NOTE ON THE UNIQUENESS PROPRETY OF WEAK
SOLUTIONS OF PARABOLIC EQUATIONS

TADASHI KURODA

To Professor Kivosur Nosuiro on the occasion of his 60th birthday

1. Aronson proved, in his paper [1], the existence and the uniqueness
property of weak solutions of the initial boundary value problem for parabolic
equations of second order with measurable coefficients. On the uniqueness of
solutions of the Cauchy problem for such equations he also gave some interest-
ing results in [2].

In this note we prove the uniqueness property of weak solutions of the
initial boundary value problem for some equations of higher order by applying
the argument used in [2].

2. We denote by x a point (x;, ..., #x) in the #-dimensional Euclidean
space R” and by ¢ a point on the real line (— «, «). Let 2 be a bounded
domain given in R" and let 9 be its closure. We denote by £ the cylinder
domain .2 x (7", T") in the (% + 1)-dimensional Euclidean space R" x ( — o0, o),

We introduce some function spaces.

The space H; ’(.Z) is the closure of Ci'(.%) by the norm

lel=(f, 3 Dielan™,

The space L[ T, T"; Hy*(.2)] consists of all functions # with the follow-
ing properties: i) # is measurable in 2, ii) for almost all ¢t [7", 7], the
function u(x, #) in x belongs to H* %) and iii) the norm fuls as a function
of ¢ belongs to LY([T", 7"1).

We have the definition of the space H"’(T", T"; HY*(2)1if, in the above
definition of L’LT, 7: Hy*( D)1, the condition iii) is replaced by iii)’: the
norm [uls as a function of ¢ belongs to H**([ 7", 7"1), which is the closure of
C=((T'", T")) by the norm
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leh= (ﬁ[ ¢+ (Z;g>2]dt)1/2< o0,

We denote by L>[T", T"; L*(.2)] the space consisting of all functions #
with the following property : « is measurable in £ and, for almost all ¢t [ T", T""],
the function #(x, t) of x belongs to L*(.2) and finally the norm llall=llul, as a

function in ¢ is essentially bounded in [, 7'71.

3. Consider a uniformly parabolic partial differential operator L defined
in 2 as follows:
Lu=2; + (-1 E Di(aDxu).

;s
=

n'
1%

Here a = (a1, . . . , an) is a multi-index of non:negative integers with length
lal=a1+ *++ +a, and

alal
oxft e - - Oxy”

D5 =
and further all the coefficients a.; =au(x, ) are bounded measurable real
functions in 2 such that, at almost every point in 2,

DI >c(2 5!)

lel=18| =5
for some positive constant ¢, where £ = (&, . .., &,) is an arbitrary real vector
and £ =47 - - - &5

Let f be a function with variables x,, . .., x,.,' t and Dxu(0<|a| <s) such
that, for we L’[T’, T"; Ho(2)INLLT, T"; L*(.Z)], f belongs to L*(2) asa
function in 2.

If the function x € L’LT, T"; Hy*(2)INL°LT', T"; L*(.2)] satisfies

(1 S, f (- u Y r (-1 2 (- 1)™a,,D3uD’p)dxdt

|"|=3

= Ssu'(x, T)¢(x, Ty)dx - j u(x, T ¢(x, T,)dx+j S fodxdt

for any T, and T: in (7', T"] and for any ¢ € H"’[T', T"; Hy*(2)], then u
is said to be a weak solution of the equation Lz = f in 2 with the boundary

value zero.

4, Now we can prove the following theorem.
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THEOREM. Let the operator L and the function f be those stated above.
Suppose that all the coefficients ass(|a|=|Bl=5s) of L are continuous in 2 and

that there is a constaut ¢, such that in 2
f’éalgslmulg.
If the weak solution u of Lu=f in 2 with bounbary value zero satisfies u(x, T')
=0 in 9D, then u vanishes almost everywhere in .
Proof. Let j.(¢#) be an infinitely differentiable even function of a real vari-
able ¢ with support |¢] <e(e>0) such that

Sljs(t)dt =1.

For any T fixed in [T, T"], we put

r u(x t), if telT', T]
W (x, 1) = | , .
0 , if otherwise,
and
ue(n, )= | et =00 (x, V.

It is obvious that

T
ue(x, 1) = Srljf(t - T)u(x, T)dr.

We can easily verified that «.(x, t) belongs to H"![T!, T"; Hy*(.2)] and that,
for ¢t fixed, Du.(x, ¢t) tends to Dix"(x, t) in L*(9) as ¢ tends to zero. Hence,
if # is a weak solution of Lx = f in 2 with boundary value zero and if
#(x, T') =0 in .2, then from (1) we have

@ (- (<1 3 (= MauDuDlu st
gI=s .
= “5 u(x, Tue(x, T) dx+g j Suedxdt.
2 Jpnd &

For the first term in the left hand side of this, we have

- f:,sguaaz;' dxdt = — S:U:u(x Djit = Dulx, ©)drdxdt.

Since j¢(#) is an even function, the derivative ji(¢) is odd. Therefore the right
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hand side of the above equality equals zero.
On the second term of the left hand side of (2), we get the following from
Garding’s inequality :

T
1imSTj (—nsz( 1) gus D2 Dl ted xdlt

€0 ,

_(—1)j f 33 (= 1" g DiuDludxdt
Z]

e

>k,S S 2] | Diu I’dxdt—kz_(:'sgu’dxdt,

2 |ei=

where %; and k. are positive constants depending only on L.
As Aronson showed in [2], the first term of the right hand side in (2)

tends to
- —21—Ssu’(x, T)dx,

as ¢ tends to zero.
Finally we see that

lim jijg fuedsdt = j: | Judsdt

€0

and that, for any 6(>0),

J f Judndt = <f:,fzf zdxdt’”ﬂj;gzu’dxdt)'/z

T T
é\/c‘o(s > ID,uIzdxdt)“"(S -’ju”dxdt)“2

I o |a|=
<M ("§ 53 1p2 ulzdxdt+‘/”°j [ wana.
2 |a|=s

This follows from the Schwarz inequality and the Cauchy inequality.
Therefore, letting ¢ tend to zero in (2), we have the following:

klj:,gg IES | D3 *dxdt — szT’S Wdxdt

< __%S W (x, T)dx+3\/60‘ g b [Dxulzdxdt%-\/cog "‘ ddxdt

2 |a|=S
for any T[7’, T"] and for any positive 8. If we choose a positive § so

small that k; — i‘g@' >0, then it follows that
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1 2 Ve \ (7 2
(3) 5w Dydrs (ke +%%)| | wasar
for any T (T, T"]). Take T, (T', T"] such that

o (To= T (et J2) < L

From (3), we get

;5 W (x, t)dxs(kwr‘/c“)j S wdxdt

for any te (7', ToJ). Integrating both sides from T’ to T, with respect to ¢,
we obtain

—-j f wdxdt < (T~ T')(k2+‘/c")§ S{u’dxdt.

The condition (4) and the above inequality imply

jTT widxdt =0,

™ o

whence # vanishes almost everywhere in . x (T, T,]. From this we see easily

that # vanishes almost everywhere in 2. Thus we have the theorem.

Remark. In the case s=1, we need not to assume the continuity of
aw(lal =181 =1) in £, since we can get (3) without use of G&rding’s inequality.
So, in this case, our theorem reduces to Aronson’s result, a part of Theorem
3 in [11.
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