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1. Introduction. Some years ago, G. Pall observed 
that the invariant factors of the incidence mat r ices of a certain 
pair of non-isomorphic projective planes of order 9 were dif­
ferent. With the aim of investigating such phenomena exper i ­
mentally, we have constructed a code to calculate the invariant 
factors of rational integral ma t r i ces (actually, we compute the 
SmithT s normal form of these ma t r i ces , as described, e . g . , 
in MacDuffee [2; p. 41]), and this note is in the nature of a repor t 
on some prel iminary experiments in the use of this code. In 
par t icular , we have computed the invariant factors of all (0, 1) 
ma t r i ce s of order < 8, with constant row and column sums, 
and these data are presented in the Appendix. 

An examination of these data suggested three conjectures, 
all of which turned out to be t rue , and one of which suggested 
some interesting questions concerning the imbedding of a non-
singular ma t r ix in a doubly stochastic ma t r ix of the same rank. 
The proofs of the conjectures (Remark 1, Remark 2 and 
Theorem 2) and the discussion of the questions of imbedding 
(Theorem 1, Theorem 3 and Theorem 4) form the main part 
of the note. We hope that others may discern additional facts 
from the data tabulated in the Appendix. 

2. Some Simple Remarks . Let cA be the c lass consisting 
of all m X n (0,1) ma t r i ce s with prescr ibed row sums and 
column sums. 

*This r e sea r ch was supported in part by the Office of Naval 
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Remark 1. The ranks of m a t r i c e s in C/t assume all 
integers between the minimum rank and the maximum rank of 
ma t r i ces in (A . 

Proof: Let A be a ma t r ix in Ut 
submatr ices of A of the types 

Consider the 2 X 2 

1 0 
0 1 

and 
0 1 
1 0 

An interchange is a t ransformation of the elements of A that 
changes a minor of type A into type A or vice ve rsa and 

J. Ci 

leaves all other elements of A unaltered. The interchange 
theorem of H. J. Ryser [3] states that if A and B belong to 
c/t , then A is t ransformable into B by a finite sequence 
of interchanges. We note that if B is a ma t r ix obtained from 
A by an interchange, then B =A + C where C is a ma t r i x 
whose ent r ies a re all zero except for a minor of the form 

1 -ll 
1 ij 

rank A < rank B + 1. Hence, the rank is a l tered by at most 
1 by an interchange, and the statement to be proven follows 
at once by the interchange theorem of Ryser . 

and therefore rank B < rank A + 1. Similarly, 

F r o m now on, let J be a ma t r i x of the appropria te size 
whose entr ies a re all 1, and let A = J - A. 

Remark 2. Let A be any n X n m a t r i x with rat ional 
integral en t r ies . Then the number of units among the invariant 
factors of A and the number of units among the invariant 
factors of Â differ by at most 1. 

Proof: Let A be the ma t r ix obtainable from A by 

subtracting the f irst column from every other column, and let 
A be the ma t r ix obtainable from A correspondingly. Except 

possibly for the first columns, A, and A are the same 
1 1 

except for sign, and therefore if e , e_, . . . , e , with 
1 2 n a re the invariant factors of A, and 

1 
,S with e, ? 

1 ' 2 a re the invariant 

86 

https://doi.org/10.4153/CMB-1964-011-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1964-011-2


f a c t o r s of A , then 
1 

k 
n e 

t m = l m, 

; k + l 
n e 

\m=l 
a n d 

k 
H e 

\ m = l m \ m = l / 
k = 1,2, . . . , n - l . 

Suppose e. i s the f i r s t non-un i t i n v a r i a n t f ac to r of A and e 
1 i i 

i s the f i r s t non -un i t i n v a r i a n t f ac to r of A . We m a y a s we l l 
1 

a s s u m e tha t i < j and j > 2. Taking k = j - 2, we have 

> 2 
\ m = l m 

= 1 1 

and t h e r e f o r e j - 1 < i < j , which c o m p l e t e s the proof. 

