).

Clearly B, is H-invariant and so H normalizes U, . Thus R, is the semidirect
product of U, by H. By (22),

(29) n~'Pyn = Py,(neH,X £ H).

Hence U, = (P)" and R, = {(P,, H).
We have chosen the notation R, for this Boolean wreath product, in
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preference to W,, because the analogy with the standard restricted product
R =P H={P,H) is particularly close. Indeed the base group of R is precisely
O(P,B,). where B, is the ring of all finite subsets of H,

With the notation and assumptions of Lemma 14.1, we have

LEMMA 14.2. (i) For any ne H and weU,, the normal closure N of nw in R,
contains 1.

(i) If £€H and is such that ANA'E is of finite index in H, then
Uy S .

ProoE. (i) We may suppose that 7 # 1 and w # 1. Let the normal form of
w be (17). Then 4;€B, and P,, < U, for each i =1,---,n, by Lemma 13.1.
Since w; # 1 and P is a perfect simple group, we may choose u and v in P such
that [w;,u,v] # 1. Here u and v may depend on i. Writing uy = @ for any ue P,
we have [qw,ii] = [w,i], since [H,P] =1 by (22). But P £ U, since 4 is of
finite index in H. Hence N contains [nw,i1,v,,] = [w;,u,v],,, which is a non-
trivial element of P,,. By Lemma 13.2, N N0, = U(P, ) for some ideal A of
B,. Hence A;e U for each i, and we N. This gives nc N as stated.

(ii) For any u € P and £ € H, the transformation law gives

30) [4,¢] = “;nlA'g Ugrnag-

Here ANA'teB,; and [uy,E]e ¥ N, =U(P, ) for some H-invariant
ideal U of B, by Lemma 13.2, Taking u # 1 in (30), it follows that A N A’¢ e A.
If £ is such that A N A’¢ is of finite index in H, then U contains the unit element
H of B,; and so A = B, and U, S (E*4).

It is easy to see that, when P is a perfect simple group, P is hololophic in U ,.

6 Now let H = (> be an infinite cyclic group. We wish to construct a
semidirect product J, = Hu(J,), where u(J,) = P¥ and P, is a copy of a given
perfect simple group P. It is also required that [H, P,] = 1 for some copy P,
of P contained in u(J,). If u(J,) is to have the form (P, B) for some H-invariant
Boolean ring B, then B must be countably infinite and characteristically-simple
since it must have no H-invariant ideals distinct from itself and the zero ideal.
To within isomorphism, only three such rings B exist; we may take them to be

B,, the system of all finite subsets of H, which makes G(P,B,) the direct
product of ¥, copies of H, and leads to the restricted wreath product P ¢ H;

B,, the free Boolean ring with X, generators, which like B, fails to have a
unit element; and which is the direct sum of N, ideals each isomorphic with

B,, the Boolean algebra obtained by the standard process of adjoining a
unit element to B,.

It is necessary to have u(J,) = O(P,B,). A natural definition of B, is as
the U-closure of the system of all residue classes
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(31) 2Z+n (r=0,ne?),

where Z is the ring of rational integers. With 8B, in this form, there is a natural
representation of H in which the generator 7 is represented by the automorphism

(32) ™*:2Z+n->2Z+n+ 1.

But every element A # ¢ in B, is here the union, for some r = r(4), of a cer-
tain number of residue classes mod 2"; and this implies that, with the representa-
tion (32) (P,)" is the direct product of finitely many copies of P, and so is a
proper subgroup of U(P,B,). Hence we must choose a different representation of
H or else another form for B,. We shall therefore proceed indirectly.

Let I" be the set of all integers of the form

(33) Wk, r) = (4R (r + ),

where r is any integer and k any positive integer; and let 4 consist of the elements
a,€ H (ne Z) defined by

(34) a, =1t**""Yifnel, and a, = t**"if n¢ .

n

24n

Thus A nearly coincides with the subgroup {z**">. Since a, 'a,., is always one

of 123, 72% or 1?5, we have
24
(35) H = | A7,
i=0
so that A is of finite index in H. Also

(36) AP NAY = Fif 0 < |i — j| < 23.

Let A, consist of those a, for which n = y(k, r) for some re Z. By (33) and
(34), A, is a coset of the subgroup of index 24(4k)! in H. Hence A, is of finite
index in H. We shall show that

(37) A, S ANA'E, where & = t*0',

For suppose not. Then a,£~* = 1™ e A for some a, € 4,. Here m = 1 mod 24,
and hence 1™ € 4, for some I, by (34). Hence we obtain a relation of the form

24y(k,r) — (4k)! = 24y(l,s)
for some integers r and s. Such a relation is impossible. If [ = k, it would make
an odd multiple of (4k)! equal to an even multiple; and if | < k, it would make
an even multiple of 12(41)! equal to an odd multiple. These contradictions prove
(37).
Now let B,, 0, and R, be defined as in Lemma 14.1, but with H = ()

and A given by (34). As before, P is any perfect simple group. Since A is of finite
index in H, we may use Lemmas 14.1 and 14.2 and obtain

LeMMA 14.3, Let N <1 R,. Then either G, < N or else N < Uy
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PROOF. Suppose that N £ U,. Then nwe N for some n # 1 in H and some
weU,. Then € N by the first part of Lemma 14.2. For a sufficiéntly large value
of k, the element £ in (37) is a power of 5. Since A, is of finite index in H, so also
is ANA'E by (37). Hence U, < (&%4) < N, by the second part of Lemma 14.2.
Lemma 14.3 now follows.

Now let N be any normal subgroup of R, which is maximal subject to the
condition N N P = 1. The lemma shows that N < U, and U/N is a chief fac-
tor of R,. If we define

(38) J, = R N, P, = NP/,N and P, = NP|N,

it now follows that J, is monolithic, with u(J,) = U4/N. NNP, # 1 would
imply that P, < N and hence U, < N by (27). Since this is not the case, it
follows that P,, and similarly P,, are copies of P. We may identify H with
NH|N to obtain [H,P,] = 1. The relation u(J,) = P then also follows
from (27).

7. PROOF OF THEOREM B3. We are given groups K # 1 and L such that
l L] = ,K *K l . We have to fit K and L into the group R, considered in the
preceding section by making a special choice of the perfect simple group P.
By (10), we may suppose that '

(39) L<P=(Ky,K)

where K,,-:-, K, are four copies of K. We may further suppose, by Lemma 4
that P contains a commutator

(40) ¢ = [b{", b5, b8, b{7] # 1,

where b, ... b™ are suitable elements of K.
For each ye K, let y* be the vector in U, defined by

41) Y = 00,02),.03) ., 30a) 17 -

By (36), the sets A, At, At> and Az’ are orthogonal in pairs, and so the vectors
y* form a copy K* of K which is contained in U4. If y # 1, we have

[y* Pa] = [y1, Ply = P4,
since y,; is then a nontrivial element of P. Since P, N = 1, it follows that
(42) K*NN =1.
The common support of the vectors y* # 1 of K* is the set
43) B=AUATU A7® U A7,

Let A*=BNBt~'N Bt~3 NBr~". Clearly A £ A*. But A* is the union of the
256 sets of the form X = A" N A" ' N A3 N Ar*77, where a,8,7,6 take
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independently the values 0,1,3 and 7. If either x = O or § = 1, then X £ 4. But
if both @ # O and B # 1, then A7®is one of At, At or A7’, while At? ! is one of

1 At* or A®. By (36), X = & in all these cases. Hence A* < A4, and
so we have

(44) A=BnNnBt 'NnBt*NB:’
This shows that the support of the vector

c* = [N, 1 ¢ 3p® 173 £7p™" 17 7] is contained in A. By (41), each of
the four components of ¢* is constant on 4; and we have in fact ¢* = ¢, using
(40). Since ¢ # 1, this shows that

(45) P, N(K*Y # 1.

An argument similar to the proof of Lemma 2.3 shows that P, N (K*)? <1 P,.
For, by (39) and (41), given u e P, the group (K*,tK*t™ !, o*K*17 3,7’ K*:™ ")
contains a vector v = v(u) such that v, = u for all ae A. Since P, is simple, we
therefore have P, < (K*)¥; and so

(46) U, = (KM, Ry = <H,K*).

By (42), we may identify K with the isomorphic subgroup NK*/N of u(J,)
and obtain u(J,) = K", Since L is embedded in P by (39), this completes the proof
of Theorem B3.

Theorem B3 may be extended to cover other infinite groups H besides Z,,.
For example, if H is oligolithic i.e. has a finite set of elements &, # 1 such that
1 # M <2 H always implies that ¢;e€ M for some i, then we may give these ¢
the role of the elements ¢ = 7™*®!in the above proof, and use Lemma 3.5 to
provide a suitable subset A.

