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ASYMPTOTIC BEHAVIOR FOR THE SUM OF PARTIAL
QUOTIENTS IN CONTINUED FRACTION EXPANSIONS

XIAO CHEN, JUNJIE LI, LEI SHANG*, AND XIN ZENG

ABSTRACT. Let [a1(z),az2(z),a3(z),...] be the continued fraction expansion
of an irrational number x € (0,1). Denote by Sp(z) := >_7_; ag(z) the sum
of partial quotients of z. From the results of Khintchine (1935), Diamond and
Vaaler (1986), and Philipp (1988), it follows that for almost every z € (0,1),
lim infM = ! and limsup Sn(@) =00
n—oo nlogn  log2 n—oo nlogn

We investigate the Baire category and Hausdorff dimension of the set of points
for which the above limit inferior and limit superior assume any prescribed val-
ues. We also conduct analogous analyses for the sum of products of consecutive
partial quotients.

1. INTRODUCTION

The continued fraction expansion of a real number z € I := (0,1) \ Q can be
written in the form

as(z) +
az(z) +
where a;(x),az(z),as(x), ... are positive integers, known as the partial quotients of
x. See [6] for more details on continued fractions.

In this paper, we study the asymptotic behavior for the sum of partial quotients.
For any x € Tand n € N, let

Su(x) = ax(x)

k=1
be the sum of the first n partial quotients of z. In 1935, Khintchine [7] proved that

. Sp(z) 1
lim =—
n—oonlogn  log2

in Lebesgue measure, (1.2)

and pointed out that (1.2) cannot hold almost everywhere. In 1986, Diamond and
Vaaler [1] explained that the obstacle to almost everywhere convergence of (1.2) is
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the occurrence of the largest term maxi<g<p{ar(x)} in the sum S, (z). Precisely,
they showed that for Lebesgue almost every x € I,

lim Sp(x) — maxi<p<n{ar(z)} _ 1 . (13)
n—oo nlogn log 2
Combining (1.2) and (1.3), we see that for Lebesgue almost every = € I,
1
lim inf (%) (1.4)

n—oo mlogn - log2’
For its limit superior behavior, Philipp [12] established that for any sequence
{bn}n>1 of positive numbers with {b,,/n},>1 being non-decreasing, the following
holds for Lebesgue almost every x € I,
Sn(x)

S,
lim sup n(®) =0 or limsup =00
n—oo b’ﬂ n—oo n

according to whether the series ZZOZI 1/b,, converges or diverges. Consequently,
for Lebesgue almost every z € I,

limsupM = 0. (1.5)

n—oo nlogn

We summarize the results of (1.4) and (1.5) in the following theorem.

Theorem 1.1 (Khintchine-Diamond-Vaaler-Philipp’s Theorem). For Lebesgue al-
most every x €1,
Sp(z) 1 Sn(z)

lim inf = and limsup ——— = o0
n—oo nlogn  log2 n—oo nlogn

Theorem 1.1 demonstrates that, for almost all real numbers, the limit inferior
in (1.4) and the limit superior in (1.5) take values of @ and infinity, respectively.
That is to say, the set of points where the limit inferior and the limit superior
assume other values has Lebesgue measure zero. Hence, it is natural to investigate
the size of such null sets.

For any 0 < a < 8 < o0, let

S(a, B) == {x € 1: liminf Sn(2) = q, limsupM = ﬁ} .

n—oo nlogmn n—oo nlogn
Baire category (see [11]) and Hausdorff dimension (see [2]), apart from Lebesgue
measure, are common methods for examining the size of sets. A set is said to be
of first category if it is represented as a countable union of nowhere dense sets, and
a set is called residual if its complement is of first category. In this context, a set
of first category is considered “small”, while a residual set is regarded as “large”.
We will show that S(«, ) is residual for « = 0 and 8 = oo, otherwise it is of first
category. A similar result concerning the behavior of partial quotients is discussed
in [13].

Theorem 1.2. The set S(«, 8) is residual if and only if « =0 and § = oco.