3 . Imbedding Q u e s t i o n s . Let (A (n, k, p) denote the 
c l a s s of a l l n X n m a t r i c e s wi th r e a l e n t r i e s whose row and 
co lumn s u m s a r e a l l k / 0, and whose r a n k is p < n. We 
sha l l w r i t e B < (A (n, k, p) for a n o n - s i n g u l a r m a t r i x B of 
o r d e r p if t h e r e e x i s t s a m a t r i x A € (A (n, k, p) which con ta ins 
B a s a s u b m a t r i x . We d e r i v e a s T h e o r e m 1 a n e c e s s a r y 
condi t ion for B < 6 ^ ( n , k , p). As a c o r o l l a r y , we p rove a 
r e l a t i o n b e t w e e n the i nva r i an t f a c t o r s of a r a t i o n a l i n t e g r a l 
s q u a r e m a t r i x A and the i n v a r i a n t f a c t o r s of J - A. In 
T h e o r e m 4, we show tha t t h i s n e c e s s a r y condi t ion is a l so 
sufficient to imbed a r a t i o n a l i n t e g r a l m a t r i x B in a r a t i o n a l 
i n t e g r a l m a t r i x A € <7f ( n , k , p). We a l s o show in T h e o r e m 3 
a set of n e c e s s a r y and sufficient condi t ions for imbedding a 
n o n - n e g a t i v e m a t r i x B in a n o n - n e g a t i v e m a t r i x A € £T(n, l , p ) , 
i. e. , a doubly s t o c h a s t i c m a t r i x of r a n k p . 

T H E O R E M 1 
- 1 

e l e m e n t s of B 

If B < Ut (n, k, p) , then the sum of the 

n 
1 8 k 

Proof : A s s u m e 

A = 
B 
D 

C 
E 
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where A* (A (n,k, p). Since A is of rank p, 

(3. 1) E = D B" 1 C. 

Let u be the column vector with t coordinates, each of which 
t 

is unity. Since the row sums of A are k, we have 

(3. 2) B u + C u = k u , 
P n-p p 

(3. 3) D u + E u =ku 
p n-p n-p 

Inserting (3. 1) and (3. 2) in (3. 3), we obtain 

(3.4) D B " 1
 U =u 

p n-p 

Since the column sums of A are k, we have 

(3. 5) u' B + u1 D =ku f . 
P n-p p 

-1 
Multiplying both sides of (3. 5) on the right by B u , and 

substituting in (3. 4), we obtain 

-1 
p + n - p = k u ' B u , 

P P 

which was to be proved. 

THEOREM 2. Let A be a matrix of order n, with 
row and column sums k, 0 4 k 4 n, whose entries are rational 
integers, and let A = J - A. Let e M, . . . , e be the invariant 

I n 
factors of A; e . . . . ,e the invariant factors of A. Then 

1 n 

n e. 

(3 .6 ) 
IT e. n - k 

e.^0 1 

l 

up to a unit t l . 

Proof: Let A be of rank p, B a non-singular matrix 
of order p contained in A, and B = J - B. We first show 
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that the rank of B i s equal to the rank of A and that |B | i 0. 
Write 

A = ( B C ) 
,B C 

, A = J - A = | ~ -

Since the column sums of A are al l k, we have from (3. 1) 

( 3 . 7 ) u1 C + u1 D B" 1 C = k u f 

p n-p n-p 

Substituting from (3. 5), we have 

( 3 . 8 ) u! B " 1 C = U» 
p n-p 

Let X be a matr ix with p rows and n-p columns such that 

(3 .9 ) BX = C . 

F r o m (3. 8), we have 

(3 .10) u1 X = u1 

P n-p 

It i s then c l ear from (3. 9) and (3. 10) that 

(3 .11 ) B X = C . 

Further , s ince DX = E, from (3. 1), it fol lows from (3. 10) that 

(3. 12) D X = Ê . 

In other w o r d s , the last n -p columns of A are l inear combina­
t ions of the f irs t p co lumns . S imilarly , we can see that the 
last n -p rows of A are l inear combinations of the f irst p 
r o w s . Consequently, rank A = rank B < p = rank B = rank A. 
But, s y m m e t r i c a l l y , rank A < rank A, which impl i e s 
rank A = rank A and therefore rank B = p, from which 
JB I 4 0 fo l lows . Now, we have from Theorem 1 that 

(3 .13 ) u1 B " 1 U = T > U ' B " 1 U = - J L - . 
p p k p p n-k 

We shall use (3. 13) to prove that 
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0.14) 454-= M)?-1 k 

n - k 

Clearly, (3. 14) implies (3. 6), for the numera tor of the left-hand 
side of (3. 6) is the g. c. d. of the determinants of order p con­
tained in A, and the denominator is the g. c. d. of the cor r e s -
ponding determinants in A. To prove (3. 14), observe f i rs t 
that 

(3. 15) u1 B " 1 U = U' (B" 1 u ) = -7^-7- S A. , 
P P P P | B | j 

where A. is the determinant of the ma t r i x whose kth column, 
k ^ j , is B , the kth column of B, and whose jth column 

JtC 

is u . Now, 
P 

(3.16) SA. = |u , B - B , . . . ,B - B I , 
j J P 2 1 p 1 

which can be verified from the expansion of the right-hand side. 
Fur ther , if we apply the same observations to B, we have 

(3.17) u' B " 1 U =-74-7-? A4 , 
P p | B | j J 

where A. is defined in the obvious way, and 

(3. 18) SA. = |u , B - B , . . . ,B - B I . 
j J P ^ 1 p 1 

But B . - B , = - ( B - B ) , and, therefore, from (3. 18) and (3. 16), k 1 k 1 
we have 

(3.19) S A . = ( - l ^ ^ A . . 
J J 

Finally, (3. 14) follows at once from (3. 19), (3. 17), (3. 15) and 
(3.13). 

