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The ma in object of this p a p e r is to give an expl ic i t object in the 
study of p ro jec t ive c o v e r s in the ca t ego ry of compac t Hausdorff s p a c e s 
and continuous m a p s s tudied in [2] and [5] . Let <(> : K > (3X be a 
p ro j ec t ive cover of the S tone -Cech compac :ification (3X of a comple t e ly 
r e g u l a r Hausdorff space X. H e r e , it wil l be shown that the m a x i m a l 
idea l space endowed with the Stone topology of the m a x i m a l r ing of 
quot ien ts of the r ing C(X) of a l l r e a l va lued cont inuous functions on 
X is h o m e o m o r p h i c to K. 

The author would like to thank P r o f e s s o r B . B a n a s c h e w s k i for 
h is he lp and for many va luable s u g g e s t i o n s . 

1. Fo r a comple t e ly r e g u l a r Hausdorff space E , let O(E) be 
i ts topology, i . e . , the col lec t ion of i ts oper. s e t s , and A(E) be the 
space of m a x i m a l f i l t e r s M C O(E) whose topology is gene ra t ed by 
the se t A (E) = { M | W e M, M € A(E)} lo r each W € O(E). It is 

known in [Z] that A ( E ) is an e x t r e m a l l y d i sconnec ted compac t 
Hausdorff s p a c e . M o r e o v e r , a.s a p a r t i c u l a r c a se of [2, P r o p o s i t i o n 3] , 
if E is compac t then the mapping lirn : A(E) -*• E which a s s i g n s 

E 
to each M e A(E) i ts l imit is a p ro jec t ive cove r of E in the c a t e g o r y 
of a l l c o m p a c t Hausdorff spaces and the i r cont inuous m a p p i n g s . 

LEMMA 1. Let X and Y be topologica l spaces such that X 
is a dense subspace of Y. Then A ( Y ) is h o m e o m o r p h i c to A ( X ) 
under the mapp ing Mf > M1 | X, M' e A ( Y ) . 

Proof . Evident ly MT | X is a f i l te r in O(X). To show M ! |X 
is m a x i m a l , let M D M" |X be a f i l te r in O(X). Take U € M, then 
U H V + 0 for a l l V e M' | X. Let U = U' H X, V = V D X 
w h e r e U' e o(Y ) and V e M» . Then a l s o Uf H V ï Ç) for a l l 
V1 e M' . The m a x i m a l i t y of Mf i m p l i e s that U1 € M' and hence 
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U € M 1 | X , i. e . , M = M ! | X . C l e a r l y t h e m a p p i n g M ' * M ' | X i s 

o n e t o o n e , s i n c e M ' f M " i m p l i e s M 1 | X ^ M " | X . N o w w e s h o w 

t h i s m a p p i n g i s o n t o . F o r a n y M e A ( X ) , d e f i n e a s e t 

M * = { I T € 0 ( Y ) | U ! fl X e M } . C l e a r l y 0 ? M * a n d U ' fl V ! e M * 

w h e n e v e r U1 , V 1 € M * . JLet U1 € M * a n d U 1 ç W1 , W € O ( Y ) . 

T h e n W = U ' U W 1 , a n d h e n c e W 1 H X = ( U ! D X) U (W 1 fl X ) ; 

t h u s U1 fl X c W H X a n d h e n c e W* fl X e M , i . e . , W 1 € M * . 

H e n c e M * i s a f i l t e r i n O ( Y ) . T o s h o w t h a t M * i s m a x i m a l , l e t 

M 1 => M * b e a f i l t e r i n O ( Y ) . T a k e a n y m e m b e r U ' € M ' , t h e n 

U ' fl V i t f o r a l l V 1 e M * . H e n c e ( U ! H X) fl ( V fl X) f 0 f o r 

a l l V 1 « M * . In p a r t i c u l a r , (U 1 fl X) fl V f 0 f o r a l l V e M ; t h e 

m a x i m a l i t y i m p l i e s t h a t U1 fl X € M . T h u s U f e M * , i . e . , M 1 = M * , 

a n d c l e a r l y M * | X = M . H e n c e t h e m a p p i n g M ! *• M 1 | X i s o n t o . 

F i n a l l y , s i n c e A f Y ) | X = ATir . (X) f o r W e O(Y) w h e r e 
W W II X 

A (Y) | X = r { M 1 X I M ' € A_I (Y)} , t h e m a p p i n g i s a h o m e o m o r p h i s m . 
W df I w 

N o t a t i o n . F o r a t o p o l o g i c a l s p a c e E , r , I a n d C w i l l 
E E E 

d e n o t e t h e c l o s u r e o p e r a t o r , t h e i n t e r i o r o p e r a t o r a n d t h e c o m p l e m e n t 

r e s p e c t i v e l y w i t h r e s p e c t t o t h e s p a c e E . 