From Theorems 1.1 and 1.2, we conclude that S (@, 00) has full Lebesgue
measure but is of first category. This indicates that .S (@, 00) is “large” in terms of
Lebesgue measure but “small” from the perspective of Baire category. In contrast,
the set S(0, 00) is “small” in the sense of Lebesgue measure, but “large” with respect

to Baire category.
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In the follow theorem, we will see that each S(«, 8) is “large” from the viewpoint
of Hausdorff dimension.

Theorem 1.3. For any 0 < a < 8 < oo, we have dimyg S(«, 8) = 1.

Denote by S(«) := S(a, @) for any 0 < a < co. As a consequence of Theorem
1.3, we have S(«) has full Hausdorftf dimension. This was obtained by Wu and Xu
[15, Theorem 1.4]. Actually, the Hausdorff dimension of S, () has been extensively
studied by many authors, see [3, 5, 9, 15, 16] and references therein. Let

S, = {:EGH: lim Sn(2) 1},

n—oo @(n)

where ¢ : N — Ry is an increasing function satisfying p(n) — oo as n — oc.
For the linear case ¢(n) = yn with v > 1, JTommi and Jordan [5] established that
with respect to vy, the Hausdorff dimension of S, is analytic and increasing from
0 to 1, and tends to 1 as v goes to infinity. In [15], Wu and Xu proved that if
p(n) = n" with r € (1,00) or p(n) = exp(n”) with r € (0,1/2), then S, has full
Hausdorff dimension. Later, it was shown by Xu [16] that if p(n) = exp(n), then
dimy S, = 1/2. We remark that his proof also applies to the case p(n) = exp(n”)
with 7 > 1, and and it implies that the Hausdorff dimension of S, remains 1/2.
In 2016, Liao and Rams [9] investigated the Hausdorff dimension of S, for the
remaining case ¢(n) = exp(n”) with r € [1/2,1) and showed that there is a jump
of the Hausdorff dimensions from 1 to 1/2 at » = 1/2. Recently, the dimension gap
was filled by Fang, Moreira and Zhang [3].

The rest of the paper is organized as follows. In Section 2, we provide the proof
of Theorem 1.2. Section 3 is devoted to proving Theorem 1.3. At last, we do similar
analyses for the sum of products of consecutive partial quotients in Section 4.

2. PROOF OF THEOREM 1.2

In this section, we consider I equipped with the induced topology. Since I is a
Baire space, it suffices to prove that a set is residual by showing that it contains a
dense G subset (see [11, Theorem 9.2]).

For any (ai,...,a,) € N let

In(a1,....an) :={2 € (0,1) : a1(x) = a1,...,an(x) = an}.

It was shown in Theorem 1.2.2 of [6] that I),(a1,...,a,) NI is an open interval with
rational endpoints in I.
For any v € (0, 00), define

S.(7) = {x €1 liminf 22 < 7}

n—oo nlogn

and

S*(y) = {x el: limsupM > ’y},

n—oo nlogn

and let S(7y) := S.(y) N S*(v).

Lemma 2.1. For any v € (0,00), the set S(v) is dense in L.
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Proof. For any v € (0,00), let 0, := [ylogn| + 1 for all n € N. Then {0,},-,
corresponds to a unique irrational number zg € [0,1) such that a, (z¢) = 6., for all
n € N. Hence,
lim Sn(o)
n—oo nlogn

=7

that is, o € S(7).
Set -
D (z9) := U {z €l:an(x)=ay(xo),Vn > N}.
N=1
Then D (o) C S(v) is dense in I. To see this, for any « € T and n € N, define z,
in terms of the continued fraction expansion as

Xy = [a1(x), ..., an(x), ant1 (To) , any2 (o), .. ]
Then z,, € D (z¢) and |z, — 2| — 0 as n — oo, which implies that D (z) is dense
in I. Hence S(v) is also dense in I. O

Lemma 2.2. For any vy € (0,00), the sets S.(v) and S*(vy) are residual.

Proof. Let v € (0,00) be fixed. It follows from Lemma 2.1 that S.(y) and S*(v)
are dense. To prove that S*(y) and S. () are residual, it suffices to show that they
are all G sets.

