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The essentially tame local Langlands correspondence,
II: totally ramified representations

Colin J. Bushnell and Guy Henniart

ABSTRACT

Let F be a non-Archimedean local field. Let GS*(F) be the set of equivalence classes of
irreducible, n-dimensional representations of the Weil group Wp of F’ which are essentially
tame. Let A (F) be the set of equivalence classes of irreducible, essentially tame, super-
cuspidal representations of GL,(F'). The Langlands correspondence induces a canonical
bijection £ : G(F) — A% (F). We continue the programme of describing this map in
terms of explicit descriptions of the sets GS'(F) and AS(F). These descriptions are
in terms of admissible pairs (E/F, ), consisting of a tamely ramified field extension E/F
of degree n and a quasicharacter £ of E* subject to certain technical conditions. If P, (F")
is the set of isomorphism classes of admissible pairs of degree n, we have explicit bijections
P,(F) = GS(F) and P,(F) = A(F). In an earlier paper we showed that, if o € GS*(F)
corresponds to an admissible pair (FE/F, &), then £(o) corresponds to the admissible pair
(E/F, u&), for a certain tamely ramified character p of E*. In this paper, we determine
the character p when E/F is totally ramified.

Introduction

This paper, written in continuation of [BHO5a|, gives the next step towards an explicit description
of the local Langlands correspondence for essentially tame representations. Throughout, F' is a
non-Archimedean local field, the residue field of which is finite and of characteristic p.

An irreducible smooth representation o of the Weil group Wp of F, of dimension n, is essentially
tame if the number ¢(o) of unramified characters x of Wg, such that y ® o = o, satisfies p {t n/t(o).
We write GS(F) for the set of equivalence classes of n-dimensional, irreducible, essentially tame
representations of Wp. Likewise, if 7 is an irreducible supercuspidal representation of GL,, (F'), we
define t(m) to be the number of unramified characters x of F* such that 7 is equivalent to the
representation xm : g — x(det g)m(g). We say that 7 is essentially tame if p { n/t(7), and we denote
the set of equivalence classes of such representations by A®(F). The Langlands correspondence
[LRS93, HT01, Hen00] induces a bijection

L=pL: GHF) 2 AN(F).
It is this map we wish to describe.

There is an explicit bijection A, : G&(F) — A% (F) [BHO5a] with which we can compare ¢ LS.
Given o € G(F), there is a tamely ramified field extension E/F and a quasicharacter ¢ of E*
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such that o & Indg,p§. Here, we regard { as a quasicharacter of Wg via local class field theory,
and Indg,r denotes the operation of induction from Wg to Wp. One can refine this: one imposes a
condition of ‘admissibility’ on the pair (E/F, ) (we recall the definition below) to obtain a canonical
bijection
Po(F) — Gl(F),
(E/F7 é.) L IndE/F 67
between G'(F) and the set P,(F) of F-isomorphism classes of admissible pairs (E/F,¢) in which

[E:F] = n. Using the classification theory for supercuspidal representations [BK93|, we constructed
in [BHO5a] a canonical, and explicit, bijection

Py (F) — AG(F),
(E/Fvé.) = FT¢,
of which we recall relevant details below. The bijection p N, : G&(F) — AS(F) is then that induced
by (1) and (2).

If K/F is a finite field extension and 1x denotes the trivial representation of Wy, we write
dr/r = detIndg/p 1. The bijections FLS and pN, are related as follows [BHO5a, (3.3)].

(1)

2)

THEOREM A. Let (E/F,§) € P,(F) and set 0 = Indg,p §. There exists a tamely ramified character
p = phg of EX such that L(0) = pmye.

To describe £ = LS therefore, we have to determine the character Fie- In [BHOSa, (4.4)], we
dealt with a first case as follows.

THEOREM B. Suppose n is odd, let (E/F,§) € P,(F) and suppose that E/F is totally ramified.
Then

Fhe =0p/F © Ng/F.