8. PrROOF OF THEOREM C2. We begin by deducing the theorem from Lemma 11
(in which we take H = K3) and the two parts of the following lemma, Wthh will
then remain to be proved:

LeMMA 15. Let K,, K,, K5 and L be any non-trivial groups; and suppose
that either (i) K3 is non-periodic and |L X K3| = |K1*K1| or else (ii) max
|K2| |K3|) is 3 or 4 and ‘LI |K1*K1| Then L can be embedded in some
simple group of the form S = (K,K,,K;5).

We recall the hypothesis of Theorem C2. K, K, K; and L are non-trmal,
as in Lemma 15 and (with H = K;) in Lemma 11, and the desired conclusion is
the same as in both lemmas; but in the theorem we are given only that

@7 L] = %, = |[K *K,x K3},

that not all three K; are of order 2, and that when o > 0 at most one K; is of
order 2. :
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If o > 0, we may suppose lKll = N,; and if « = 0, we may suppose that
|K 1! < max (IKZI’ |K3]), without loss of generality. This ensures that |L X K3|
< |Ky*K,| and the hypothesis of the theorem ensures that max (|K,|, |K,]) > 2.

Suppose first that max (|K2|, |K3|) < 4. The result then follows from Lemma
15 (ii). In the contrary case we may suppose that |K3| > 4. By Lemma 12, K3 is
either non-periodic and the result follows from Lemma 15 (i); or else K; has a
finite subgroup of order greater than 4, and the result follows from Lemma 11
(with H = K3), since I(K;) < 4 by (10).

This completes the deduction of Theorem C2.

We now prove the first part of Lemma 15. By Theorem B3, there is a group
of the form J, = (H,, K,), where H, is an infinite cyclic group, with the following
properties: (i) J, is the semidirect product H,u(J,); (i) u(J,) = P45* where P, is a
perfect simple group which may be supposed to contain a finite subgroup of order
greater than 4; and (iii) u(J,) contains K, and also a copy P, of P, such that
[H,,P,] = 1. Hence P, has a finite subgroup A, such that I(K,) < Iﬁzl, using
(10); and J, contains the subgroup H, x H,. Since (H,,K,> < u(J,), all the
conditions (2) of Lemma 10 hold. Also H, can be embedded in K, since Kj is
non-periodic, by hypothesis. Lemma 15 (i) now follows from Lemma 10.

9. It only remains to prove Lemma 15 (ii); and again we use Lemma 10, but
now with

(43) J, = LF(2,41) = PSL(2,41).

We note first the needful properties of J,, for which cf. [15], particularly Theorems
6.13, 8.5 and 8.27; or the account in [19], Chapter 20.

(a) J, is simple and of order 2pqr, where p = 41, g = 20, r = 21.

(b) J, has cyclic subgroups P, Q, R of orders p, g, r respectively.

(¢) Each non-trivial element of J, lies in exactly one conjugate of one of
P, Q or R.

(d) The normalizers of Q and R in J, are dihedral groups of orders p — 1 and
p + 1, and they are maximal subgroups of J,.

(e) J, is generated by any two distinct conjugates of P.

(f) Any two non-trivial cyclic subgroups of the same order are conjugate in
J, (a corollary of (c)).

Let the elements o and 7 of J, be defined by z¢ = z + 1 and zt = — 1/z, for
any point z on the projective line of p + 1 points. Then ¢ is of order p and we may
take P = (o). The involution T maps the unique fixed point co of P onto 0.
Hence 7 does not normalize P, and so

49) Jy =<0,1),
by (e): cf. [16], 93.
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To deduce Lemma 15 (ii) from Lemma 10, we may suppose without loss of
generality that |K2| = |K3|. Hence |K2| is 3 or 4. To satisfy (2), we have two alter-
native choices for the subgroup H, x H, of J,: either as a subgroup of Q with
|H,| = 2 and |A,| = 5, or else as a subgroup of R with |[H,| = 3 and |H,| = 7.
We require H, to be embeddable in K;; and so if |K 3| is 2 or 4, we must choose
the first alternative; while if |K3| = 3, we must choose the second. In either case,
we have I(K,) < 4 < |H,|, by (10).

It only remains to show that J, has the form (H,, K,) with a suitable choice
of K, for each of the six possible combinations of IH 2| = 2 or 3 and |K 2] = 3 or
4. Since J, = u(J,) by (a), all the conditions of Lemma 10 will then hold, and
Lemma 15 (ii) will follow. Writing Z, for the cyclic group of order n and D, for
the dihedral group of order n, we need only verify

LemMA 16. The group J, = LF(2,41) is of the six forms {Z,,Z3),{Z3,Z3),
<ZZ’Z4>1 <ZZ: D4>a <231Z4> and <Z39D4>'

ProOOF. By (49), we have
J, = <K1,10) = {o1,10) = (1o 1.

Here 7 is of order 2, 7o and a7 are of order 3 and, as follows easily from 172 = 2
mod 41, 7a " is of order 4. This gives the first three forms of the lemma.

By (d), the normalizer of Q in J, is a D,o, which contains subgroup D,; and
by (f), all involutions in J, are conjugate. Hence the last two forms of the lemma
may be obtained from the first by choosing a Z, or a D, which contains 1. Finally,
let the involutions t, and 7, generate the normalizer D,, of R. By (f), J, contains
a D, of the form {t,,15). By (d), D,, is a maximal subgroup of J,, and cannot
contain {1,,73). Hence J, = {t,, 1,153 has the form {Z,,D,>.

This completes the proof of Lemma 16, and therewith of Lemma 15 (i) and
of Theorem C2. We note the corollary of Theorem C2:

(50) KK) < 3if |K| # 2.

5. Simple groups generated by two given finite groups

1. In the remarkable paper [17] of 1953, Camm proved the existence of
2%° non-isomorphic 2-generator simple groups. Each of her groups is the frez pro-
duct with an amalgamated subgroup of two copies of the free group of rank 2,
and is torsion-free. We confine our attention here to simple groups of the form
S = {(H,K), where H and K are given finite groups with IH | > 2 and |K| > 1;
and to the question whether every countable group L can be embedded in some
such S. We shall obtain a positive answer to this question for many such pairs
H and K, and this implies the existence of 2*° non-isomorphic simple groups
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S = {(H,K), since a given S has only countably many finitely generated sub-
groups. But in every case, at least one of the groups H and K has to be non-cyclic
monolithic, so that our simple groups —unlike those of Camm—all appear to
require at least 3 generators.

The reason for this is the character of the quadrilateral construction of §3.3
and the bilateral construction of §4.1. In the notations of those sections, we ob-
tain simple groups of the forms

(D) S = {Jy,J3y and S = (K,,J,).

In the first of these, J; and J; are opposite sides of a quadrilateral which has to be
completed by sides J, and J, = J,(L), the given countable group L being em-
bedded in J,, while J, can be chosen independently of L. In the second form, the
side J; = J,(L) of the bilateral has to contain both K, and L, but here K, can be
any non-trivial finite group. But the J, of the second form is subject to more
stringent requirements than the J; and J; of the first form.

The monolithic groups required to complete these constructions, viz. J, and
J4(L) in the first form and J,(L) in the second, are in the main those of RP-type
provided by Theorem B2. Obviously, an appeal to Theorem B3 would allow more
general results to be obtained. It seems more interesting to show that the sides of
RP-type can often be replaced by finite simple groups: cf. the role of LF(2,41) in
the proof of Theorem C2.

2. For this purpose, alternating groups are adequate, as is shown by

THEOREM D1. Let H and K be finite groups which have subgroups H, < H
and K; = K such that

2 |Hif=m>2and |K,| =n>1;

and let A, be the alternating group of degree q. Then for infinitely many values
of q there are embbedings of H and K in A, such that

(3) HNK =1and (H,K,> = A,

Given a finite group L, there is a least integer g, = qo(L) such that 4, contains
copies of L for all g = q,. It follows from the theorem that L can always be em-
bedded in some finite simple group A4, of the form (H,K>.

ProoF. Without loss of generality, we may suppose that H, and K, are chosen
as small as possible, consistently with (2). Interchanging H and K if necessary, we
may therefore assume that either

4 H =51,80 2Dy, Ky ={(t) =2 Z,,m=4and n = 2;
or else
4* H, = {s) and K| = {t) and m-= n.
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Let

) q =1+ (m+n—2r, where r = 2|H x K|,

and [ is a positive integer. By a theorem of Dirichlet, we may suppose that

6) q is a prime,

since this is the case for infinitely many values of /.