For S.(v), we deduce that

S*(7) - En(77k)a

)3
fjg

—

3
1Ce

ES
Il
-

where E, (v, k) is given by

Ep(v,k) == {x el:S,(x) < <7+ 11) nlogn} .

We observe that for sufficiently large n, E, (v, k) is nonempty and can be written
as a countable union of open sets in I. More precisely,

En(v,k) = U In(ky ko, ... k) O
2im1 ki<(y+1/k)nlogn
where (ki, ko, ..., k,) € N?. Since I, (k1,ke,...,k,) is an open set in I, we have

E,(v,k) is open in I, and so S.(7) is a G5 set.
For S*(vy), we conclude that

o0 o0 oo 1
S*(y) = ﬂ ﬂ U {:17 el: S,(z) > <'y k> nlogn},
k=[1/4] N=1n=N
and {x €1: S, (z) > (y—1/k)nlogn} is a countable union of open sets in I. Hence
S*(v) is a G set. O
We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. For any K € N, it follows form Lemma 2.2 that S.(1/K)
and S*(K) are residual. By the definition of residual set, we see that the countable
intersection of residual sets is also residual. Since

{x €1:liminf Sn(2) = 0} = ﬁ S«(1/K) (2.1)
K=1

n—oo nlogn
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and

n—oo nlogn

{xEH:limsup Sn(2) oo} = ﬁ S*(K), (2.2)
K=1

we derive that the sets on the left-hand side of (2.1) and (2.2) are residual, and so
and their intersection S(0, 00) is residual.

Note that every subset of a set of first category is also of first category. For any
a > 0or 8 < oo, each S(a, ) is a subset of the complement of S(0,c0), and so
S(a, B) is of first category. O

Remark 2.3. As suggested by the referee, we provide the following refinement of
the result concerning the set in (2.1): for a residual set of values of = € I, it holds
that
lim inf SL(QC) =
n—o00 n
In fact, using the arguments in this section, we obtain an analogue of Theorem 1.2
for the arithmetic mean of partial quotients: the set

{33 €I :liminf Sn(2) = a, limsup Snlz) = 6}
n

n—00 n n— 00

1.

is residual if and only if « =1 and 8 = co.

3. PROOF OF THEOREM 1.3

In this section, we prove that dimyg S(a, ) =1 for all 0 < o < § < 00. To this
end, we require the following lemma.

Let {ny}r>1 and {ux}r>1 be sequences of positive integers satistying ny/k — oo
and up — 0o as k — oo. For each M € N, define

Eyv({ni},{ur}) ={x €l:ay () =ug, 1 <a; <M (j #ng),Vk e N}. (3.1)

Shang and Wu [14] determined the Hausdorff dimension of Eys({ny}, {ux}), stated
as follows. See [3, 10] for similar results.

Lemma 3.1 ([14, Lemma 3.1]). Let Ep({ni}, {ur}) be defined as above. Suppose

that
k

1
lim —  "logu; = 0. (3.2)

k—oo N <
Jj=1

Then
lim dlmH EM({TLk}, {Uk}) =1
M— o0

We will use Lemma 3.1 to show dimyg S(«, 8) = 1 by choosing suitable sequences
{ni}r>1 and {uy}x>1 according to the values of o and S.

Proof of Theorem 1.3. The proof is divided into six cases. For convenience, we first
introduce some notation. For any n € N, let ¢(n) := max{k € N : k? < n} and
p(n) :=2%". Then \/n — 1 < t(n) < /n and (¢(n))? = p(n +1).

In the following, we always take ny := k? for all k € N. The definition of {uy }x>1
depends on the values of « and .

