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1. In t roduc t ion . Let X be a compac t m e t r i c s p a c e . By a 
packing in X we m e a n a subse t S £ X such tha t , for x, y € S with 
x ^ y, the d i s t ance d(x, y) > 1. Since X is compac t , any packing 
of X is f in i te . In fact, the set of n u m b e r s 

{ c a r d ( S ) : S is a packing in X} 

is bounded. The ca rd ina l i t y of the l a r g e s t packing in X wil l be 
ca l led the packing n u m b e r of X and wil l be denoted by P(X). 
If A(X) and P(X) denote the a r e a and p e r i m e t e r , r e s p e c t i v e l y , of 
a compac t convex subse t X of the p lane , then a spec ia l c a s e of a 
r e s u l t con jec tu red by H. Z a s s e n h a u s [6] and p roved by N. Oler [ l ] 
is the following. 

THEOREM (Ole r ) . 

(1) P(X) < T jA(X) + | P ( X ) + 1. 

Unfor tunate ly , Oler* s proof of h is g e n e r a l t h e o r e m r e q u i r e s 
30 pages of r a t h e r de ta i led a r g u m e n t s . It i s our pu rpose in th i s note 
to e s t a b l i s h a t h e o r e m of th i s type for s imp l i c i a l complexes in the 
p l ane . Th is t h e o r e m wil l imply (1) and, m o r e o v e r , the a r g u m e n t s 
used a r e qui te e l e m e n t a r y . 

2 . P r e l i m i n a r i e s. By a p - s i m p l e x in the plane we m e a n the 
convex hull of p + 1 points in g e n e r a l pos i t ion in the p l ane . Since 
t h e r e can be at m o s t 3 points in g e n e r a l pos i t ion in the p l ane , we 
m u s t have p = 0, 1 or 2 . If x , . . . , x a r e in g e n e r a l pos i t ion , 

0 p 
(x , . . . , x ) wi l l denote the p - s i m p l e x which i s t h e i r convex hul l . 

The poin ts x , . . . , x wi l l be ca l led the v e r t i c e s of (x . . . . , x ). 
0 p 0 p 

If a- and T a r e s i m p l e x e s , we say that <r i s a face of T if the 
v e r t i c e s of <r a r e a subse t of the v e r t i c e s of f . 
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By a s i m p l i c i a l c o m p l e x in the p l ane , we m e a n a finite set K 
of the s i m p l e x e s in the plane with the following p r o p e r t i e s : 

(Z) if cr e K then e v e r y face of cr is in K; 

(2 ! ) if cr , T € K and cr fl T i s nonempty , 
then cr fl T is a face of both cr and T. 

Let K be a s i m p l i c i a l complex in the p l ane . We denote by 
| K | the union of the s i m p l e x e s in K. If r > 0 is an i n t e g e r , we 

r 
denote by K the se t of a l l p - s i m p l e x e s in K with p < r . We 
let a (K) denote the n u m b e r of r - s i m p l e x e s in K. The E u l e r 

r 
c h a r a c t e r i s t i c X(K) is defined by X(K) = (x (K) - a (K) + a (K). 

It is a t h e o r e m of c o m b i n a t o r i a l topology that X(K) depends only on 
|K| (cf. [5]). 

If cr is a l - s i m p l e x in K we let £(<*" , K) be the n u m b e r of 
2 - s i m p I e x e s in K having cr a s a face . By ( 2 ' ) , e(cr, K) £ 2 . 
If cr is a l - s i m p l e x or a 2 - s i m p l e x in the p l ane , we let m(cr ) 
denote the length or the a r e a , r e s p e c t i v e l y , of cr . We define A(K) 
and P(K) by 

A(K) = S m(cr) 
2 1 

ere K - K 

and 

P(K) = S l Q (2 - e(*-,K))m(cr) . 

creK -K 

The n u m b e r s A(K) and P(K) depend only on | K | s ince A ( K) is 
the a r e a of | K | while P(K) is i t s p e r i m e t e r (sui tably def ined) . 

3. The Main R e s u l t . 

THEOREM. Let K be a s i m p l i c a l c o m p l e x in the p l an e . 

Suppose that for any x, y e K with x ^ y we have d(x, y) > 1. 
Then 

(3) «o(K) < j | A ( K ) + | P ( K ) + X(K). 
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The proof of the theorem will be by induction using the 

following two lemmas. 

LEMMA 1. Let A be a triangle with area A and sides of 

~4 
length s , so and s . If s4 > s > s > 1 then — A + s > s + s . a— 1 Z 3 — 1 — 2 — 3 — -/3 1 — Z 3 

Proof. We first note 

(s + s + s )(s + s - s )(s - s + s ) > s + s + s > 3s > 3(s +s - s ) v 1 2 3 / v 1 2 3 M 1 2 3 ; - 1 2 3 - 3 - V 2 3 l ' 

Using Hero' s formula for the area of a triangle together with the 

inequalities s < s + s and A > 0 we obtain 
2 1 - 2 3 

16A > 3(s + s - s )2 . Hence 4A > 3 (s + s - s ), or 
Lé ô i. £• J 1 

4 A . 
—f=- A I s, > s + sn as required. 
N3 1 — 2 3 

JLEMMA 2. Let Q be a convex quadrilateral in the plane with 

area A and perimeter P. Suppose that: 

length of any diagonal of Q > length of any side of Q > 1. 