In the present paper, we calculate pue when (E/F,€) € P,(F) has E/F totally ramified and
n is arbitrary: general admissible pairs (E/F,£) will be treated in the next paper of the series.
We assume that n is even, and we let K/F be the unique quadratic sub-extension of E/F. We set
p=KTg € Ait/Q (K), and we let m = A/p p € A5 (F) be the representation that is automorphically

induced by p (see [HH95, HLO5]). There is a tamely ramified character p = g, pp ¢ of E* such that
(E/F,p) € Py(F) and m = pm,e (see [BHO5a, (3.4)]). A key step is then given by Corollary 3.3
below:

FHe = K/FHg " K-
Inductively, we can assume that g, is known, and we have to determine r/ppu ”

To do this, we use the automorphic induction equation. We view E as embedded in M, (F") and
we set ¥ = Gal(K/F'). We then have the character relation [HH95, HLO5]

=2 (h) = c(h) 3 e p7 (), (3)
o€y

valid for all elliptic regular elements h of GL,,(F') which commute with K. Here, d(h) is the transfer
factor A%(h)/A(h) of [HH95] and c is a certain non-zero constant (of which nothing is known a
priori). The function Z¥ is the s-twisted trace of 7, formed relative to the non-trivial character s
of F* vanishing on norms from K*.

By evaluating both sides of (3) at prime elements w of E, we get the following theorem [BH05a,
(4.3)].
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. . 2
THEOREM C. The tamely ramified character K/FH, satisfies K/Fl, | F* = 52//1; and, for every
prime element w of F,

K/Fﬂg(w) = epegcd(w). (4)

Here, er and ex are constants, with values +1, determined by details of the internal structure of
(E/F,§) and (E/K,€), respectively. (We recall the definition below, in ‘Background’.) The major
step in this paper calculates both sides of (3) at elements h = 1 + w, where, again, w is a prime
element of E. This gives an expression for ¢cd(w) in terms of quadratic Gauss sums and Kloosterman
sums. (The arguments and results in this part hold in greater generality.)

Some labour is then required to evaluate these trigonometric sums and the sign epeg. The final
form of pu, is given as Theorem 2.1. The character pu, has order dividing 4. The formula for
its values is quite complex and depends, with a considerable degree of sensitivity, on the internal
structure of . The result is not the same as that predicted conjecturally by [Rei91] (which builds
on [How77], [Moy86] and [BF83]). In § 2.2, we discuss briefly the approach of [Rei91] and give
an example illustrative of the discrepancy between the predictions of that paper and the reality
established here.

We have also included a result (§ 2.3) describing the (surprisingly simple) behaviour of the
character ppe with respect to unramified base change. This generalizes Theorem 4.6 of [BHO5a]
which is, however, used in its proof.

Notation

Throughout, F'is a non-Archimedean local field; the discrete valuation ring in F' is op, the maximal
ideal of op is pp, while the residue field kp = op/pr has ¢ elements and characteristic p. We write
Up=o0pand UL =1+ph, n > 1. Thus Up = pp X U}, where pp is the group of roots of unity in
I of order prime to p. We let vp be the normalized additive valuation F'* — Z.

We use analogous notation relative to a finite extension field E/F; we denote by Ng/p and
Trg/r the relative norm and trace, respectively.

If V' is a finite-dimensional F-vector space and 2 is a hereditary op-order in A = Endp(V), we
write Uy = A* and Uy = 1 +P", n > 1, where ‘B is the Jacobson radical of 2. We write Kg for
the group of z € G = Autp(V) such that =1z = .

If [2,1,0, 5] is a simple stratum in A, we define compact open subgroups H™(3,2), m > 1, and
JM(B,20), n >0, of G as in [BK93, ch. 3|. Let 1) be a character of F, trivial on pr but non-trivial
on op. As in [BK93|, C(2, 8,vr) is the set of simple characters of H'(3,2) attached to [2,1,0, /3]

and Yp.

Background

For convenience, we recall some of the basic ideas of [BHO05a]. First, consider a pair (E/F,¢)
consisting of a finite, tamely ramified field extension £//F and a quasicharacter £ of E*. Let K range
over the fields such that FF C K C E. We say that (E/F,§) is admissible if £ does not factor through
the norm Ng /i when K # E, while if ¢ | U} factors through Ng i, then E/K is unramified. We
write P, (F) for the set of F-isomorphism classes of admissible pairs (E/F, &) such that [E:F] = n.