Case 1: 0 < a< < oo. Let uy := 1. For all k > 2, let

{(4ak logk], if [log,log, k] is even;
Uk ‘=

3.3
[48klogk], if [log,log, k] is odd. (33)
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Then {ny} and {ux} satify condition (3.2). Moreover, we claim that the set S(a, )
defined in (3.1) is a subset of Enr({ng}, {ux}). In fact, for any x € Ep({ng}, {ur})
and for all k € N, we have 4aklogk < ay2(z) < 4fklogk+1and 1 < qaj(z) < M
for all j # k2. For any n € N, we see that
t(n) t(n)
Sp(x) > Z4ak logk > 4a/ zlogzdx = a(t(n))?*(2logt(n) — 1)
k=2 L
and
t(n)
Sn(x) <Y (4Bklogh + 1) + nM
k=2

t(n)+1
< 45/ zlogzdx + t(n) + nM
1
= B(t(n) +1)*(2log (t(n) + 1) — 1) + t(n) + nM.
Combining this with the fact that v/n — 1 < ¢(n) < v/n, we derive that
Sy () Sy (x) <5

o < liminf =2 < lim sup <
n—oo nlogn n—oo nlogn

(3.4)
Next, we show that the limit superior and the limit inferior in (3.4) are 5 and

«, respectively. To this end, consider

. S¢(2m) (I)
i sup Y og 6(2m)

and

o Spem+1) (T)
lim inf .
m—oo ¢(2m + 1)logp(2m + 1)
Note that for all &,
(1) if p(2m —2) < k < ¢(2m — 1), then [log, log, k| is odd, and so ax2(z) =

4Bk og k];
(2) if p(2m — 1) < k < ¢(2m), then [log,log, k| is even, and so az(x) =
[4aklog k],
and 1 < aj(xz) < M for all j # k?. On the one hand, it follows from (1) that
(2m—1)

S (am) (@) > > 4Bklogk
k=¢(2m—2)+1

#(2m—1)
>4p /(z)(sz) xlogzdx
= B(¢(2m — 1))* (2log ¢(2m — 1) = 1)
— B(¢(2m — 2))* (2log p(2m — 2) — 1).
Note that (¢(n))? = ¢(n + 1), we have
Soem)(x) = Bo(2m)(log ¢(2m) — 1) — B¢(2m — 1)(log p(2m — 1) — 1).
Since

lim d(2m — 1)(logp(2m — 1) — 1) _o,

m=oo  ¢(2m)(log ¢(2m) — 1)
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we derive that

L S¢(2m)(m)
s Gz og o(zm) ~ &

On the other hand, we deduce from (2) that

$(2m) $(2m—1)
Ssemin () < Y (daklogk+1)+ Y (4Bklogk +1)
k=2 k=2
+o(2m+1)M

B(2m)+1 $(2m—1)+1
< 4a/ zlogxzdx + 45 x log xdx
k=1 k=1

+o(2m+1)(M +2)
< 2a(p(2m) + 1)%log (¢(2m) + 1)
+28(¢(2m — 1) + 1) log (¢p(2m — 1) + 1))
+o(2m + 1)(M + 2).
By the definition of ¢(n), we see that

L 2002m) +1)%log (G(2m) + 1)

A T o Gm  Dlogo@m £ 1)

and
im (p(2m — 1) + 1)2 log (¢(2m -1)+ 1))
m—rco (6(2m) + 1)2log (¢(2m) + 1)

:O,

and so g @)
. p(2m+1)\X
1 f <a. 3.6
meeo $(2m + 1)logp(2m + 1) — (3.6)
Combining (3.4), (3.5) and (3.6), we obtain
lim inf Su(2) =a and limsup Sn(2) =4,
n—oo nlogn n—oo nlogn

ie., z € S(a, p). Hence, dimyg S(a, 5) > dimyg Epr({ng}, {ur}). Letting M — oo,
we conclude from Lemma 3.1 that dimy S(a, 5) = 1.
For other cases, when a = 0, replace [4aklogk] in (3.3) with k; when 8 = oo,
replace [48klogk] in (3.3) with k2. More precisely,
Case 2: a=p=0. Forall k > 1, let ug := k.
Case 3: a = 3 =o0. For all k> 1, let uy := k2.
Case 4: « =0 and = oco. Let u; := 1. For all £ > 2, let
k,  if [log,logs k] is even;
up 1=
g k%, if [log, log, k| is odd.
Case 5: a =0 and 0 < 8 < co. Let uy := 1. For all k > 2, let

k, if [log, log, k] is even;
B {[4ﬂk logk], if [logsylog, k] is odd.
Case 6: 0 < a < oo and 8 =o00. Let u; := 1. For all £ > 2, let
[daklogk], if [log,logs k] is even;
e {kg, if [log, log, k1 is odd.
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Following the proof in Case 1 step by step, we can similarly derive the same result.
The details are omitted here for brevity. O