L E M M A 2 . F o r a n y M * A(X) , if U e M , t h e n 

MerA(x)
1Sx(u)-

P r o o f . L e t W b e a n y m e m b e r of M ; t h e n U fl W ^ Ù, a n d 

A (X) i s a n o p e n n e i g h b o r h o o d of M . L e t a e U H W. T a k e a m e m b e r 
W 

N in A(X) w h i c h c o n v e r g e s t o t h e p o i n t a . T h e n e v e r y m e m b e r of N 

i n t e r s e c t s w i t h W. S i n c e N i s a m a x i m a l f i l t e r , it c o n t a i n s W, i . e . , 

N i s a m e m b e r of A (X) . On t h e o t h e r h a n d N c o n v e r g e s t o t h e p o i n t 
W 

- 1 - 1 
a of U , h e n c e N e lirr, ( U ) . T h u s w e h a v e A (X) fl l i m (U) + 0 . 

j3X W (3X 

L E M M A 3 . L e t <|>: K • (3X b e a p r o j e c t i v e c o v e r i n t h e c a t e g o r y 

of c o m p a c t H a u s d o r f f s p a c e s a n d c o n t i n u o u s m a p p i n g s . T h e n f o r e a c h 

d e n s e s u b s e t D of X, cf) (D) i s d e n s e i n K. 

P r o o f . N o t e t h a t D i s a l s o d e n s e in pX . S i n c e K i s a c o m p a c t 
- 1 

H a u s d o r f f s p a c e , T <\> (D) i s a l s o a c o m p a c t s u b s e t of K. S i n c e cj) i s 
K. 

- 1 - 1 - 1 
o n t o , D = 4>(cj> ( D ) ) c 4 > ( r <\> ( D ) ) . H e n c e <|>(r<|> (D)) i s d e n s e in (3X. 

- 1 
B u t 4>(r cj) (D)) i s c o m p a c t , h e n c e i s c l o s e d i n (3X, i . e . , 

K. 

- 1 - 1 
4>(r cj) (D)) = (3X. S i n c e K i s t h e p r o j e c t i v e c o v e r , TK$ (D) c a n 
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-1 
not be a proper closed subset of K, i .e . , r <f> (D) = K . 

K 

It is well known in [4, p. 96] that a compact space K is 

extremally disconnected if and only if K = (3S for every dense 

subspace S of K. Hence we have the following: 

-1 
COROLLARY. K = p<|> (D) for each dense subset D of X. 

2. Let © be a filter base of dense subsets of X. Then the 

system (C*(D)) , where * denotes the boundedness, is a direct 

system with respect to the restriction homomorphisms f * f |D, 

f € C*(E), D c E in & . Let Q*(X) be the direct limit of the 

system (C*(D)) ^ with (cb ) ft as a family of the limit 

homomorphisms [1]. It is evident that, for a member D of & , a 

function f € C*(D) defines a continuous function f o <f> on 

-1 -1 
<(> (D). Since K = (3c|> (D), the function f o <|> has a unique 

continuous extension f to K. Let u « Q*(X) with u = 4> (f) 

and f € C*(D) for some D € g. Define a mapping Q*(X) * C(K) 

"by u • f # Clearly this mapping is well defined and a norm preserving 

monomorphism. We also note that, for each maximal ideal M in Q^(X), 

Q*(X)/M =R [3, p. 39]. Finally, let ln(Q*(X)) be the set of all maximal 

ideals in Q*(X). For each u € Q*(X), define a real-valued function u 

on m(Q5MX)) by u(M) = u + M e R, Me ïn(CH(X)). The previous 

lemmas are now used to obtain the main result. 

PROPOSITION 4. If $ contains all disconnected dense open 

subsets of X, then the maximal ideal space to(Q*(X)) endowed with 
$ 

the weak topology determined by the functions û, u € Q*(X) is 

homeomorphic to K. 

Proof. Since the mapping u • f is a norm preserving 

monomorphism of QT(X) into C(K), it is enough to show that the 
A, 

family of all f separates the points of K. Take any a, b in K with 

a f b. Since A((3X) = A(X) (= K), we may assume that a, b are 

members of A(X), and hence <|> = lim . Since a ^ b, there exist 
pX 

open sets U and V in pX such that U fl V = 0 and U D X € a, 

V D X € b. Then by Lemma 2, a € r >~4(U H X) and 
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- 1 
b ( r i (V fi X). Le t 

K 

D = (u n x) u (x n i c u>; 

f- A p x 

then c l e a r l y D e $ ; and define a function f on D by 

0 if x e U H X 
f(x) 

1 if x e X H I C U . 
(3X pX 

Then f e O ( D ) . Thus f o <j> has an ex t ens ion f on K, and 

f(a) = I im (f o cj))(z) = 0, 
z->a 

_1 
z 6cj> ( u n x ) 

f(b) = I im (f o 4>)(z) = 1. 
z-*b 

z €4, (v n x) 

Thus the family of f s e p a r a t e s the poin ts of K. By the S tone -
W e i e r s t r a s s t h e o r e m the p r o p o s i t i o n h o l d s . 

Let Q (X) be the d i r e c t l imi t of the d i r e c t s y s t e m (C(D)) 
ê D e $ 

with r e s p e c t to the h o m o m o r p h i s m s f * f | D , f e C(E) , D c E in ^ . 
It is known in [ 3 , p . 40] tha t the Stone topology on the m a x i m a l idea l 
space of Q^(X) co inc ides with the weak topology, and m o r e o v e r the 

m a x i m a l idea l space of Q^(X) with the Stone topology is h o m e o m o r p h i c 

to that of Q*(X) . Hence we have the following: 

COROLLARY. The m a x i m a l idea l space of the m a x i m a l r ing of 
quo t ien t s of C(X) endowed with the Stone topology is h o m e o m o r p h i c to K. 
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