We recall briefly the definition [BHO5a, §§ 2.3 and 4.1] of the representation pr¢ € A% (F) when
(E/F,€) € P,(F) and E/F is totally ramified. We view E as embedded in A = M,,(F'); there is then
a unique hereditary op-order 2 in A such that E* C Kg. There is a simple stratum [2(,7,0, 3] in A,
such that E = F[3], and a simple character 6 € C(2, 3,1r), such that 0 | UL, = £ | UL. We write
H' = HY(3,), J' = JYB,2A), J° = J(B,2A) = ppJ' and J = EXJ. Let n denote the unique
irreducible representation of J* such that n | H' is a multiple of 6.
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Consider the finite p-group J = J'/Kerf. The group E* acts on this group by conjugation,
and the subgroup F*U} acts trivially. Write I' = E*/F*U}L, so that T is cyclic of order n. There
is then a unique irreducible representation 7 of the semi-direct product I" x J such that 7 | J = n
and det7) | I' = 1. There is a constant ez = £1 such that tr7(y) = €p, for every generator v of T
Finally, there is a unique irreducible representation A of J such that

Al J'=n and trA(z) = epé(x),
for every x € E* such that vg(x) is prime to n. We then have
FTe = c—Ind§ A,
where G = GL,,(F)).

1. Invariants of admissible pairs

We take an admissible pair (E/F,&) € P, (F) in which E/F is totally ramified: in particular, p { n.
In order to state our main results, we have to define certain invariants of the pair (E/F,¢). These
will only depend on the restriction & | U}E.

We also recall the definition and elementary properties of the Langlands constant Ag/r attached
to the extension E/F, since it allows us to express our results more neatly.

Throughout, we work relative to a fixed character 1)z of F' which is of level one: thus ¥ is trivial
on pr but not on op. If K/F is a finite, tamely ramified field extension, we set ¢ = ¢p o Trg .
Thus v is a character of K of level one.

1.1 Let [ be the greatest integer such that § | Uﬁ; is non-trivial. For each integer ¢ > 0, there is
a unique subfield E;/F such that & | UI’;rl factors through Ng,p,, and which is minimal for this
property [BHO5a, (A.1)]. Thus Ey = E while E; = F for i > [ + 1.

We put d; = [E;:F|. We say that i > 1 is a jump of (E/F,§) if d; # d;—1. We denote by S() the
set of jumps of &.
Let a € E, and suppose that vg(a) = —i < 0. Let j be an integer, j < i+ 1 < 2j. We define a
character ¢g o of U}, by
VEo:l+or— Yplaz), € pfg.
Let i, 1 <7 <, be a jump of &, and consider & | U}E. We may write
¢ U =¢i®xioNg/p,,
for a character y; of U }31 and a non-trivial character ¢; which is trivial on Ugrl. Since ¢; | U}E factors
through Ng /g, |, we may write
¢i | UZE‘ - wE',aia
for some «; € E;_1 with vg(a;) = —i. The coset «; + pEZ = o;U }Ez is uniquely determined by ¢;
and, by definition, we have E;_1 = E;[¢/], for any o/ € O‘iU}IEi_l'
ProrosiTION 1.1.
(1) We have d;—1/d; = n/ged(id;,n).
(2) The coset a; + p%‘i does not depend on the choice of character x;.
Proof. The coset aiUPlJi_l has the property that E;_1 = E;[d/], for any o' € aiUFlJi_l' Since F;_1/FE;
is totally tamely ramified, this is equivalent to vg, ,(a;) being relatively prime to d;_i/d; =

e(E;—1|E;). This gives part (1), and part (2) follows since the coset «;U} contains no element
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Note, however, that aiUﬁj does depend on the choice of 1p.

1.2 We suppose now that n = [E:F| is even (so, in particular, p # 2). Let ¢ be the least jump
of ¢ such that n/d; = [E:E;] is even. Thus the integer [E:F;_i] = n/d;_; is odd; according to
Proposition 1.1, part (1), n/d;—1 = (i,n/d;), whence ¢ is odd. Every jump j > i is divisible by n/d;
and so is even. We conclude that i is the largest odd jump of £. It will be useful to have some
standard notation

Notation. Suppose that n = [E:F] is even. Define:
(1) 47 = the largest odd jump of &;

(2) dt =d;+ = [Ez+:F;

(3) i4 = the least jump j of £ such that d; is odd

Summarizing the definitions and the preceding remarks, we have the following lemma.
LEMMA 1.2.

(1) We have 1 < it < 44 < [; moreover, i+ = 4 if and only if i, is odd.
(2) Let Ky/F be the largest sub-extension of E/F such that [Ky:F| is a power of 2. Then

(a) T is the largest jump i of & such that Ky C E;_1;
(b) 4 is the least jump j of £ such that Ko N E; = F.

