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1. Introduction

Third-order boundary value problems have been discussed in many papers in recent years
(see, for example, [1-4, 6]). But most of them considered linear boundary conditions.
Recently, Grossinho [5] established an existence and location result for the nonlinear

differential equation
"L,/N = f(t7 x? 1:/7 x/,)’

with two types of boundary conditions:

z(a) = A,  ¢(2'(b),2" (b)) =0, 2"(a) =B,
or

z(a) = A, ¥(z'(a),2"(a)) =0, 2"(b)=C.

In this work, we extend the study to a more general case, since we consider the third-order
nonlinear differential equation

2" = f(t,z,a’,2"), a<t<b, (1.1)
with nonlinear boundary conditions

z(a) = A, g(z'(a) = [2"(@)]" = B, ¢(x(b),2'(b),2" (b)) = C, (1.2)
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v(a) = A, ¢(x(a),2'(a),2"(a)) = B,  h(a' (D)) + [="(b)]" = C. (1.3)

The function f(t,z,y,2) : [a,b] x R® — R is continuous, g,h : R — R is continuous,
¢,7 : R — R are continuous and monotone on the first and third variables, and p and
q are odd numbers.

By the use of the upper and lower solutions method and Leray—Schauder degree theory,
we show existence results with a sign-type Nagumo condition, which is weaker than the
one in [5].

This work is organized as follows. In §2, some notation and preliminaries are intro-
duced. The existence results are discussed in § 3. As applications of our results, an exam-
ple is given in the last section.

2. Preliminaries

Definition 2.1. Functlon a(t) € C3[a,b] is said to be a lower solution of the boundary-
value problem (BVP) (1.1), (1.2) if

o' (t) = ft,alt), o/ (t),a" (1), tE€[ab], (2.1)
and
a(a) < 4, g(a'(a)) — [a"(@)]" < B, ¢(a(b),a’(b),a” (b)) < C. (2.2)
Function 3(t) € C3[a,b] is said to be an upper solution of the BVP (1.1), (1.2) if it
satisfies the reversed inequalities.

Definition 2.2. Given a subset D C [a,b] x R3, a function f : D — R is said to satisfy
the sign-type Nagumo condition (N7) in D if there exists ® € C(Ry, (0, +00)) such that

f(t,z,y,2)sgn(z) < (|z]) forall (¢, z,y,2) € D (2.3)
and
+oo s

If (2.3) is replaced by
ft,x,y,2)segn(z) = —P(|z|) for all (¢,x,y,2) € D, (2.5)

we say that f satisfies the sign-type Nagumo condition (N*).
Lemma 2.3. Let oy, 3; € Cla, b] satisfy

Oéi(t) gﬁl(t), i:O,l, t e [CL,b],
and consider the set

E={(t,z,y,2) € [a,b] x R® : ap(t) <= < Bo(t), ai(t) <y < Bi(t)}.
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Let f : [a,b] x R® — R be a continuous function that satisfies the sign-type Nagumo
condition (N ) in E. Then for every p > 0 there exists K > 0 (depending on a(t),
B1(t), @ and p) such that, for every solution x(t) of (1.1) verifying

2" (a)] < p (2.6)
and
ao(t) < z(t) < Bolt), oaa(t) <a'(t) < pu(t) for allt € [a,b], (2.7)
we have
2" ||o < K.

Proof. This result can be easily proved by using the analogous technique of Lemma 2
from [5]. O

Remark 2.4. The above result still holds if we replace condition (N} ) by (IN*) and
assumption (2.6) by |z (b)| < p.

Lemma 2.5. The boundary-value problem
2" = (|2, (2.8)
z(a) =0, 2'(a) =[2"(a)", 2'(b)=0
has only the trivial solution, where ® € C (R, (0, +00)).

Proof. Assume, by contradiction, that xo(¢) be a non-trivial solution of BVP (2.8),
(2.9). Then there exists t € [a, b] such that z{(t) > 0 or x{(t) < 0. Suppose the first case
holds. Define

max x((t) = z((t1) > 0.
t€la,b]

If t; € (a,b), then z{(t1) = 0 and x{’(¢1) < 0. From (2.8) we have the following contra-
diction:
0 > 2’ (t1) = 2(t1)@(|zg (t1)]) > 0.