THEOREM 3. Let B be a non-singular m a t r i x of order 
p whose ent r ies a re non-negative rea l numbers . In order that 
B be a submatrix of a doubly stochastic ma t r ix A of order n 
and rank p, where p < n < 2 p - l , it is necessa ry and sufficient 
that "" 
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(3.20) u ' B " 1 U = n , 
P P 

(3.21) S b . . < l , i = l , p ; S b . . < l , j = l , p , 
j y i *3~ 

(3.22) S b . . > 2 p - n . 

i.j 1 J " 

Proof. The necessi ty of (3. 20) is contained in Theorem 1. 
The necessi ty and sufficiency of (3. 21) and (3. 22) in order to 
effect the imbedding in a doubly stochastic mat r ix without con­
sidering the rank was pointed out by Dulmage and Mendelsohn 
[1]. To prove the sufficiency of (3. 20) - (3. 22) with the rank 
taken into consideration, write 

B C 
D E 

where C, D and E a re to be determined. Let each column 
1 1 

of C be (I-B)u , each row of D be u' (I-B), and 
n-p p n-p p 

1 
each entry of E be ( 2 b + n - 2p). Then the non-

(n-p) i , j 
negativity of the entr ies of A follows from (3. 21) and (3. 22), 
and that A is doubly stochastic is easy to verify. To show 
that the rank of A is equal to the rank of B, we must see 
that 

1— (uf B u + n - 2p) = — u' (I-B) B " 1 — (I-B) u , 
(n-p) P P n " P P n ' P P 

which follows from (3. 20). 

THEOREM 4. If B is a non-singular mat r ix of order 
p with rational integral ent r ies , and the sum of the coefficients 

of B is — , n > p, then B is contained in a m a t r i x of order 
.K. 

n and rank p, with rational integral en t r ies , whose row and 
column sums a re all k. 

Proof: We wish to find a mat r ix 
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A • l B , c ) 

with the desi red p roper t i es . Let all columns of C other than 
the last be the same as columns of B, and choose the last 
column in such a way that the row sums, for each of the f i rs t 
p rows, shall be k. Next, let all rows of F other than the 
last be the same as rows of (B,C). Choose the last row of F 
in such a way that all column sums of A a re k. All that 
needs to be checked is that the rank of A is p, which can 
be done as in the previous theorem. 
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APPENDIX 

How to read the table: 

(n, k) -*> (n, n-k) 

1 2 n 1 2 n 

means that if A, a nXn m a t r i x of zeros and ones (whose row 
sums and column sums a re all k) has invariant factors 
g,>g-»>--->g » then J-A has invariant factors h . h . . . . , h . 1 2 n 1 2 n 
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(n,k) (n, n-k) 

; 1 ù n 
l ' g 2 ' * " ' g n ] h ' h ' . . . , h ' 

1 1 2 n 
means that if A is the same mat r ix as described above, then 
J-A has invariant factors either h , h . . . . , h or hf , h' , . . . , h' . 

1 2 n 1 2 n 

(4*1) 

1 1 

(4,2) 

1 1 

1 1 

1 

0 

1 

1 

0 

0 

•+-

1 
1 

1 

1 
1 
1 

(4,3) 

1 1 

(4,2) 

1 1 

1 1 

1 

0 

1 

3 

o 
0 

( 5 , 1 ) 

1 1 

( 5 , 2 ) 

1 1 

1 1 

1 

1 

1 

1 

2 

1 

-4— 

1 

1 J 1 

1 
1 

0 1 1 
1 
1 

2 , 1 

(5 ,4 ) 

1 1 

(5 ,3 ) 

1 1 

1 1 

1 

3 

1 

4 

0 

3 
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( 6 , 1 ) 

1 1 

( 6 , 2 ) 

1 1 

1 1 

1 1 

1 1 

( 6 , 3 ) 