1.3 We consider the element a@ = «(§) = a;+, in the notation of § 1.1. We recall that only the coset
(&)U}, is well defined.

Let @ be a prime element of E. Since vg(a) = —i7, there is a unique root of unity ((w, &) € pup
such that

((w,6) =@ a(€) (modUp).

Remark 1.3. Suppose we have a subfield Fy of F' such that the extension F'/Fj is ramified quadratic,
and such that the pair (E/Fp, £) is admissible. Replacing F by Fy then does not affect the jump 2+
or the root of unity ((w, £), but it may change ¢, and d*.

1.4 We write ¢ = |kp|, and use the Legendre symbol

T
:1:»—><—>, z €k,
q

to denote the quadratic character of kj.. We regard this equally as a character of pp.

If ¢ is a non-trivial character of kp, we may form the classical Gauss sum

g(v) = > <§> (). (1.4.1)

xek;

1/2

This is a complex number of absolute value ¢*/<. It is useful to have a notation for the normalized

version:

w(y) = ¢ g(). (1.4.2)
Our character ¢ defines, by reduction, a non-trivial character ¥% of kp; we write w(r) = w()%).
Thus to(¢r) is a fourth root of unity in C.
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1.5 Suppose, for the moment, that ¢ is a finite-dimensional, ®-semisimple, smooth representation
of the Weil-Deligne group of F. We form the Langlands—Deligne local constant (o, s, 9 r) of o,
relative to a complex variable s and the character ¢ p.

Let K/F be a finite, separable field extension and set ¢y = 1 o Trg/p. Let
Ryp=Indg/plk, Ox/rp=det Rg/p,
where 1y denotes the trivial representation of Wy. We view dx/p as a character of F*. We define

e(Ri/rs 53, VF)

. 1.5.1
5(11(7 %7711)1() ( )

Ak/p = Ag/r(YF) =
If F ¢ K C F, we have the relation
Ag/p = AE/KAE,’?/’?, (1.5.2)

where )‘E/K = )‘E/K(QpK)
For tamely ramified extensions K/F, we have the following table of values (see, for example,
[BF83, § 10] or [Tat79, § 3.2]).

LEMMA 1.5. Let E/F be tamely ramified of degree n.

(1) If E/F is unramified, then A\g/p = (—1)""".

(2) Suppose that n is odd and that E/F is totally ramified. The character §g,p is then unramified
and

q
Op/r(w) = (5) = AE/F»
for every prime element w of F.

(3) Suppose that n =2 and that E/F is totally ramified; then

Agjp =W (Yr).

2. Main theorems

Let (E/F.,§) € P,(F). Following the procedures of [BHO5a, § 2] (see also the ‘Background’ section
above), we get the irreducible supercuspidal representation pme € A(F). On the other hand,
we can form the irreducible representation poe = Indg/r§ of Wg, and then the representation
L(pog¢) € ASH(F), where L is the Langlands correspondence.

2.1 We know from [BHO5a] (see Theorem A in the ‘Introduction’ above) that L(poy) is of the form
FT e, for a character 1 = ppe of E* such that (E/F, u§) € P,(F) and

plUp=1, p|F*=dgp. (2.1.1)

Our main result identifies the character g, when E/F is totally ramified. We use the notation
introduced in § 1.

THEOREM 2.1. Let (E/F,€) € P,(F), and suppose that E/F is totally ramified.
(1) Suppose that n is odd; then
q
Fug(w) = (E) = )‘E/Fa

for every prime element w of E.
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(2) Suppose that n is even; then

i () () ()

for every prime element w of E.

We first observe that gy is determined uniquely by (2.1.1) plus the identity of the theorem.
Indeed, given (2.1.1), the character Fe is determined completely by the identities of the theorem
at a single prime element .

Part (1) of the theorem follows from Lemma 1.5, part (2) and [BHO5a, § 4.4]. We therefore
concentrate on the case where n is even.

Remark 2.1.1. The bijection G5/ (F) — A;'(F), induced by (E/F,£) — Indg/p& and (E/F,£) —
FTe, (E/F,§) € Py(F), is algebraic, in the sense that it respects the natural (external) action of
Aut C on representations, while the Langlands correspondence is not [BHO5a, Remarks 3.1 and 3.3].
It is in the presence of the irrationality Ag/p in Theorem 2.1, part (2) that this phenomenon first
manifests itself.