If t4 = a, then x(a) > 0 and z{(a) < 0, which contradicts (2.9).
If t; = b, from (2.9) we can get the contradiction.
Thus, BVP (2.8), (2.9) has only the trivial solution. O

3. Main results
Theorem 3.1. Assume that

(i) there exist lower and upper solutions of BVP (1.1), (1.2), «(t), (t), such that

o (t) <B(t), teab],

(ii) f(t,x,y,z2) is continuous on [a,b] x R and decreasing on x,
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(ili) f(t,x,y,z2) satisfies the sign-type Nagumo condition (N7 ) in

D ={(t,,y,2) € [a,0] x R® s a(t) <z < B(t), o/ (t) <y < F'(H)},

(iv) g(y) is continuous on R, ¢(x,y, z) is continuous on R3, decreasing on x and increas-
ing on z.

Then BVP (1.1), (1.2) has at least one solution z(t) € C®[a,b] such that
aft) <z(t) < B(t), o(t) <2'(t) <p(t), tela,b].
Proof. For i = 0,1, define

BO), ;> pI(),
w;(t, x;) = q x;, aW(t) < a; < BO(1),
aD(t), x; < a®(t).

For A € [0,1], we consider the auxiliary equation

x/”(t) = )\f(?f, wo(t, .T:(t))7 w1 (tv xl(t))v .’L'//(t)) + [x/(t) — Awg (t7 x’(t))]¢(|x”(t)|), (3‘1)

where @ is decided by the sign-type Nagumo condition (N} ), with the boundary condition

x(a) = AA, (3.2)
a'(a) = A[B = g(wi(a,2'(a))) + wi(a, 2'(a))] + [2” (a)]",
2(6) = AIC — (o (b, (b)), wn (b, 7' (8)), & (b)) + w1 (b, 7' (B))].
Then we can select M7 > 0 such that for every t € [a, b],
—M; < Ol/(t) < ﬂ/(t) < Ml, (35)
f(t,at),d (t),0) — [My + ' (t)]9(0) < 0, (3.6)
f(&,B(1), B(1),0) + [My — §'()]2(0) > 0, (3.7)
B —g(d/(a)) +d(a) > =My, |C = ¢(a(b),d/(h),0) + o' (b)| < M, (3-8)
B —g(8'(a)) + B'(a) < My, [C = ¢(B(b), 5'(),0) + B'(b)| < M. (3.9)
In the following, we shall complete the proof in four steps.
Step 1. Every solution z(t) of BVP (3.1)—(3.4) satisfies
|2’ (t)] < My, t€la,b], (3.10)

independently of A.
We suppose that the estimate is not true. Then there exists some t € [a, b] such that
a'(t) = My or o' (t) < —M;. Suppose the first case holds. Define

max ' (t) := 2’ (to) (= My > 0).
t€la,b]
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If to € (a,b), then 2" (ty) = 0 and 2" (ty) < 0. For A € (0, 1], by condition (ii) and (3.7),
we have the following contradiction

0> 2" (to)
= M (to, wo(to, (to)), w1 (to, @' (to)), x"t0) + [2'(to) — Awi(to, 2’ (t0))]@(|z" (to)])
= M (to, wo(to, z(to)), wi(to, ' (o)), 0) + [#'(to) — AB'(t0)]2(0)
> M f(to, B(to), B'(t0),0) + [My — (' (t0)]2(0)}
>0

and, for A = 0, we have
0= 2" (tg) = 2'(to)P(0) = MH(0) > 0.
If ty = a, then
max z'(t) = 2'(a) (= My > 0),
t€la,b]
and z'(a) < 0. For A = 0, by (3.3) we have the following contradiction:
0< M; < 2'(a) =[z"(a)]P 0.

For A € (0,1], by (3.3) and (3.9) we can obtain the following contradiction:

M; < 7'(a)
= A[B — g(wi(a,2'(a))) +wi(a,2'(a))] + [z" (a)]?
SAB = g(f'(a)) + B'(a)] < M.