It will be enough to show that H, and K, can be embedded in A,, each in its
r-fold regular representation in such a way that A, = (H,K,>. For by (5), r is
an even multiple of IH | and so the embedding of H, can be extended to an embed-
ding of H in A in its 2!m|K I-fold regular representation, with the same support as
that of H,. This support consists of rm symbols and no x # 1in H will fix any of
them. Similarly, the embedding of K, can be extended to an embedding of K in
A, in its 2In|H|-fold regular representation, with the same support as that of K.
This support consists of rn symbols and no y # 1 in K will fix any of these. The
supports of H, and K, cannot be the same since r does not divide g, and so the
relation H N K = 1 is assured.

Four cases need to be distinguished. :

(i) Suppose that (4) holds. We take the ¢ = 4r + | symbols permuted by
A, to be a;, by, c;,d; (i = 1,-+-,r) together with d,, and represent H, and K, as
follows:

Q) 5 = '1;11 (@;, b)(c;nd); sy = 1:[1 (a,c)b,dy); t= 131 (a;,d;_y).

This makes {H,, K, ) transitive on the g symbols. By (6), it is therefore a primitive
permutation group. It is easy to verify that st consists of r — 1 cycles of order 4
and one cycle each of orders 2 and 3; and more precisely that (s,£)* is the 3-cycle
(dg,a4,by). By a well known theorem it follows that 4, = (H,,K,>: cf. [18],
Theorem 13.3; or [19], §160.

In the remaining three cases (4)* holds, so that H, and K, are cyclic.

(ii) Let m > 3 and n > 2. Then we take

(8) § = ]:[ (ai, bi’cbdi!Xi) and t = ]___[ (ai—], bi, € Y;)
i=1 i=1

Here X; stands for a sequence (empty when m = 4) of m — 4 symbols, and Y,
for a sequence of n — 3 symbols which do not enter into the calculations. It is to
be understood that the symbols involved are all distinct unless the contrary is
explicitly indicated. It follows that {s,t) = (H,,K,) is again a primitive per-
mutation group permuting the ¢ = 1 + (m + n—2)r symbols transitively, and
contained in the alternating group 4, on these symbols. Writing ¢¢ = a, for
convenience, we have
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r

-2,.2

5725 = [] (¢i-1rdie, Yy)
i=1

An easy calculation shows that [t,s%] consists of r — 1 cycles of order 5 and a
single cycle of order 3; more precisely, [¢,s2]° is the 3-cycle (b, e,,d;). Hence
(H,K ) = A, for the same reason as in case (i).

(iii) Next let m > n = 2. Then we take
&) § = H (@41, bpc, X)) andt = H (a;, b)),
i=1 i=1

using the same convention as in the previous case. X; is now a sequence of m — 3
symbols. Here (s, t) is a primitive group of degree g = 1 + mr. It is easy to check
that [¢, s] consists of » — 2 cycles of order 3 and one cycle each of orders 2 and 4.
Writing u = [¢,5]%, we have in fact u = (ay, b;)(c;,¢,), so that sus™! = (ay, a,)
(by, by). This gives v = [u,s~*]* = (a4, b1)(a,, b,). Hence (H,, K,) contains the
transitive subgroup {sus~!,v) of order and degree 4. By a theorem of MarggrafT,
it follows that (H;, K;) coincides with the alternating group 4,on the q symbols
of its support: cf. [18], Theorems 13.4 and 13.5.

(iv) It only remains to consider the case m = n = 3. Here q = 4r + 1 and
we take the support of 4, to be the same as in case (i), and

(10) 5= H (a, b;,dy), t = H (ai,cindiy).
i=1 i=1

Then s't~* has r — 2 cycles of order 3 and 4 cycles of order 2. More precisely,
writing u = (st°)%, we have u = (c;,do)a,,c,)a,,b,_ )b, d). This gives
[u,5] = (a4, by, c2)@d,_1,b,,a,,b,_,,d,). Hence the primitive group (H,, K> of
degree g contains the 3-cycle [s,u]® = (a,, b;,c,). As in cases (i) and (ii), this
implies that (H,,K,) = A,.

The proof of Theorem D1 is now complete.

3. We give next an elementary proof of Theorem B2 for the important case
of finite H, which will prepare the way for a useful though marginal improvement.
It is probable that the hypothesis (K) < |H l of that theorem could be weakened
to K(K) < |H|. By (10) and (50) of §4, we know that I(K) £ 3 if |K| > 2 and
I(K) £ 4 if |K| = 2; but the interesting cases |H| =4, |K| =2 and |H| =3,
]K | > 2 remain to be covered.

LEmMMA 17. Let H and K be non-trivial groups such that |H| = n is finite;
and let

(11) P =<Ky, K,>and R = P H,

where P is a perfect simple group which is generated by m copies K, of K. Then
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K can be embedded in P" in such a way that R = (H,K) provided that one of
the following conditions holds: (i) m < n; or (i) m = n, but no automorphism

of P induces a non-trivial regular permutation of degree m on the m groups
Kls Y Km'

PROOF. Let G = H*K. Then F = K" is the free product of the n conjugates
K‘(¢ e H). Since m < n in both cases, there is a homomorphism 6 of F onto P.
Let M be the kernel of @ and N = N,z M*. Then M < F and so N< G = FH.

For each {, F/M* is isomorphic with the perfect simple group P. Hence F/N is
the direct product of r copies of P, where r is the smallest number of conjugates M*
of M which have N as their intersection. Since the direct product of r copies of P
has exactly r maximal proper normal subgroups, it follows that » = | G : Ng(M) ]
is the total number of conjugates of M in G. If r = n, then G/N is isomorphic
with R in an obvious way; and it will have the form {H, K) provided that M N K*
= 1 for at least one { € H, since G = (H,K*)>. Thus we have only to show that,
in each of the two cases, 8 can be so chosen as to map at least one of the conjugates
K? isomorphically into P and to make r = n.

In case (i), we have a spare conjugate of K and can afford to make K° = 1.
Let 8 map each of the other n — 1 conjugates K* (1 # { € H) isomorphically onto
one of the groups K,, -+, K,,, taking care that each K is the image under 6 of at
least one K*. Then K* will be the only one of the n conjugates of K under H to be
contained in M¢. Hence the M* ({ € M) are all distinct and r = n.

In case (ii), where m = n, we may number the elementsof Has &;(i = 1,--+,n).
Let  map K°' isomorphically onto K, for each i. Suppose if possible that r < n.
Then M" = M for some n # 1 in H. The inverse image of K, under 0 is MK*:,
and 0~ '70 is an automorphism of P which maps K; isomorphically onto K ity
where the non-trivial regular permutation i — j(i) of 1,2,---,n is determined by
the relations & = &;;y. The existence of such an automorphism is contrary to
hypothesis, and we conclude that » = n in this case also.

This concludes the proof of the lemma.

Let L be any group such that |L| < |K*K|. Then we may choose P so that
L £ Pand m = (K). If (K) < ]HI = n, case (i) of Lemma 17 gives Theorem B2
for finite H.

If |H| = 4and P = {(K,,-+-,K,), a regular permutation of order 2 of the K;
must either interchange <K, K, with (K3, K,), or else (K, K3} with (K, K,>,
or possibly both. Case (ii) of Lemma 17 will therefore certainly apply whenever

(12) (K1, Kp) 2 <Kj3,K,» and (K3, K3) Z <K, Ky).

If lH | =3 and P = (K, K,,K;), the lemma will apply for a similar reason
whenever

(13) <K1’K2> 2 <K2:K3>'
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These remarks will be used in the proof of the following result, which supplements
Theorem B2:

LEMMA 18. Let L be any countable group; and let H and K be finite groups
such that either (i) |H| = 3 and |K| > 2, or else (ii) |H| = 4 and |K| = 2. Then
there is a perfect simple group P which contains L, and an embedding of K in
the base group P of R = P ¢ H such that R = {H,K).

PROOF OF CASE (i). Here we use the bilateral construction. Let G be any finite
group with |G| > 3. Then I(K) < |G| by §4, (50), since |K| > 2. By Theorem B2,
we can embed L in a perfect simple group P, which is generated by 3 copies of K
in such a way that J; = P, ? G has the form {G,K,), where K =~ K, £ P¢.
There will then be another copy K, of K, contained in the group P, of constant
vectors in Py, Hence J, contains the subgroup G x K.

By Theorem D1, there is a finite alternating group J, = (K,, K3), where K,
and K are two further copies of K, such that J, contains a subgroup K, x G,
with G = G. For the degree q of J, infinitely many values are available. Hence we
may suppose that J, is not isomorphic with the subgroup (K,, K,) of J;.