4 
Then y = - A - P + 2 > 0 . 

Proof. The sum of the interior angles of Q is 2TT SO one 

pair of diagonally opposite angles must have sum •< IT. We assume 

that this is the pair labelled 0 and 6' in Fig. 1. 

Figure 1 

Now d > s,t so 6 is the largest angle in the triangle with sides 

labelled s, t and d. Therefore, 0 > IT/3. Similarly 61 > TT/3. 

But 9 + 0! < TT, so TT/3 < 0, 0f < 2TT/3. It follows that 
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1 J l 
A = - ( s t sin 0 + s ' t 1 s in 0» ) > — (st + s ' t 1 

Hence , 

4 
-j=A - P + 2 > s t + s ' t ! - ( s + t + s ' + t l ) + 2 = ( s - l ) ( t - l ) + ( s ! - l)( t» - 1 ) > 0 

since s , t , s ' , tf > 1. 

Proof of T h e o r e m . Suppose K conta ins only one s i m p l e x . 
Then that s i m p l e x i s a 0 - s i m p l e x and A(K) = P(K) = 0. The 
inequal i ty (3) r e d u c e s to oi (K) = 1 = X(K). 

Now suppose that K con ta ins m o r e than one s i m p l e x and that 
the t h e o r e m holds for a l l c o m p l e x e s with fewer s i m p l e x e s than K. 
Let U be the c l a s s of a l l c o m p l e x e s L in the plane such that 
i i i i 0 0 

I Li I = | K | and L = K . E v e r y m e m b e r of U s a t i s f i e s the 
hypo thes i s of the t h e o r e m . F u r t h e r m o r e , s ince the n u m b e r s 

i i 0 

o c c u r r i n g in (3) depend only on | K | and K , to e s t a b l i s h (3) for 
K it suffices to e s t a b l i s h it for any m e m b e r of U . Hencefor th we 
shal l a s s u m e that K i s chosen f rom if so that 

S m(or) 
1 0 

<T€ K - K 

is m i n i m a l . 

Suppose K conta ins no 1 - s i m p l e x e s . Then K conta ins only 
0 - s i m p l e x e s , A(K) = P(K) = 0, and (3) r e d u c e s to <xAK) = X(K). 

F ina l l y , suppose K con ta ins a 1 - s imp lex . Let cr be a 
1 - s imp lex in K with m(cr ) a s l a rge as p o s s i b l e . 

Case I. E (cr , K) = 0 . Then K - { cr } i s a c o m p l e x . By the 
induct ive a s s u m p t i o n , 
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aQ(K) = « 0 ( K - {*}) < ^ A ( K - { » • } ) + j P ( K - { < > • } ) + X ( K - { < r } ) 

2 1 
A{K) + - P ( K ) - m(o-) + x ( K ) + 1 J 3 - " ' 2 

< - ^ - A ( K ) + | P ( K ) + X(K). 

Case II. g (cr , K) = 1. Let T be the 2 - s i m p l e x in K having cr 
as a face . Let cr ' and cr" be the o ther o n e - d i m e n s i o n a l faces of 
T, w h e r e we can a s s u m e m(cr ! ) > m(crn) without loss of gene ra l i t y . 
By the hypo thes i s of the t h e o r e m and the choice of cr , we have 

(4) m(cr) > m ( o - f ) > m(cr") > 1. 

By L e m m a 1, 

4 
- ~ - m ( x ) + m(or) ;> m(cr ! ) + m(cr n ) . 

Since T i s the only 2 - s i m p l e x having cr as a face , the 
col lec t ion L = K - {cr , T} is a complex . By the induct ive 
a s s u m p t i o n and (4) we have 

7 ^ A ( K ) + - P ( K ) + X(K) 

= - ^ - A ( L ) + | P ( L ) + x ( D + 7 f - m ( T ) + f ( m ( ( r ) - m(cr«) - m(<r")) 

> - ^ " A ( L ) + | P ( L ) + X (L) > or0(L) = aQ(K). 

Case III. e (°" , K) = 2. Let T and q- be the 2 - s i m p I e x e s in K 
1 2 

with cr as a face . We shal l f i r s t show that Q = T (J T 9 is a 

convex q u a d r i l a t e r a l sa t isfying the hypo theses of L e m m a 2. 
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L e t X a n d Y b e t h e v e r t i c e s of cr a n d l e t X , Y , Z a n d 

X , Y , W b e t h e v e r t i c e s of T a n d T r e s p e c t i v e l y . T h e s i d e s of 

Q a r e t h e l - s i m p l e x e s ( X , Z ) , (X , W ) , ( Y , Z ) , ( Y , W ) w h i c h b y t h e 

h y p o t h e s i s of t h e t h e o r e m a n d t h e c h o i c e of cr a l l h a v e l e n g t h > 1 

a n d < m ( c r ) . H e n c e , Z a n d W m u s t l i e i n t h e r e g i o n R s h o w n 

in F i g . Z. R i s b o u n d e d b y t w o c i r c u l a r a r c s of r a d i u s m(cr ) w i t h 

c e n t e r s a t X a n d Y , a n d R i s b i s e c t e d b y cr . B y ( Z ' ) , Z a n d 

W m u s t l i e on o p p o s i t e s i d e s of cr ; h e n c e , Q i s c o n v e x . 