Remark 2.1.2. Elaborating our notation to indicate the dependence on &, the parameters ((w,¢),
d*(€) and 17 (&) appearing in the expression for p are essentially independent and random, in the
following sense. We fix the extension E/F, totally tamely ramified of even degree n, and a prime
element @ of E. We choose a root of unity ( € pp, a positive divisor d* of n/2, and an odd
positive integer 4. There is then a pair (E/F,¢) € P,(F) such that {(w,£) = (, dT(£) = d* and
it(6) = i+,

Remark 2.1.3. The character ppi is necessarily independent of the choice of ¢ 5. In the expression
for pp in the even-degree case, however, the first and last factors do vary with ¢p.

2.2 Example

We choose odd prime numbers p # [; we put F' = Q, and we let E/F be totally ramified of degree
2l. We next choose integers k and m with 0 < k < m; the integer k is to be odd, while m is to be
even but not divisible by [. There is then an admissible pair (E/F,{) € Py(F') for which k and m
are the jumps of £. The field K = Ej, is of degree [ over F’; the pair (E/K,¢§) is admissible and k is
its only jump. We consider the character pug. According to Theorem 2.1, we have

o= () () (Y

for every prime element w of E.
The recipe in [Rei91] gives a conjectured value for pue equal to what we would call g .

This character satisfies
SV 1\ kD72
Kﬂg(w) = <%> <7> AB/K-

We have A\p g = Ap/p from (1.5.2), so

l
wne(@) = (3) onel)
We can surely choose [ and p to achieve g pg # .

This example is, to a degree, typical: the approach of [Rei91] (incorporating [Moy86] and anal-
ogous work on representations of division algebras [BF83]) does not take sufficient account of the
effect of the larger jumps. This is intrinsic to the method.

985

https://doi.org/10.1112/50010437X05001363 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001363

C. J. BUSHNELL AND G. HENNIART

To give a brief summary, the approach of [Rei91] is based on a conjecture (or ‘working hypo-
thesis’) equivalent to Theorem A. For (E/F,&) € P,(F'), the construction of 7 = g in [Rei91] is
equivalent to the one we have given in [BHO5a]. The next step involves comparing the Godement—
Jacquet local constants of £ and . This gives partial information on ppe. When the pair (E/F,§)
is minimal, in the sense that it has only one jump, this process determines ppu, completely and
correctly. In particular, the tables of [Rei91] give FHg correctly when n is prime.

In the general situation, one can interpret the arguments of § 1 above as showing that an
admissible pair (E/F,¢) is ‘glued’ from a collection of minimal pairs (E;_1/E;,&;). The characters
Mi = BT, are known. The value for g, as conjectured in [Rei91], is then obtained by glueing
the u; in a process analogous to that for the pairs. The local constant comparisons provide only an
approximate guide: [Rei91] chooses the simplest solution to all ambiguities.

For totally ramified pairs, the discrepancy between pu, and the version conjectured in [Rei91] is
just as in the example above: it is unramified of order at most 2. As we shall see in the next paper
of the series, the discrepancy can be ramified for more general admissible pairs.

2.3 Before starting the proof of Theorem 2.1, we derive a consequence of it. If F'/F is a finite cyclic
extension, we denote by bp//r the operation of base change, on irreducible smooth representations
of groups GL,,(F), in the sense of [AC89] and [HLO5].

We describe how the correspondence (E/F, &) — pme behaves under unramified base change, in
the case where E/F' is totally ramified.

COROLLARY 2.3. Let (E/F,£) € P,(F), and suppose that E/F is totally ramified. Let L/F be
unramified of degree d and write §, = §{ o Npp/p. Let v denote the unramified character of LE*
such that

U(w) = (-1,
for every prime element w of LE. The pair (LE/L,v€y) is then admissible and

brp(pme) = LTue, -
Proof. Write o = Indg/p§ € G (F); then Indgr/rér = op = o | W € G (L). If we put
7 = L(0) and 7y, = L(0L), where £ denotes the Langlands correspondence, we have 7y, = by p7.
Abbreviating u = pue and pug = pug, , we therefore have to show that

NL:V®NONEL/E- (231)

We have 0g,/1, = dp/r © Ny p so the relation (2.3.1) certainly holds in the case where n is odd. In
general, it is valid on L*U Fg - We may therefore assume n is even, and we need only verify (2.3.1)
at a single prime element w of EL. Indeed, we may take w to be a prime element of E.