We now form the bilateral group J, *J,/G = G, K, = K, Since K, £ u(J;)
=Pf J, =G’ and J, = u(J,), we have in this bilateral group the relations

(Jy N p(J) = G =J; and (J, Np(J))? = K32 = J,;

and so its subgroups J; and J, are hololophic by Lemma 7. Hence there is a simple
quotient group of the form P = {J,;,J,> = (K4, K,, K3). By our choice of g,

(K1, Kp» = (K3, KD 2 J> = <Kz, K3),
so that (13) holds. Hence case (i) of Lemma 18 follows from case (ii) of Lemma 17.

4. For economy, we combine the proof of Lemma 18 (ii) with that of the
following theorem, which employs the quadrilateral construction:

THEOREM D2. Let L be any countable group, and let J, and J; be finite
groups with subgroups H;, H(i = 1,3) such that

(14) 1# H S pJ),H,NH =1andJ;, = H'(i = 1,3).
Suppose further that H, and H are not both of order 2, and that either
(15) (Hy) < |Hs|; or |Hy| = 3,|H,| > 2; or |H;| = 4,|H,| = 2.

Then L can always be embedded in some simple group of the form
(16) S = <J1aJ3>'

Obviously (14) implies that H, # 1 and H; # 1. The second and third alter-
natives in (15) correspond to the two parts of Lemma 18. We shall first prove the
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theorem under the assumption -of the first or the second alternative in (15). We
can then prove Lemma 18 (ii) and this will allow the proof of Theorem D2 to be
completed.

PROOF. Let H,, H,, H, and H, be copies of H,, H;, H; and H |, respectively.
If I(H,) < |I73|, then I(H,) < ]H4|; and so, by Theorem B2, there is a perfect
simple group P, such thatJ, = P, 2 H, has the following properties:

) L <P, Hy £ p(J,)and Jy = (Hy, HyD.

Alternatively, if | /5| = 3 and |H,| > 2, then |H,| = 3 and |H,| > 2; and so (17)
holds for a suitable P, by Lemma 18 (i) which has already been proved. In both
cases, H, "A, = 1 and J, = H*

By hypothesis, H, and H; are not both of order 2. By Theorem DI, there
is therefore an alternating group of the form J, = (H,, H,) with H, N H, = 1;
and J, = u(J,). We may now complete the quadrilateral to form the group

G =J1*J2*J3*J4/H1 = H,, 1'72 = Hj, 173 = H,, ﬁ4 = H,.

By (14) and (17), we then have (J; N u(J;_,))”'= J; for each i mod 4; and so the
J; are hololophic in G by Lemma 7. Hence L is embedded, as a subgroup of J,, in
a simple quotient group of G of the form S = {Jy,---,J4>. But J, = {H,, H,)
= (H,,H,) and J, = {H,, H) = {(H,,H,) are both contained in <{J;,J5),
and (16) now follows.

This proves Theorem D2 under the first two alternatives in (15). Under the
third alternative, || = 4 and |H,| =2, ie. |Hy| = 4 and |H,| = 2; and the
existence of a suitable P, satisfying (17) will follow, once case (ii) of Lemma 18
has been proved. The remaining part of the proof of the theorem can then proceed
exactly as under the first two alternatives. Thus it only remains to prove Lemma
Lemma 18 (ii); and by Lemma 17, it will be enough to show that a countable group
L can always be embedded in some perfect simple group P which is generated
by four involutions t,,--+,t, such that

(18) {1,750 Z T3, T4 and {15,730 Z {T1,T4);

cf. (12) above.

To prove this, let J;, = {64,0,> and J5 = {g3,06,)> be dihedral groups of
orders 10 and 14, the o, being involutions. Thus & = 0,06, is of order 5 and
1 = 630, of order 7. Taking H, = {0,), Hy={03), H; ={&) = u(J,) and H;=<{n>
= u(J,), the conditions of Theorem D2 hold. We are under the first alternative
in (15), since I(H;) < 4 < !ﬁ3| = 7. Hence L can be embedded in a simple group
of the form S; = (04,0,,03,0,) with J; = {(6(,0,) ¥ {(03,04> =J;. But we
have no information about the subgroups {¢,,0;) and <{g,,06,) of S,, except
that they are necessarily dihedral. We use S; as the starting point of a bilateral
construction.
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Let T, = {(1,,7,) be a copy of J;, where 7, and 7, are involutions and
{ = 1,14 is of order 7; and let G; = S, ¢ Ty. By Theorem B2, there is an involu-
tion 7, € S *such that G, = (T;,7,). To be precise, we may take the support
A of the vector 7, to consist of the elements 1, ¢, {? and ¢3 of T, the corresponding
coordinates of 7, being ,, 63, 6,4, 0, respectively. Since 1 # [, 6,]= [1,,¢31,{~?]
is a non-trivial element of §; N {z1'), we obtain the relation G = {Ty,1y) in the
usual way. Since A £ ), A1, NA = A1, N A = (J;here At, = Sup 1;* and
At, = Sup 7}*. Hence [7,,17] = [1,,7}*] = 1 and so

(19) (T1,72) =2 71,74 = Dy,

the octic group.

On the other hand, the group §; of all constant vectors in the base group
STt of G, contains a copy T, = {G3,54) of T,; and = 640, is the {-coordinate
of 7,6, and also the {?-coordinate of Gy7;. Hence the dihedral groups {t,,53)
and {t,,6,y are of order at least 14. Note also that G, contains the subgroup
T, xT,.

Now let G; = S3 2 T3 = (T3,75) be a copy of G;, with S; = §,, T3, = T,
and 7, an involution in the base group S Then G, contains a subgroup T, x T,
where T, = T, and is contained in S} *= p(G,). Hence we may form the bilateral
group

G = GI*G3/T1 =T, Ts =T,.

In G, T, =T; £ G, N(G3) and so (G, Nu(G,))°* = T¢' = G,; and similarly
(G5 N u(G,))®® = G;. Hence G, and G, are hololophic in G, by Lemma 7; and so
G has a simple quotient group of the form P = (G,,G3). Since T; =T, < G,
and G; = (T3,715), it follows that P = {G,73) = {Ty,T3,T3,T4)-

The subgroups <{7,, 73 and {74, 7,) of P are contained in the base group of
G,. They are the subgroups of G; which correspond to the subgroups {z,, &3>
and {t,,6,) of G,. Hence they are of order at least 14, and so (18) follows from
(19). L is embedded in P as a subgroup of S| < G,.

The proof of Lemma 18 and Theorem D2 is now complete.

5. Taking J;, =~ J; in Theorem D2, we obtain the

COROLLARY. Let J be a finite group with subgroups H and H such that

(20) A< uwJ), HNH =1 andJ = H’; and either
@1 |H| > 1, |A]| > 3,0r |H| > 2,|H| = 3.
Then I(J) = 2.

For by (50) of §4, we have I(H) < |H| whenever |H| > 2 and |A| > 3. The
remaining cases are covered by the second and third alternatives in (15).
1t would be tedious to discuss the conditions (20) and (21) in detail, but a few
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points may be made. They imply that J is monolithic; that J is not nilpotent i.e. is
not a prime-power group with cyclic centre: that ]u(J )! > 2; and that J is not one
of the dihedral groups of order 2-3".

Of the 80 monolithic groups of order not exceeding 60, just 49 are nilpotent.
Of the remaining 31, three have centre of order 2 viz. the binary tetrahedral group
of order 24, its central product with a Z, and the binary octahedral group —both
of these being of order 48. If we exclude these three groups and also the dihedral
groups of orders 6, 18 and 54, there remain 25 groups J with ]J | < 60 all of which
satisfy the conditions (20) and (21) for a suitable choice of H and H, and for
which therefore I(J) = 2.

Some general classes of finite groups with I = 2 may be noted:

(1) The simple groups of composite order. For these we may take 4 to be a
Sylow subgroup of order greater than 4 and H to be a Sylow subgroup belonging
to a different prime from H.

(2) The symmetric groups of degree g = 4. If ¢ > 4, we can choose H = {t)
where t is a transposition and # = A,. If ¢ = 4, we must take ]I? l =4, IH , =6,

(3) The soluble monolithic groups J such that [M,J] = M, where M = u(J)
excluding only the dihedral groups D, . If H is a system normalizer of J, then
HNM=1and J = H’: cf. [15], Theorem 11.10; and the conditions (20) and
(21) will be satisfied with H = M unless IH | = 2 and |M l = 3. In the latter case,
the Fitting subgroup F of J must be a 3-group. Since J is soluble, we have
C,(F) £ F:cf. [15], Theorem 4.2 b); and if F is cyclic, this would imply J = D, _,
for some n. This case being excluded it is easy to show that F contains a cyclic
subgroup M; # M such that |M,| = 3 and MY = M,. With H = M as before,
we may satisfy the conditions of the corollary by replacing the system normalizer
H by (H,M,> =~ Ds or Z.