4. THE SUM OF PRODUCTS OF CONSECUTIVE PARTIAL QUOTIENTS

Our results can be extended to include the sum of products of consecutive partial
quotients. For any x € T and n € N, let

Su(@) =" ar(@)aps(x).
k=1

The asymptotic behavior of {S,(z)}n>1 was studied by Hu, Hussain and Yu [4].
They obtained the Khintchine-type theorem for S, (z):
lim Sn(z) = 1
n—oo nlog®n  2log2

in Lebesgue measure,

and the Diamond-Vaaler-type theorem for gn (z): for Lebesgue almost every z € [

lim Su(@) — maxicpen{an(@)aria ()} 1
n—oo n ]0g2 n 2 log 2’
These two results imply that for Lebesgue almost every x € I,
g )
lim inf 5 (:g) = .
n—oo mlog®n  2log2

(4.1)

For its limit superior, we introduce the zero-one law for products of consecutive
partial quotients established by Kleinbock and Wadleigh [8]. For any ® : N — [1, 00)
with ®(n) — 0o as n — oo, let

K(®):={z e€l:an(r)ant1(z) > ®(n) for infinitely many n € N} .

Then the Lebesgue measure of K(®) is zero or one according to whether the series

> 10221;()71) converges or diverges. As a result, for ®(n) = n(log? n)(loglogn), we

see that the Lebesgue measure of K(®) is one. Hence, for Lebesgue almost every
z el

S,
lim sup "(g)
n—oo nlog“n

In light of (4.1) and (4.2), we have the following theorem.

= 00. (4.2)

Theorem 4.1 (Kleinbock-Wadleigh-Hu-Hussain-Yu’s Theorem). For Lebesgue al-
most every x € 1,
Sy (z) 1 Sy ()

lim inf = and limsu r = 0.
n—oo plogin  2log?2 el log® n

In what follows, we study the Baire category and Hausdorff dimension of §n(x)
For any 0 < a < 8 < o0, let

n—o0 nlog”n nooo nlog?n

g(a,ﬁ) = {xeﬂ:liminf Sn(ﬂg) = q, limsup Sn(2) :ﬂ}

Using a method similar to that employed in Theorem 1.2, we obtain the necessary
and sufficient conditions for S(«, 8) to be residual.
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Theorem 4.2. The set S(a, B) is residual if and only if o =0 and B = co.
We end this section with the Hausdorff dimension of S(a, ).
Theorem 4.3. For any 0 < a < 8 < 0o, we have dimy §(a,ﬁ) =1.

To prove Theorem 4.3, we first give a result analogous to Lemma 3.1.
Let {wi}rsys {bk}psqs and {ci}y~, be sequences of positive integers satisfying
wi/k — 00, by, — 00, and ¢ — 0o as k — oo. For each M € N, define

Bu({wn}, {0 {en}) = {2 € T a0, (@) = bs @i (@) = s
1< a; <M (j #wpwp +1),Vk € N}.
The Hausdorff dimension of Ep({wg}, {bx}, {ck}) is as follows.
Lemma 4.4. Let Ey({wk}, {br}, {ck}) be defined as above. Assume that

lim —Zlog (bjcj) (4.3)

k—o00 W

Then
lim dimpg Ep ({wi}, {b}, {ck}) = 1.
M— o0

Proof. This result can be regarded as a consequence of Lemma 3.1. To see this,
define {ng}r>1 and {ux}r>1 as follows: for any k € N,
Nak—1 1= Wk, ugk—1 = by,
and
Nog = wi + 1, Uk 1= Ck.-