We have to consider the invariants of the pair (EL/L,&1). One sees straight away that, in the
notation of § 1, we have (FL); = E;L for all integers ¢ > 0. Thus the pairs (E/F,¢) and (EL/L,&r,)
have the same invariants ¢+ and d*, while

C(w7 g) = C(w7 gL)a

when w is a prime element of E. Therefore, by Theorem 2.1,

o= (D) ()" ()

On the other hand, Ng g(w) = w?, so

1) = () (‘—1>(i+_w2 (%) ¥
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We use (1.5.2) and Lemma 1.5 to get

ABL/L = ABL/LAL/F = ABEL/F = )‘EL/E)‘%/F = (_1)d_1)‘dE/F7

whence the result follows U

It is interesting to note how the simplicity of this result fails to hint at the complexity of
Theorem 2.1.

3. Quadratic automorphic induction

In this section, we take (E/F,{) € P,(F), with E/F totally ramified and n = 2m even. We let
K/F be the unique quadratic sub-extension of E/F. Thus (E/K,§) € P,,(K), and we may form
the representation p = gme € AC'(K). We state results comparing Fm¢ with the representation
Ag/pp € AC(F) which is automorphically induced by p. We then deduce Theorem 2.1.

3.1 Here, we treat the case where n = 2m, with m odd.

THEOREM 3.1. Suppose that n = 2m, with m odd. Let K/F be the quadratic subfield of E/F. Set
p = gm¢ and let m = A /p p. There is then a tamely ramified character p = K/FH, of E*, such
that m = pm,¢. The character K/FHg satisfies

and, for every prime element w of E':

K/F,Ué(w) _ <_71>(i+—1)/2+(d+—1)/2 <%> (@) m(¢F)m/d+' (3.1.2)

These conditions determine it uniquely.

The existence of the character u = K/FHe satisfying (3.1.1), is given by [BHO0b5a, § 3.4]. Since p |

U Fg is already prescribed, the condition (3.1.2) determines p completely. Indeed, p is determined
uniquely once (3.1.2) holds for one prime element .

In the present case, the character dx/p is ramified and of order 2. Thus p | Ur has order 2, and
the unramified character p? satisfies y?(w) = (_Tl)’ for any prime element w of E.

3.2 We now consider the case where n = 2m, with m even.

THEOREM 3.2. Suppose that n = 2m, with m even. Let K/F be the quadratic subfield of E/F,
write p = gme and m = Ay p. There is then a tamely ramified character p = K/FI, of E* such

that m = pm,¢. The character u satisfies ji | F* = (5?;/1; =1 and

1 n/4 9
<—> <—> if 14 is even,
q q

K/Fhe(®) = (3.2.1)

1 n/4
<7> if 14 is odd,

for every prime element w of E.

In this case, we note that y is unramified and p? = 1. Again, p is uniquely determined by (3.2.1).
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3.3 We can now give the critical inductive step.

COROLLARY 3.3. Let n be even, let (E/F,¢) € P,(F), and suppose that E/F is totally ramified.
Let K/F be the unique quadratic sub-extension of E/F. We then have

FHe = K/FHg " K-

Proof. We put o = Indg/x § and 0 = Indg/r § = Indg,r ox. We then have

kL(ok) = kme,  rL(0) = pren,
where ' = gpe - € and " = pp, - £ However,

FL(0) = Ak p(kL(oK)) = FTper,
where p/ = K/FHg (cf. [BHOba, § 3.2, Proposition 6]). Theorems 3.1 and 3.2 show that the character
K/FHe depends only on ¢ | U}, so p/ = K/FHe: We deduce that the admissible pairs (E/F, )
and (E/F, K/FHg * KHe - €) are isomorphic, that is, the characters Fle and K/Fe * K He - & are

F-conjugate. This conjugation fixes ¢ | U and, since (E/F, ) is admissible, it must be trivial. The
result follows. O

3.4 The proofs of Theorems 3.1 and 3.2 occupy the remainder of the paper, starting in the next
section. Here, we use them to prove Theorem 2.1, part (2).