(4) The soluble monolithic groups J such that [M,J] =1, [M|=p>2
and |J :J ’| prime to p. Except when lJ | = 23" we may take H to be any S,-
subgroup of J. Again HNM = 1 and J = H’, so that H = M = p(J) is again a
suitable choice. In the exceptional case we may take H to be one of the dihedral
subgroups which J then contains.

It may be of interest to remark that I(S) = 2 also for all countably infinite
simple groups S, except possibly when S is torsion-free and has the peculiar prop-
erty that any two of its non-trivial subgroups have a non-trivial intersecion.
(Whether there exist simple groups with this peculiar property is problematic.)
The proof follows similar lines to that of Theorem D2, but the quadrilateral sides
of RP-type may need to be supplemented by sides of BP-type as provided by
Theorem B3.

6. The other main result of §5 is similar to Theorem D2, but requires the
bilateral construction. This is
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THEOREM D3. Let K # 1 and J be finite groups and let L be any countable

group. Suppose that J is either (i) a simple group of composite order, or else (ii)
has a direct-product subgroup H x H such that

(22) H<ul), |H|>2andJ = H.
Then L can always be embedded in some simple group of the form
(23) S = {J, K.

Conditions (22) imply that H # 1; and a simple group of composite order
clearly satisfies them provided it has a subgroup H x H with [H | > 1and |I7 | > 2,
For example, consider the simple group J = LF(2,p), where p is a prime greater
than 3. J has cyclic subgroups of orders $(p — 1) and 4(p + 1), and therefore J
fails to satisfy (ii) only when one of these two numbers is a power of 2 and the other
is a power of 3. The only values of p for which this occurs are the Fermat primes
5 and 17 and Mersenne prime 7. The corresponding simple groups, of orders 60,
2448 and 168, contain D,’s but no other genuine direct products.

But we do not need to examine the finite simple groups in detail. Instead
we prove

LEmMA 19. Suppose that the finite group G has no direct-product subgroup
H x H with ]H| > 1 and II:_II > 2, and no tetrahedral subgroup. Then G is
soluble.

Proor. For odd primes p, the S,-subgroups of G must be cyclic, since other-
wise G would contain a subgroup Z, x Z,: cf. [15], 310, 8.2 Satz. Let S be any
S,-subgroup of G. If S is either cyclic or normal in G, then G is soluble, by the
Holder-Burnside Theorem: cf. [15], 420, 2.11 Satz.

Let T be a non-trivial subgroup of S; and suppose, if possible, that T* = T
for some element x € G whose order is an odd prime p. Let T'; be a minimal charac-
teristic subgroup of T. Then T'; is of exponent 2; and |T1| is 2 or 4, since other-
wise G would contain a subgroup Z, x D,. Also Ty =T,. If [T;,x]=1, G
would contain a Z, x Z,; and if not, then |T1| =4, p=3and {(T,,x) is tetra-
hedral. In either case we obtain a contradiction of the hypothesis of the lemma.
Hence N4(T) is a 2-group. But if T is a maximal intersection of S with one of its
conjugates in G, then N;(T) cannot be a 2-group. We conclude that S = N4(S)
is disjoint from all its conjugates in G. By a theorem of Frobenius, it follows that
G = SN, where N<aG and SN N = 1: cf. [15], 495. Since all the Sylow sub-
groups of N are cyclic, G is therefore soluble.

In particular, if J is a simple group of composite order, then J has subgroups
H and H which either satisfy the conditions (ii) of Theorem D2, or else are such
that
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(2)* |#| =3,
where (H, H) = A, is a tetrahedral subgroup of J, with HP = Ay =2 D,.

Hl =2,H< p(Jyand H = J,

7. PROOF OF THEOREM D3. We now write J,, H,, H, for the groups J, H, H of
the theorem, including those in (22)*; and K for K. To apply the bilateral construc-
tion we have to find a suitable mate J, for J,. We require that J, shall contain L
and also have subgroups H,, H, such that

(23) Jy = (Hy, K,y = H{', H; £ p(J,)and <H,, H,> = (H,,H,),

where it is to be understood that in the isomorphism H, maps onto H, and H,
onto H,.

If these requirements are satisfied, the construction can proceed exactly as in
§4.1 We form the bilateral group G = J, *J,/H, = H,, H, = H,. In G we have
H, = H, £ u(J,) by (22) or (22)*, and so (J; Nu(J,))’* = J; by (23); while
H, = H, < p(J,) by (23), and so (J, N u(J,))’? = J, by (22) or (22)*. Hence J,
and J, are hololophic in G by Lemma 7; and so there is a simple quotient group of
G of the form S = {J,J,). Since J, = {H,K;> by 23), and H, = H, £ J,,
this gives S = {K;,J,) = {J, K}, as required; and L is embedded in S as a sub-
group of J,.

Except when |H,| =3 and |K| =2, we may satisfy (23) by taking
J; = P, v H, for a suitable perfect simple group P;. This follows from Theorem
B2 and Lemma 18. Here (22) holds but we must take care that P, contains not only
L but also a copy of the finite group H,. The group of constant vectors P, in
P¥' will then contain a subgroup H, = H, such that (H,, A, is the direct pro-
duct H; x H,.

Theorem B2 covers the case ]H 1| > 3, IKII > 2, since then I(K,) < |H 1| by
§4, (50). The two parts of Lemma 18 cover the cases |H,| = 3, |K,| > 2 and
|Hy| = 4, |K,| = 2. This leaves only the exceptional case |H,| =3, |K,| =2
mentioned above.

8. To cover this case we prove

LEMMA 20. Let L be any countable group. Then there exists a group of the
form J = {u,b), where u is of order 3 and b is of order 2, such that

24) L =J = u,u’y, {u,0) = Zs and {u,f) = A,
for suitable chosen involutions o and B in u(J).

As before, Z is the cyclic group of order 6 and A, is the tetrahedral group.
We may satisfy (23) by taking J, = J, H; = {u), K; = <(b) and H, = {a) or
{B>, according to whether (22) or (22)* holds.

Proor. By §4, (10), there is a perfect simple group P such that
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(25) L £ P =<{64,,04)and [0,,0,] # 1,

where the g, are involutions. The relation [¢,,0,] # 1 may be obtained by a suita-
ble numbering of the a;. Let

(26) C=<&, R=PrCand M = {(R,1),

where £ is of order a prime p = 11 and 7, is an involution which transforms R as
follows:

(02)) & =& and (W)a=ve-:  (i=1,,p)

Here v is any vector in the base group P€ of R. Thus 7, = 1, is also an involution,
D,, = 4,7, is dihedral, and M is the non-standard wreath product of P by
D,, with respect to the representation of degree p.

We now define a third involution 75 € P€; A = Sup 15 is to consist of the four
elements &, £2, &3 and ¢*, the corresponding coordinates of 1, being o4, 95, 73, 6,.
Since p = 11, A N A~ contains only &; and so [é15¢7", &* 13¢ ™ *]=[0,, 04] #1
by (25). Since the coordinates of t; generate P, the usual argument based on
Lemma 2.3 and the simplicity of P gives

(28) R ={¢{,13p and M = (14,75, 73).

Writing H = {u), we take b to be the vector in the base group M” of M H
given by
(29) b = (11,72, 73),

the coordinates being in the order 1, u, u®>. We have to show that the group J
= {u, b) satisfies (24).

In P, we have Sup t3' = A~ and Sup t5* = A7 !¢ by (27). Since p = 11, we
have ANA™' = ANA™Y¢ = . Hence all the coordinates of [,.7;] and
[3,7,] are involutions, and so [t,,7;]* = [13,7,]> = 1. But in M " the vector
ubu~! has coordinates (1,, T3, 7;). This gives, with the usual convention,

(30) [b,ubu™11* = [1,7,)* = €% # 1.

By (28) and (29), the coordinates of b generate M. Writing K = <b), it follows
that M N[H,K]<1 M by Lemma 2.3. But C={¢2) < [H, K] by (30); and C*=R
since P is perfect. Combining these three relations and noting that R £ M and
[H,K]<J = {H,K), we obtain

(31) R" < [H,K].

But 7, = 7, and 7, = 1 mod R¥ and so J/R" is a tetrahedral group by (29).
Hence J = H’ = {u,u") by (31).

Since p(R) = P€ and 7, transforms R by an outer automorphism, we have
u(M) = P€. Hence u(J) = (P*)” by Lemma 2.4; and so it contains the elements
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(32) « = g,090% and f = 0,0}
Since 6, 0" and ¢** all commute, o and B satisfy (24).

The proof of Lemma 20 is now complete, and with it also the proof of Theo-
rem D3.