Then EM({wk},{bk},{Ck}) = EM({nk},{uk}) Since wk/k — o as k — o0, it
follows that ny/k — 0o as k — oo. Moreover,

2k k
1
lim — j = (logb; + log ¢;
K300 Tiop Zloguj k:—)oo wg + Z ogb; +logc;)
Jj=1 ]:1
w 1 &
~ im kL
k—>oo£dk+1 Wy, Z; o (bic;)
= O’
and
2k—1 k—1
klixgo - ; logu; = klingo w—k ; logb; +logc;) + log b,
1k
< klinolo o ; (logb; +logc;)
=0.

Thus, {ng}r>1 and {ug}r>1 satisfy condition (3.2). By Lemma 3.1, we derive that
lim dimpg Epr({wk}, {0k}, {ck}) = lm Ey({ng}, {ur}) = 1.
M—o0 M—o0
The proof is completed. O

We are now in a position to show that dimpy §(a, B) = 1 by using Lemma 4.4.
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Proof of Theorem 4.3. We onely give the proof for the case where 0 < a < 8 < 0.
Let w; = by =¢; :=1. For all k > 2, let wy, = k2,

{(Sak logk], if [log,log, k] is even;
. =

= 44
[88klogk], if [logslogs k] is odd, (4.4)

and ¢ := |logk]. Then {wg}tr>1,{bk}tr>1 and {cx}r>1 satisfy condition (4.3).
Moreover, we claim that Ep({wi}, {bx}, {ck}) is a subset of S(a, ). In fact, for
any x € Ep({wi}, {0k}, {ck}), we see that 8aklogk < apz(z) < 8Bklogk + 1,
loghk —1 < apiq1(x) <logk, and 1 < aj(z) < M for all j ¢ {k* k* +1}. Hence,
_ t(n) t(n)
Sp(x) > Z S8aklogk(logk — 1) > 8a/ (zlog® zdz — zlog z) dz,
k=2 1

and
N t(n) t(n)
Sp(x) < Z(S,@klogk +1)logk + MZ(Sﬁklogk‘ +logk + 1) +nM?
k=2 k=2

t(n)+1
S/ (88zlog® x + 8MBxlogx + (M + 1) logx) dx + nM (M + 1).
1

Our analysis focuses exclusively on the main term of the integral, since the contri-
butions from the integrals of the remaining terms are negligible, being infinitesimal
of the order nlog®n. Since \/n — 1 < t(n) < /n and

1
/arrlog2 xdxr = ga:Q (log2 z? — 2log x? + 2) +C, (4.5)
we deduce that
o < liminf Sn(z) < lim sup Sn(a;) <B. (4.6)
n—oo nlog’n n—oo nlogmn

Note that for all Kk € N,
(1) if p(2m — 1) < k < ¢(2m), then [log,log, k] is even, and so ap2(x) =
[8aklog k] and agz241(z) = |logk];
(2) if ¢p(2m) < k < ¢(2m + 1), then [logylog, k] is odd, ans so apz(z) =
[88klog k]and agz,1(z) = |logk],
and 1 < aj(z) < M for all j ¢ {k* k*+1}. Thus,
(2m—1)

§¢(2m)(x) > Z 8Bk logk(logk — 1)
k=p(2m—2)+1

d(2m—1)
= 8ﬂ/ (x log? zdx — log x) dx.
$(2m—2)

By (4.5) and the definition of ¢(n), we obtain

. S7¢>(2m)(z)
lgznj;lop #(2m)log? ¢(2m) 5. (4.7)

Similarly, we can derive that

. S(zms1) ()
lim inf 5 <«
m—oo ¢(2m + 1) log” ¢p(2m + 1)
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Combining (4.6), (4.7) and (4.8), we conclude that

S, S
lim inf 7(? =a and limsup ig =04,
n—o0 nlog”n n—oo mnlog”n

ie., z € S(a,B). Sodimy S(e, B) > dimp En({wy}, {bx}, {cx}). Letting M — oo,
it follows from Lemma 4.4 that dimpy S(a, 8) = 1. O
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