We first treat the case where m = n/2 is odd. Let K/F be the quadratic sub-extension of E/F.
By Corollary 3.3, we have g, = K/FIe * K g If @ is a prime element of F, then

q
rne(@) = (7).
On the other hand,

DI\ /1 \ETD/2HED/2 g N
wonger= (42) () (e

(-G 6@

m@m=<ﬁ%g(§§m4w<%?)mwwwf

We temporarily write L = E;+ and use the relation Ag/r = Ag/r K)\?I/('ﬁ)\%'?. The first factor is

N
E/LK mjdr )’
while Apg/p, = 1o(ir). As character of ky, = kp, we have ¢y, = ¢p o d", so
dt
w(Yr) = <7> ALK/L-

Finally, A;)p = +1 and n /d* is even so, altogether, we get

o= ()" (£) ()
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as required.

https://doi.org/10.1112/50010437X05001363 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001363

TAME LANGLANDS CORRESPONDENCE: TOTALLY RAMIFIED REPRESENTATIONS

We now proceed inductively. We assume n = 0 (mod4) and let K/F be the quadratic sub-
extension of E/F. The extensions £/K and E/F have the same invariants 4™ and ((w), while (in
the obvious notation) d*(E/F) could be d*(E/K) or 2d* (F/K). Inductively,

b () = <__1>(i+—1)/2 <d+(E/K)> <C(w)> Aeic.

q q q
If d"(E/F) = d"(E/K), the invariant ¢, of F/F is odd and we are in the second case of § 3.2.

We have
)\n/2 _ <_1>n/4
K/F q )

and the result follows. We work similarly in the other case, where d*(E/F) = 2d™(E/K) and 1
is even.

3.5 As the first step towards the proofs of Theorems 3.1 and 3.2, we interpret the constructions of
§ 1 in terms of simple strata and characters.

Let [, 1,0, 5] be a simple stratum in A = M,,(F). For an integer i, 0 < i < [ — 1, we may choose
a simple stratum [2, 1,7, 7] equivalent to [, 1,1, 5] (see [BK93, § 2.4.2]). The integer d; = d;(5,) =
[F[v]:F] is then independent of choices. We set d; = 1, for i > [. We thus have 1 < d; < [F[5]:F],
and d; divides d;_1, i > 1 (again see [BK93, § 2.4.2]).

We say that i is a jump of 3 (relative to ) if d; # d;—1. We denote by S(3,2() this set of jumps.

3.6 Let (E/F.§) € P,(F) and assume, for simplicity, that E/F is totally ramified. As in [BHO5a,
§ 1], there is a simple stratum [2,7,0,3] in A and a simple character § € C(2, 3, p) with the
following properties. First, the field F[3] is F-isomorphic to E. Identifying F with F[3] (and
so embedding E in A), we have H'(3,2) N EX = U}, and 6 | UL = & The conjugacy class
in G = GL,(F) of the simple character 6 with these properties is uniquely determined by the
F-isomorphism class of (E/F,¢) (see [BHOb5a, § 1]).

PRrOPOSITION 3.6. Let (E/F,§) € P,(F) and suppose that E/F is totally ramified. Let 0 €
C(, B,9F) be associated to (E/F,§) as above.

(1) We have S(§) = S(B3,2), for all choices of [2,1,0, 3].
(2) One may choose [,1,0, 3] with the following additional properties (after identifying F'[/3] with
E):
(a) for each i € S(§), there is a simple stratum [, 1,4,;| in A, equivalent to [2,1,1, 3], such
that F[’YZ] = Ei,' ]
(b) for each i € S(£), we have 3 —v; = o; (mod pp, '), where ; is defined in § 1.1.

Proof. We first remark that if we have simple strata [2,[;, 0, ;] in A, and characters 0; € C(2, 5;, ¥ F)
which intertwine in G, for ¢ = 1,2, then S(81,) = S(02,2), as follows from [BK93, (3.5.1) and
(3.5.11)].

We view E as embedded in A, and we let 2l be the unique hereditary op-order in A which is
stable under conjugation by E*.