In conclusion we note, for comparison with those mentioned in §5.5 above,
some of the groups J which satisfy the conditions (ii) of Theorem D3. They include
the symmetric groups of degree g = 5, in which we can take H = {t> and H
= {u), where t is a transposition and u is a 3-cycle commuting with ¢. The finite
groups J = P H of RP-type (with H # 1) also satisfy (ii), with H = Pthe group
of constant vectors in P, Another interesting example is the ternary Hessian group
J = AQH, a subgroup of the holomorph of the non-Abelian group A of exponent
3 and order 27, Q being the quaternion group and QH the binary tetrahedral group
of order 24. u(J) = A’ is the centre of J and is the only possible choice for A.

But the conditions (ii) of Theorem D3 are in general more exacting than those
of the Corollary to Theorem D2. Of the 25 groups of order at most 60 which
satisfy the latter, only one satsisfies the former. This is the group J = {A4,1) of
order 54 with 12 = 1 and ¢ = ¢!, n° = 4~ ', where 4 = {&,n) is the Fitting
subgroup of the ternary Hessian group mentioned above.

6. Transitive subgroups of wreath products

1. By a transitive subgroup of a transitive permutation group W we shall
mean throughout any subgroup of W which is transitive on the full set Sup W
of symbols permuted by W. (This is a different convention from that sometimes
used, e.g. in the discussion of case (iii) in §5.2, where a transitive subgroup merely
means any subgroup which is transitive on its own support.)

Let Y and Z be transitive groups, with Sup Y = B and Sup Z = C; and let

n W = WK(Y,Z) = QZ, where Q = (Y, C),

be the natural complete wreath product of Y by Z. For convenience of reference,
we recall here some remarks made in §1.9 and 1.3. W is a transitive permutation
group with support B x C. Its elements #¢ (n € Q,{ € Z) act as follows:

) (b, el = (bn.,cl) (beB,cel).

Each ‘point’ (b, c) lies on a unique ‘line’ L, = (B, ¢) consisting of all the points
(b’, c) with b’ € B; and the family of ‘parallel’ lines L, forms a system of imprimi-
tivity for W,

For each ce C, we have a direct decomposition

€)) Q=Y,x M,
where Y is a copy of Y and ne Y, if and only if ., = 1 for all ¢’ # c; while

https://doi.org/10.1017/51446788700018073 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018073

486 P. Hall [53]

ne M, if and only if n, = 1. Further,

“@ Yl =Y, and{"'MJL =M, (ceCleZ).
The restricted wreath product R = Y @ Z is the semidirect product DZ, where
) D=DrY,=(Y)*and R = (Y, Z)(ceC).

ceC

Here it is relevant that Z permutes C transitively. If u = y{ e R, where ne D and
{ e Z, then Sup 7 is finite; and so

(6) lu] =Y chc = |n]
is a well defined element of the,Abelian group Y/Y'. If y = n*{* is also in R, we

have uv = n({n*{~1){L*. Since [n*l = |Cn*§ "‘| by the transformation law, this
gives ) .

@) |uv| = |u] . |v| (u,veR).

The homomorphism u — |u| of R maps Z trivially and maps each Y, onto Y/Y".
Its kernel is Z® = Z[D, Z] cf. Lemma 2.2. Hence

(8) Y/Y' = RJZR.

LeMMA 21. For given beB and ceC, let J = Sty(b,c¢) and H = Sty(L,)
be the stabilizers in W of the point (b, c) and the line L_, respectively. T hen

© Oy, ~Yand Oy.g~ Z.
The notation here is that explained in §1.9.

Proor. Let Y ® = St,(b) and Z© = St,(c) be the stabilizers of b in Y and
of ¢ in Z, respectively; and let Y be the subgroup of Y, which corre-
sponds to the subgroup Y of Y. By (2) and (3), we have

H=QZ®9 =MZ9 x Y, andJ=M2Z© x Y®,

since the elements of M_Z( fix every point of the line L,. Given b’ € B, there is
an element f'e Y, such that (b,c)f’ = (b’,c), since Y is transitive on B. The
elements B’, one for each b’ e B, form a transversal to J in H; and the one-to-one
mapping ¢ of B onto the cosets of J in H defined by ¢(b') = JB'(b’ € B) gives
the required relation ¢~ 'Y¢ = Iy.,.

Similarly, for each ¢’ C we choose an element y'€Z such that ¢y’ = ¢’;
and the elements 7’ form a transversal to H = QZin W = QZ. The one-to-one
mapping ¥ of C onto the cosets of H in W defined by y(c’) = Hy'(c'€C) then
gives Y ~1Zy = .y

2. Now let H be a subgroup of any group G and let t.(c€ C) be a transversal
to H in G. For any x € G, the permutation wg4(x) : Hy - Hyx of the cosets
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Hy of H in G may then be transcribed into the permutation #(x) of C defined by
the rule

(10) ct(x) = ¢’ if and only if t,xt,” e H.

t is a transitive representation of G by permutations of C and clearly

(1D Hg.p ~ HG).
The kernel of t is
(12) KgH) = ﬂGH".

t does not depend on the choice of the transversal elements ?, in their respective
cosets Ht,, but only on the implied labelling of these cosets by the elements of C.

The theorem of Frobenius referred to in §1.9 may be stated in several
equivalent ways, FI—FIII.

FI. Let Z be any permutation group on C which contains HG), and let 0
be any homomorphism of H into Y. Then there is a homomorphism 0* of G into
W = Wi(Y, Z) defined, for each x< G, by

(13) g*(x) = n{, where { = t(x) and n, = O(t.xtz") (ceC);
and the kernel of 6* is K ;(M) where M is the kernel of 6.

This version expresses the method of induced representations: cf. [15],
413; [21], §6.

If |G : H| is finite, then C is finite since |C| = |G : H|; and W coincides
with R = Y Z. From (7) we obtain in this case the transfer homomorphism —
of G into Y/Y' viz.

14) x - [0*(x)| = Y [] 6(xt3") (x€G,{ = 1(x)).
ceC
Next, let J be a subgroup of H and let s, (b e B) be a transversal to J in H.
Then the elements
(15) Up,e = Spl, (be,ceC)

form a transversal to J in G. By the labelling of these transversals, the representa-
tions 7.y of H and 7mg,; of G can be transcribed into representations s of H and
u of G, s(H) being transitive on B and u(G) transitive on B x C.

Assuming that s(H) £ Y and #G) < Z, where Y and Z are permutation
groups on B and C respectively, we then have

FII. The induced homomorphism s* of G into W = Wr(Y,Z) coincides
with u, i.e. for x€ G,

(16) u(x) = 6{, where( = t(x) and o, = s(t.xtz') (ceC).
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Proor. Let be B, ce C. Rule (10) applied to the transversal (15) shows that
(b, c)u(x) = (b’,¢") if and only if s,t.xt- sy *eJ. This condition is equivalent
to (i) t.xt ' eHie.c' = ¢, and (ii) bs(t,xt;!) = b’. Comparison with (2) shows
that u(x) is the element o{ € W defined by (16).

Besides (11) we have ., ~ s(H) and Ilg,; ~ u(G). Since the representa-
tions s, t and u are transitive, the relations s(H) < Y and #G) £ Z, which imply
u(G) < W by FII, and the definition of ‘trans’ given in §1.9, allow us to restate
FII in more qualitative terms as

FII. If Iy, trans Y and Mg trans Z, then g, trans W = Wi(Y,Z)
For convenience of reference, we note here some obvious properties of the
relations =& and ‘trans’. Proofs are superfluous.

LEMMA 22. 1. & is an equivalence relation, and ‘trans’ is a transitive
relation.

2. Let I be a transitive permutation group and let A be any one of the
stabilizers in I'. Then I, & T

3. Let £ = Sym A be the group of all permutations of the set A and let H
be a subgroup of the group G. Then I,y trans X if and only if IG : H] = |A|

4. If G, is a subgroup of G such that HG, = G, then Ilg,., trans Ilgg,
where H; = G; NH.

5. If I is regular as well as transitive, then I1;.4 trans I'if and only if H < G
and G/H = T.

3. ProOOF OF THEOREM E1. Let Iy, -, T, be transitive permutation groups and
Sup Iy = A; (i = 1,---,r). Then the natural complete wreath product W = Wr
Ty, -+, T},) is a transitive permutation group with Sup W = 4 = 4, x - x A4,.
As noted in §1.9, this kind of wreath multiplication is associative. Hence, when
r > 2, we have

a7n W = Wr([y, W,), where W, = Wr([I,,---,T}),

on the understanding that the support A of W is to be identified in the obvious
way with the set

(18) B x C,where B= A, and C = 4, x -+ X A4,.

Let G be any group with a chain of subgroups H = Hy = H; < -+ < H,
= G such that
19 KeH) = 1and Mgy, _ trans I, (i =1,--,7).