If to = b, then
max ' (t) = 2’ (b) (= My > 0),
te(a,b]
and z”(b) > 0. For A = 0, by (3.4) we have the following contradiction:
0< M <z'(b) =0.

For A € (0, 1], by (3.4), (3.9) and condition (iv) we can obtain the following contradiction:

= A[C = p(wo (b, 2(b)), w1 (b, ' (b)), 2" (b)) + wr (b, '(b))]
A[C = ¢(B(b), 5'(b),0) + B'(b)] < M.

Thus, z'(t) < M; for t € [a,b]. In a similar way, we prove that z'(t) > —M; for ¢ € [a, b].
From (3.2) we have

(0] < Mo = (b—a)Mi +|A], t€ [a,b]:
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Step 2. There exists My > 0 such that every solution z(t) of BVP (3.1)—(3.4) satisfies
|2" (t)] < Ma, t € a,b],

independently of A € [0, 1].
Consider the set

D** = {(tvxvyaz) € [avb] X R?) : |ZC‘ < MOv ‘y| < Ml}
and the function F) : [a,b] x R? — R defined by
F)\(t,fﬂ, Y, Z) = Af(t7w0(t7x)awl(tay)7z) + [y - Awl(ty)}q)qz‘)

In the following, we show that F) satisfies the sign-type Nagumo condition in D,.,
independently of A € [0, 1]. In fact, since f satisfies the sign-type Nagumo condition in
D.., we have

Fu(t,a,y,2)sgn(z) = Af(t,wo(t, @), wi(t,y), =) sen(z) + [y — s ()] 8(12]) sgn(=)
< [2M, + 1](J2))
= 2" (|2]).

Furthermore, we obtain

+oo s +oo s

Thus, F) satisfies the sign-type Nagumo condition (N}) in D, independently of A €

[0, 1].
Let
p:=[|B|+G+2M]"?,
where
G = .
L L. l9(v)]

From (3.3), every solution z(t) of BVP (3.1)—(3.4) satisfies

2" (a)| = |2’ (a) — \[B — g(wi(a, 2’ (a))) + wi(a, 2’ (a))]|*/?
< [|B| + G + 20 )Y/P
- p.

Define
Oéo(t) = — My, ﬁo(t) = My, oq(t) = — My, ﬁ1(t) =M, te [a,b].

In view of Step 1 and applying Lemma 2.3, there then exists M > 0 (independent of \)
such that |2 (t)| < Mz, t € [a,b].
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Step 3. For A =1, BVP (3.1)—(3.4) has at least one solution x;(t).
Define the operators

L: C3[a,b] C C?[a,b] — Cla,b] x R?

by

Lz = (2", z(a),2'(a), 2 (b))
and

Ny : C?[a,b] — Cla,b] x R?
by

Nax = (Af(t,wo(t, 2(1)), w(t,2'(8)), 2" (£)) + [ (£) = Mws (¢, " (£))]@(|2" (£)]), Ax, Bx, C)
with
Ay = M,
By = AIB — g(wo(a, 2(a)), wi(a, 2'(a))) + wi (a,2'(a))] + [+ (@)},
Cy = \C — ¢(wo (b, (b)), w1 (b, 2" (b)), z" (b)) + w1 (b, 2’ (b))].
As L™ is compact, we can define the completely continuous operator
Ty : C?[a,b] — C?[a, b]

by
Tr(z) = L™ Ny (z).

Consider the set
Q2 ={xcC%a,b: ||7)cc < Mo, ||2']|eo < M1, [|2"]cc < Ma}.

By Steps 1 and 2, the degree deg(I — Ty, £2,60) is well defined for every A € [0,1] and, by
homotopy invariance, we get

deg(I — Tp, £2,0) = deg(I — T, £2,0).

As the equation x = Tp(x) has only the trivial solution from Lemma 2.5, by degree
theory,
deg(I —T1,2,0) = deg(I — Tp, £2,0) = £1.