F i g u r e Z 

In o r d e r t o s h o w t h e h y p o t h e s e s of L e m m a Z a r e s a t i s f i e d , i t 

r e m a i n s t o s h o w t h a t t h e d i a g o n a l of Q f r o m Z t o W i s a t l e a s t 

a s l o n g a s a n y s i d e of Q . S u p p o s e t h e c o n t r a r y . T h e n 

m ( Z , W ) < m ( o - ) . L e t cr ' 

T h e c o l l e c t i o n 

( Z , W ) , T1 = ( X , Z , W ) a n d T« = ( Y , Z , W ) . 

(K { o - , T i , T 2 } ) y {cr» . T ^ T p 

i s a c o m p l e x i n K. B u t 

s m ( X ) 
S m ( X ) = S m ( \ ) - m(o-) + m ( t r ' ) < ^ Q 

\ e L - L Xe K - K X* K - K 

c o n t r a d i c t i n g t h e c h o i c e of K f r o m t h e c l a s s H . We n o w a p p l y 

L e m m a 2 t o o b t a i n 

(5) 

-7=r-(m(T ) + m ( r )) - ( m ( X , Z) + m ( X , W) + m ( Y , Z) + m(Y W)) + 2 > 0 . 
N 3 1 2 — 
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Let M = K - {or , T T } . Then M Is a complex with fewer s i m p l e x e s 

than K. By the inductive a s sumpt ion and (5) we have 

- ~ A ( K ) + | P ( K ) + X(K) 

= -Jf-MM) + | P ( M ) + X (M) + -^L(m( T l ) + m(T2)) 

1 
- r ( m ( X , Z) + m(X, W) + m(Y, Z) + m(Y, W)) + 1 

> - ^ - A ( M ) + - P ( M ) + X(M) > aQ(M) = aQ(K) . 

This c o m p l e t e s the proof of the t h e o r e m . 

To show that (3) imp l i e s (1) we a rgue as follows. Let X be a 
convex compac t subse t of the p lane . JLet S be a packing of X with 
ca rd (S) = P(X). Let Y denote the convex hull of X so 
A(Y) < A(X) and P(Y) < P(X). Le t K be a complex with 

0 , , 
K = S and K = Y. (The ex i s t ence of such a complex is easily-
seen , for e x a m p l e , by induction on the n u m b e r of points in S. ) 
Since S is a packing, K sa t i s f ies the hypotheses of the t h e o r e m . 
Since | K | = Y is convex, x(K) = 1. By (3), 

p(X) = card(S) = <*0(K) 

< -4-A(K) + | P ( K ) + X(K) 

< - ^ A ( X ) + | P ( X ) + 1 

which is (1). 

4. Concluding r e m a r k s . It was pointed out by Oler [2] that (1) 
can be used to e s t a b l i s h the following r e s u l t sugges ted by P . E r d o s : 
If T denotes the r e g u l a r 2 - s i m p l e x of side n then 

n 

The m - d i m e n s i o n a l analogues (m >̂ 3) of (3) have not yet been 
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found. Indeed, if T ' ' deno tes the r e g u l a r m - s i m p l e x of edge 

/ ( m ) \ / m + n A 
length n , it is not known that P T = ( i • 

1 n j \ m J 

R E F E R E N C E S 

1. N. O le r , An inequal i ty in the g e o m e t r y of n u m b e r s . Acta 
M a t h e m a t i c a 105 (1961) 19 -48 . 

2 . N. O le r , A finite packing p r o b l e m . Canad. Math . Bu l l . 
4 (1961) 153-155 . 

3. N . O le r , The s l a c k n e s s of finite pack ings in E . A m e r . 

Math. Monthly 69 (1962) 511-514 . 

4. N. O le r , P a c k i n g s with l a c u n a e . Duke Math . J o u r . 33 
(1966) 141-144. 

5. L . S . P o n t r y a g i n , C o m b i n a t o r i a l topology. (Gray lock , Ne\ 
Y o r k , 1952) 

6. H. Z a s s e n h a u s , Modern deve lopment in the g e o m e t r y of 
n u m b e r s . Bu l l . A m e r . Math . Soc . 67 (1961) 427 -439 . 

The Rand C o r p o r a t i o n 
Santa Monica , Cal i forn ia 

Be l l Telephone L a b o r a t o r i e s , I n c o r p o r a t e d 
M u r r a y Hil l , New J e r s e y 

752 

https://doi.org/10.4153/CMB-1969-096-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-096-7