Then G = ;.4 If r = 2, we have Il ;.4 trans W by FIIL. If r > 2, we may assume
inductively that I1;.,, trans W;: and again FIII gives I1g.4 trans W by (17). It
follows by induction on r that G is isomorphic with a transitive subgroup of W.

To prove the converse part of the theorem, we may clearly suppose that G
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itself is a transitive subgroup of W, and have to infer the existence of a chain of
subgroups satisfying (19). Given be B and c € C, consider the stabilizers J = J,
= Sty(b,c) and J; = Sty(L.), where L. consists of all the points (b’,c) with
b'eB.Let H=Hy = JNG. Then H = Stg(b,c) and so Kz(H) = 1 since G is
transitive on B x C. For the same reason, JG = W;and so J;G = W and JH,
= J,, where H; = G N J;. By Lemmas 22.4 and 21, we have

(20) Ily,.y trans I1;, ., = Iy, and Ig.p, trans Iy, = W,.

When r = 2, it follows that G satisfies (19), with H, = G.

If r > 2, let M = Kg(Hy). The relation Iy, trans W) from (20) shows that
G/M is isomorphic with a transitive subgroup of W, the subgroup H,/M corre-
sponding to the stabilizer in the image group of the point ce C = Sup W,. From
this, we may assume inductively that there is a chain of subgroups H, < H, <
- £ H, = G such that g .y, trans 10 = 2,---,7). Since g pem . u
= My,.y,-,, these relations together with the first relation in (20) show that G
satisfies (19).

This completes the proof of Theorem El.

In general, the theorem cannot be said to give conditions for the embedding
of a group in a join of given groups, and it is therefore peripheral to the main
concern of the paper. Only when the given groups I'; are all finite will W coincide
with the natural restricted wreath product R =I'; 2 I', ¢ 2 I',, which has the
form

(21) R = <r19“"rr>’

by (15) and its inductive generalization.

Two special cases of the theorem may be noted. The first, in which the T
are chosen maximally i.e. as symmetric groups Z; = Sym A4,, is familiar from the
theory of imprimitive permutation groups: a group G can be embedded as a tran-
sitive subgroup in Wr(Z,,X,,--,%,) if and only if it has a chain of subgroups
H=H,<H < - <H,=G such that Ko(H) =1 and |H,: H;_,| = |4]]
for each i = 1,---,r. This case corresponds to Lemma 22.3.

The opposite extreme is when the I'; are all regular as well as transitive. This
case corresponds to Lemma 22.5, and appears to have been overlooked, although
special instances are well known. We state it as

THEOREM E2. A group G can be embedded as a transitive subgroup in the
regular wreath product W = Wr(T'y,---,T,) if and only if it has a series of sub-
groups H = Hy<tH;<a --- <« H, = G such that

22) KoH)=land H/H,_, =T, (i=1,r)

As remarked in §1.9, the theorem of Kaloujnine and Krasner is the special
case r = 2 but with the unnecessary assumption H = 1 in place of K;(H) = 1:
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cf. [15], 99, 15.9 Satz; or [22], 100, III. 5. k. Also well known from the work of
Kaloujnine [24] on the Sylow subgroups of the finite symmetric groups is the case
where |T;| = pis a given prime for all i.

It should be noted that the regular wreath product W in Theorem E2 is
isomorphic with the repeated standard wreath product of the given groups
Iy, -, T,, provided that this is defined inductively, as in §2, by

Wiy, -, T,) = We(Wr(T'y, -, T,_),T)).

If the standard product Wr(I';,I',,T';) is to be equated with Wr(I[";, Wr(I" ,,T'5)),
the latter must be defined with respect to the natural representation of Wr(I',,I'5)
on the set I'y x I'; as support.

4. We shall now use Frobenius’ result FI (for the case where H <a G) to throw
light on the relation <1,.

First, let G be any group with subgroups M and H such that
(23) M<H< G and Ks(M) = L.
Then FI gives an embedding of G in the standard wreath product.
(24) W = Wr(L,I), where L  H/M and I" = G/H.

We take 8 to be a homohorphism of H onto L with M as kernel. Then the embed-
ding of G in W is 0¥, defined as in (13)

Let t(xeT) be a transversal to H in G. We may suppose that ¢, = 1. Every
element of G is then uniquely expressible in the form ut, (ue H,a eT'). Let

(25) Cap = t,,Lt,,t‘,,",,1 (e, feT).

Then the ¢, 4z are elements of H by (23); and ¢,,; = ¢y, = 1 forall «,  in T, since
t, = 1. Let 7, be the automorphism of H defined, for each a €T, by

(26) u™ = tut,'  (ueH).

By (13), the vector part of the element 8%(ut,) € W has the y-coordinate 0(t,ut,t;,").
Hence the embedding 6* is given explicitly by

@7 0*(ut) = u*c®a, where u* = 0%(u) (ueH,ael);

and the vectors u* and ¢ in Q = Q(L,T’) have as y-coordinates the elements

(28) u¥ = 0(u™) and ¢ = 6(c,,) (yel).

It follows from FI without further calculation that, for all u, vin H and o, S in T,
(29) u*c@y - v*cPp = w¥c PP, where w = uv'c, 4,

since ut,vty = wt,; by (25).
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In the Kaloujnine-Krasner Theorem, M = 1 and 6 is the identity mapping
of H = L; and the usual proofs of it are equivalent to deriving (29) directly from
(28). This method has the merit of giving at the same time a proof of Otto Schreier’s
Existence Theorem for extensions of H by I'; and it applies equally well under
the present weaker assumption that
(30) AM="'=1.

ael

The theorem in question may be stated as follows, H and I" being any given groups.

Let 0 be a homomorphism of H into L with kernel M, and let v (xeT) be
automorphisms of H and the c, 4(«, f € ') elements of H satisfying (30) and also
the congruences

@By ey = €, 4Cya,8C5, al,, and v = ¢, %, Ymod M

for allve H and a, B, y in T. Then the elements u*c®x (ue Hyae ) of W=Wr
(L,T) defined by (28) form an extension G* of H by " such that QG*= W and
QN G* = H* = H; and the elements s, = ¢Pua(xe ) form a transversal to H*
in G* such that

(32) sasﬁs;ﬂl = (Cap)* and s,u*s; ' = (u™)* (¢, B inT,u e H).
The verification is immediate. The y-coordinate of the vector
Y
u*c(a) . d(U*C(B))CX—l . (C(aﬁ))—l is
O(U™7C, (0 7%C, 5Crag) = UV ) = W

by (28), the transformation law and (31). This gives (29) and shows that G¥* is a
group, the inverse of u*c®a being v*c* ™ o~ ! where v is determined from uv™c,,,-.
= 1. Clearly QG* = W and so G*/H* =~ I';and H*, which consists of all u* with
u € H, is isomorphic with H by (28) and (30), since u* = 1 implies that u™ e M for
all yeI'. The statements concerning the transversal elements s, follow from (31).

5. We now consider the special case where

(33) L<,G, H=1L°T = G/Hand A = Ng(L)/H.

Let X be a transversal to A in I". We may suppose that 1€ X. By definition of
<,,

(34) H=Dr t{'Lt; = L x M and Ko(M) = 1,

{eX

where M is the direct product of all the conjugates of L in G other than L itself, and
t{(£€X) is a transversal to Ng(L) in G, with t; = 1. Further N4(L) = LC4(L);
and since every y € I' is uniquely of the form 8¢ with é € A and ¢ € X, we may com-
plete the definition of a transversal t,(yeI') to H in G by taking
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(35) tre = itz and ;€ Co(L) (0€A, e X).

By (34), each ue H is uniquely of the form u u, with u, €L, u,€ M; and
0(u) = uy defines 6 as a homomorphism of H onto L. The induced embedding 0*
of G in W = Wi(L,T) is defined by (27) and (28), and we shall write G* = 6*(G),
H* = 0*(H) etc. It will be convenient to use the notations of §4.4 (12) for certain
vectors in Q = Q(L,I"). We recall that if xe L and 4 is any subset of I', then
the vector x, has the constant value x on A4 and is trivial elsewhere.

Now let ye L and neX. By (28) and (35), the 8¢-coordinate of (t, 'yt,)* is
O(yeors'ts). If & # 7, then yerz € M <a Ng(L), and so this 6¢-coordinate is trivial;
but if £ = #, it reduces to y since t; € C5(L). Hence (¢, 1yt,,)* = Jap» and so

(36) L* = L,,H* =QNG* = Dr Ly, =D, and W= QG*.
seX
Thus H* coincides with the base group D, of the restricted wreath product R,
= {L,, ") of L by I with respect to the representation ., of T'. Since R, occurs
in this way as a subgroup of the standard wreath product W, we may conveniently
call it a substandard wreath product.
(36) contains the first part of

THEOREM E3. If the groups G,L,H,T" and A satisfy (33),then G can be em-
bedded in the standard wreath product W = Wr(L, ") as a subgroup G* satis-
fving (36).