Hence, the equation x = Tj(x) has at least one solution. That is, the problem
a"(t) = f(t, wo(t, (1)), wi(t, 2" (1)), 2" (1)) + [ () —wi(t, &' ()] 2(|a"(B))  (3.11)

with the boundary condition

z(a) = A, (3.12)
a'(a) = [B — g(wi(a,2'(a))) + wi(a, 2’ (a))] + [z ()], (3.13)
2’ (b) = [C — ¢p(wo(b, x(b)), w1 (b, 2’ (b)), " (b)) + w1 (b, 2’ (b))] (3.14)

has at least one solution z;(t) in {2.
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Step 4. In fact, the solution z1(¢) of the above problem will also be a solution of BVP
(1.1), (1.2) since it satisfies

alt) < o1(t) < B), o'(t) <a4(t) < F(D), 1€ [ab] (3.15)
Suppose, by contradiction, that there exists ¢ € [a, b] such that =} (t) > §'(t) and define

masx [z} (£) — B(8)] := 4 (t2) — B/(t2) > 0.

t€la,b]

If t1 € (a,b), then z(t1) = 8”(t1) and z{’(t1) < 8" (t1). By condition (ii), we have the
contradiction

zi'(t1) — 6" (t)
f(tr, wo(ty, x1(t1)), wi(t, 2 (t1)), 1 (t1))
+ [21(t) — wi(tr, 2y (0))] (|27 (01)]) = f(tr, B(t), B (1), B” (1))
> f(t1, B(tr), B'(tr), 8" (t1)) + [ (t1) — B'(t)] 2|2 (t1)]) — f(tr, B(t1), B'(t1), B” (t1))
= [} (t1) — B'(t)]2(|2 (t1)])

> 0.

0>
2

If t1 = a, we have

and
af(a) — 3" (a) < 0.
By (3.13), Definition 2.1 and condition (iv), we have the contradiction

B'(a) < x1(a)

= [B = g(wi(a,2(a))) + wi(a, x1(a))] + [27(a)]”
B —g(8'(a)) + §'(a) + [3"(a)]”
B'(a).

<
<

If t; = b, we have

and
2(6) = B"(6) > 0.
By (3.14), Definition 2.1 and condition (iv), we have the contradiction
B'(b) < 2 (b)
= [C = d(wo (b, z1(b)), w1 (b, (b)), 27 (b)) + w1 (b, 2, (b))]

< C = ¢(B(b), B (b), B" (b)) + B (b)
< B'(b).
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Thus,
i (t) < B'(t), te€lab].

Using an analogous technique, we obtain that o/(t) < z(¢) for every ¢ € [a, b]. From
aa) < A< f(a),
and by integration we have
a(t) <zi(t) < B(t), te]a,bl.
Therefore, x1(t) is in fact a solution of BVP (1.1), (1.2). O

In the case of nonlinear boundary conditions (1.3) a similar existence result to Theo-
rem 3.1 can be obtained for problem (1.1), (1.3).

4. Example

Example 4.1. Consider the boundary-value problem

7" = 733(93/)2 _ 252(:17//)37 4.1

2(0) = 0, 4.2

(@'(0)" = (@"(0)F =1, (4.3)

A an x(1) 4+ 22/ (1) + (2”(1))® =1, (4.4)

s

where p is an odd number.

Let
ft,z,y,2) = —xy? — 1223,
9(y) = v°,
o(z,y,2) = —% tan~!x + 2y + 25.
Define

a(t) = —t, /B(t) =t te [07 ]-L

then a(t), B(t) are lower and upper solutions of BVP (4.1)—(4.4). Furthermore, we find
that f satisfies the sign-type Nagumo condition (/N}) in

D={(t,z,y,2) €[0,1] xR3: -t <z <t, —1<y<1}

with @(z) = 2. It is easy to prove that all the conditions of Theorem 3.1 are satisfied.
Therefore, from Theorem 3.1, there exists a solution z(t) for BVP (4.1)—(4.4) such that

—t<z(t)<t, —-1<2'(t) <1, telo,1].

Tt is clear that the results of [5] do not apply to Example 4.1. It shows that the result
in this paper is new and valuable.
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