1 1 

1 1 

1 1 

1 1 

1 1 

1 

1 

1 

1 

1 

0 

1 

1 

1 

1 

1 

0 

1 

1 

1 

0 

0 

1 

1 

1 

1 

0 

0 

1 

2 

0 

0 

0 

1 

1 

1 

0 

0 

0 

2 

0 

0 

0 

0 

9 

-

-

^ 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

(6 

1 

(6 

1 

1 

1 

1 

(6 

1 

1 

1 

1 

1 

>5) 

1 

,4) 

2 

1 

1 

1 

>3) 

0 

1 

1 

1 

1 

1 

0 

2 

1 

1 

0 

0 

1 

1 

1 

1 

0 

0 

2 

1 

0 

0 

0 

1 

1 

5 

0 

0 

o 
8 

0 

0 

0 

0 

9 

( 7 , 1 ) 

1 1 

( 7 , 2 ) 

1 1 

1 1 

1 1 

( 7 , 3 ) 

1 1 

1 1 

1 1 

1 1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

2 

1 

1 

3 

1 

1 

2 

1 

0 

2 

1 

0 

3 

1 

2 

1 

0 

0 

2 

0 

0 

3 

6 

1 

i 1 

—>> 

i 
i i 
i 

! : i 

T 
I * 
i 1 

i i 
i 

i i 
i 

i 

i 

i 

i 

i 

i 

i 

i 

(7 

1 

(7 

1 

1 

1 

(7 

1 

1 

1 

1 

6) 

1 

5) 

1 

1 

1 

,4) 

1 

1 

1 

2 

1 

5 

1 

1 

4 

1 

1 

2 

1 

0 

5 

1 

0 

4 

1 

2 

6 

0 

0 

5 

0 

0 

4 

4 
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| ( 8 

(8 

(8 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1) 

1 

,2) 

1 

1 

1 

1 

1 

1 

,3) 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

3 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

1 

1 

2 

1 

0 

3 

1 

1 

1 

1 

1 

1 

3 

1 

0 

0 

0 

1 

2 

2 

0 

0 

3 

6 

1 

1 

1 

3 

3 

1 

0 

0 

0 

0 

0 

2 

0 

0 

0 

0 

3 

6 

15 

3 

3 

+ 

<£* 

<*-

(8 

1 

(8 

1 

1 

1 

1 

1 

1 

(8 

1 

1 

1 

1 

1 

1 

1 

1 

1 

,7) 

1 

,6) 

1 

1 

1 

1 

1 

1 

,5) 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

3 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

3 

1 

1 

1 

1 

5 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

3 

1 

1 

1 

0 

5 

1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

0 

3 

12 

1 

0 

0 

5 

10 

1 

1 

5 

1 

3 

71 

0 

0 

0 

0 

0 

12 

0 

0 

0 

0 

5 

10 

5 

1 5 ! 

15 
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(8, 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

4) 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

1 

2 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

0 

0 

1 

2 

1 

1 

1 

2 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

0 

0 

0 

0 

0 

1 

2 

4 

2 

1 

1 

1 

1 

1 

2 

2 

4 

1 

1 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

2 

4 

8 

16 

2 

4 

4 

1 

1 

2 

4 

- (8, 

0 j 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

16 

32 

8 

4 

1 

1 

1 

1 

1 

1 

1 

1 

Z 1 
\ i 

l 

l 

l 

/ i 

\ i 

I1 
V 

l 

i 

i 

l 

Z 1 
\ l 

1 

1 

1 

4) 

1 

1 

1 

1 

1 

1 

1 

1 

1 
1 

1 

1 

1 

1 
1 

1 
1 

1 

1 

1 

1 

1 
1 

1 

1 

1 

0 

1 

1 

1 

1 

1 

1 

1 

1 
1 

1 

1 

1 

1 
1 

1 
1 

1 

1 

1 

1 

1 
1 

1 

1 

1 

0 

0 

1 

2 

1 

1 

1 

1 

1 
1 

1 

1 

1 

1 
1 

1 
1 

1 

1 

1 

1 

1 
1 

1 

1 

1 

0 

0 

0 

0 

1 

2 

1 

1 

1 
2 

1 

1 

1 

1 
1 

1 
1 

1 

1 

1 

1 

1 
1 

1 

1 

1 

0 

0 

0 

0 

0 

0 

1 

2 

4 
2 

4 

1 

1 

1 
2 

1 
2 

4 

1 

1 

1 

1 
1 

1 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 
0 

0 

1 

2 

4 
2 

8 
4 

4 

4 

8 

16 

2 
4 

1 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 
0 

0 

0 

0 

0 
0 

0 
0 

0 

0 

0 

0 

8 
4 

32 

16 

16 
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