Conversely, let G* be any subgroup of W such that
(37) W = QG* and QN G* = D,,
and let Z be the centre of Q = Q(L,T'). Then
(38) Ly<1,G* £ ZW,,
where W, = Q,I.

We recall that Q, consists of all vectors in Q which are constant on each coset
of A so that W, is the complete wreath product of L by " with respect to the
resentation mp,. Note also that Z = (Z,,I'), where Z, is the centre of L.

PROOF OF THE CONVERSE: Let yve G* where ye " and ve Q. Given < X, we
have &y~! = 6y for some 6€ A and € X. Since L,, £ D, <1 G*, it follows that
(Lap)™ = Dy If 1 # ye L, the vector (ya,)’” = (ya,,)” = (¥ar)’ has the support
A&. But the only elements of D, whose support is contained in A¢ are those of
La:. Hence (y,,)° is constant on A, and so y** = y*# for all a,f in A. Since y is
any non-trivial element of L and & any element of X, it follows that

(39) v,05 ' €Z, whenever af~'eA (a,BeT).
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Hence veZQ, and so G* £ T'ZQ,. Since Z <a W, this gives G* < ZI'Q, = ZW,
as required.

We have shown incidentally that, for any yve G* and e X, we have (L,,)"
= L,; where £ € Any. Taking = 1, it follows that the subgroups L,.(¢ € X) form
the complete set of conjugates of L, in G*, since W = QG* = G*Q by (37); and
D, = (Ly)® is their direct product. Further, Ny(L,) < AQ and, as we have shown,
G* S TZQ,. Hence Ngu(Ly) £ AQNTZQ, = AZQ,. But [A|L] =[Z,L,] =1
and L, is a direct factor of Q,. Hence Ng«(L,) = L,Cg«L,). Thus L, <a, G*.

This completes the proof of Theorem E3.

A corollary, which is not difficult to prove independently, is

LEMMA 23. Let L<1,G and suppose that L has trivial centre and only
finitely many conjugates in G. Then G is isomorphic with the substandard res-
tricted wreath product R, of L by T with respect to the representation nr.,.
Here T and A are defined by (33).

ProoF. We have G = G*, where G* satisfies (38), by Theorem E3. By hy-
pothesis, the centre Z, of L is trivial, and so Z = 1. Also |T" : A| = |G : Ng(L)| is
finite, and so Q, = D, and W, = R,. Thus (38) gives G* £ R, = D,I'. But
G*NQ = D, by (36), and QG* = QI'. Hence G* = R,.

The lemma may be regarded as a splitting theorem: it implies that, under the
given conditions, G splits over H = L°.

6. Finally, as an application of the transfer (14) we prove

LEMMA 24. Let L <1, G = G’ and suppose that L has only finitely many
conjugates in G. Then L is the product of its centre and its derived group.

ProoF. In FI, we take H = Y = N (L) and 6 to be the identity mapping of
H. By hypothesis, |G : H | is finite, so that (14) applies. Since G = G’, the image of
G in the transfer homomorphism must be trivial, so that (in the notation of FI)

(40) IT textz'eH', where { = 1(x),
ceC

for all x€ G. But L <1, G and so L€is the direct product of the conjugates of L in
G and is contained in H. Hence { = 1 for all xe L. Since H = N4(L), we have
(for xe L) t.xt]'e C4(L) whenever t, ¢ H. We may take t, = 1 as the representa-
tive of the coset H, and conclude from (40) that xe H'Cg(L) for all xe L. But
H = LCgL) since L<1,G, and so H' < L'Cg(L). Hence L= L'(L NCy(L)),
which is the result stated.

COROLLARY. Let L be a finite group which is not the product of its centre and
its derived group, and let P and Q be non-trivial perfect finite groups. Then there
is no finite group of the form J = (P, Q) such that L<1,J.
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By Theorem A, we know that L <1, J for some J = (P, Q>; and the corollary
states that any such J must be infinite. This is in contrast with Theorem D1 which
shows that L can always be embedded in some finite simple group of the form

P, Q.

In [4], Theorem 3, Dark showed that D4, the smallest non-Abelian group,
cannot even be subnormally embedded in any finite perfect group. However, the
subnormal-—and indeed the normal — subgroups of finite perfect groups are less
severely limited in character than their <i1,-subgroups. Given any integer d = 0,
let G, be a non-trivial finite perfect monolithic group which has a normal soluble
subgroup N, of derived length d. (We could take G, to be the icosahedral group.)
If p is any prime not dividing |Gd|, then G, has a faithful irreducible representation,
of some degree m, over the field of p elements. The corresponding semidirect pro-
duct G,,, = G;M, where M = u(G,, ), is then also perfect and monolithic and
of order p'"[Gd,. The normal subgroup N, = N;M of G, is then soluble and of
derived length precisely d + 1. Thus d can be arbitrarily large.

References

[1] Graham Higman, B. H. Neumann and Hanna Neumann, ‘Embedding theorems for groups’,
J. London. Math. Soc. 24 (1949), 247-254.

[2] F. Levin, ‘Factor groups of the modular groups’, ibid. 43 (1968), 195-203.

[3] Charles F. Miller III and Paul E. Schupp, ‘Embeddings into Hopfian groups’, J. of Algebra
17 (1971), 171-176.

[4] R. S. Dark, ‘On subnormal embedding theorems for groups’, J. London. Math. Soc. 43
(1968), 387-390.

[5] B. H. Neumann, ‘An Essay on free products of groups with amalgamations’, Phil. Trans.
Royal Soc. London Ser. A, 246 (1954), 503-554.

[6] L. Onofri, ‘Teoria delle sostituzioni che operano su una infinitd numerabile di elemente, IIT’,
Annali di Mat. (4) 7 (1929), 103 -130.

[7] J. Schreier and S. Ulam, ‘Uber die Permutationsgruppe der natiirlichen Zahlenfolge’, Studia
Math. 4 (1933), 134-141.

[8] R. Baer, ‘Die Kompositionsreihe der Gruppe aller ¢ineindeutigen Abbildungen einer un-
endlichen Menge auf sich’, Studia Math. 5 (1935), 15-17.

[9] Hanna Neumann, Varieties of Groups, (Springer-Verlag, 1967).

[10] Graham Higman, ‘A finitely generated infinite simple group’, J. London Math. Soc. 26
(1951), 61-64.

[11] B. H. Neumann and Hanna Neumann, ‘Embedding theorems for groups’, ibid. 34 (1959)
465-479.

[12] Hanna Neumann, ‘Generalized free products with amalgamated subgroups’, Amer. J. of
Math. 70 (1948), 590-625.

[13] P. E. Schupp, ‘A Survey of Small Cancellation Theory’, unpublished.

[14] Marshall Hall Jr. The Theory of Groups (Macmillan Co. of New York, 1959).

[15] B. Huppert, Endliche Gruppen 1, (Springer-Verlag, 1967).

[16] H. S. M. Coxeter and W. O. J. Moser, Generators and Relations for Discrete Groups,
(Springer-Verlag, 1957).

[17] Ruth Camm, ‘Simple free products’, J. London Math. Soc. 28 (1953), 66-76.

https://doi.org/10.1017/51446788700018073 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018073

[62] On the embedding of a group 495

[18] Helmut Wielandt, Finite Permutation Groups, (Academic Press, 1964).

[19] W. Burnside, Theory of Groups of Finite Order, (Cambridge 2nd ed. 1911).

[20] P. Hall, ‘On the finiteness of certain soluble groups’, Proc. London Math. Soc. (3) 9 (1959),
595-622.

[21] H. Wielandt and B. Huppert, ‘Arithmetical and normal structure of finite groups’, Proc.
Symposia Pure Math. V1 (1962), Amer. Math. Soc.

[22} E. Schenkman, Group Theory, (Van Nostrand, 1965).

[23] Marc Kranser et Léo Kaloujnine, ‘Produit complet des groupes de permutations et probleme
d’extension de groupes III’, Acta .Sci. Math. Szeged 14 (1951), 69-82.

[24] Léo Kaloujnine, ‘La structure des p-groupes de Sylow des groupes symétriques finis’, Ann.
Sci. Ecole Norm. Sup. (3) 65 (1948), 239-276.

[25] B. H. Neumann and Sadayuki Yamanuro, ‘Boolean Powers of simple groups’, J. Austral.
Math. Soc. 5. (1965), 315-324,

50, Impington Lane
Histon, Cambs
England

https://doi.org/10.1017/51446788700018073 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700018073