We proceed by induction on [S(§)|. Suppose first that [S(§)| = 1. Replacing § by £ ® x o Ng/p,
for a suitable character x of F*, we can assume that S(§) = {l}. We then have ged(l,n) = 1. We
choose an element 3 € E such that & | Ugm]“ = 1¢g . Since [ is the only jump of &, we have
E = F[f], for any choice of 3 here. Since [ = —vg(3) is relatively prime to n = e(E|F'), the stratum
[,1,1 — 1, /] is simple, whence so is [, 1,0, 3]. There exists 0 € C(2, 3,¢r) extending ¢ | U. Since
[2(,1,1 — 1, 5] is simple, we have S((3) = {l}, as required.
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We now assume that |S(£)| > 2, and we let ¢ be the least element of S(§). Write K = E;; we
factorize & as in § 1:

¢ U =¢®xoNgk,
6| UG = g,
for a quasicharacter x of K* and an element o € F of valuation —i. For any such choices, we have
E = K[a] and —i = vg(«) is relatively prime to e = e(E|K) = [E:K].

The pair (K/F,x) is admissible and S(§) = {i} U{ej : j € S(x)}. The pair (K/F,x) gives a
simple stratum [™g,l/e,0,7] in Ag = M,,/.(K) and a simple character 7o € C(Ro,7,1r) such that
F[y] = K and 19 | U}, = x. Inductively, S(v,%2) = S(x) and property (2)(b) holds for y.

The element v € E gives a simple stratum [2,1,0,7] in A and there is a simple character
7 € C(A,~,vr) which is endo-equivalent to 79. If B denotes the A-centralizer of K and 8 = BN,
then 7 | Ug = x o detp.

The stratum [B,4,i—1, o in B is simple and K[a] = E. There is a tame corestriction s, : A — B,
relative to K/F, which is the identity map on B (see [BK93, (1.3.8)]). Set § = v + . We deduce
from [BK93, (2.2.3)] that [, 1,0, 5] is simple with E = F[f], and that

S(8,) = {i} uS(y,2A) ={i} Ufej:j € S(v, %)}
={i}U{ej:j € S0} =5(9).
We have H'(3,21) = UL HI/2H1(~, 2A); the character
0: xh — ¢(x)r(h), =z €Uk, he HVAF(y ),
lies in C(2, 3,%r) and 0 | UL = &, as required. O

4. Representations in finite classical groups

The proofs of Theorems 3.1 and 3.2 rest on calculations requiring a number of elementary properties
of the representations, linear, orthogonal and symplectic, of a finite cyclic group over a finite field. We
collect in this section the results and notation we shall need. The proofs are either straightforward
exercises or parallel to arguments in [BF83]. We have therefore omitted them.

Throughout, I denotes a cyclic group of order n and k a finite field of ¢ elements and charac-
teristic p. We always assume that p { n and, for much of the time, that p # 2.

4.1 Let/ﬁ/]k be an algebraic closure of k, and write {2 = szx\l(ﬁ/k). Let T = Hom(T', k™). Thus Q
acts on I': we denote this action by w: x — wy, w € Q, y € I.

To x € T we attach a kI-module Vy as follows: the underlying vector space V, is the field
extension k[x]/k generated by the values of y, and I" acts via the character x : I' — k[x]*.

LEMMA 4.1. The kI'-module V, is simple, and its isomorphism class depends only on the 2-orbit

of x. The process x +— V, induces a bijection between the set of Q-orbits in T and the set of
isomorphism classes of simple kI'-modules.

In particular, we have

kI'= P V.
xET

It will be useful to have some standard I'-submodules of kI'. First, let a be a positive divisor of n;
thus I'* is the subgroup of I' of order n/a, and we identify the group ring k[I'/T'*] with the set
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of I'*fixed points in kI'. There is a unique I'-submodule I (T"; a,n) of kI" such that
kI' = k[I'/T"] & Ix(T;a,n).

Explicitly,
kKT/T = @ Vi, Lan) = @ V.
XEQT, XEQT,
X*=1 X“#1

More generally, if a | b | n, we define Iy(I';a,b) by
k[['/T%] = k[['/T%] & Ix(T; a,b).

4.2 We shall use these notions in the following context. We have a simple stratum [2, 1,0, 5] in
M, (F) with E = F[5]/F totally tamely ramified of degree n (so, in particular, p t n). The order 2
is then principal; we put P = rad . The quotient ring 2/ is isomorphic to kr x --- x kp = k' as
k r-algebra.

The group I' = EX/F*U4 is cyclic of order n; it acts, by conjugation, on 21/ by permuting
simple components. Thus we have an isomorphism 2(/8 = k" of I-modules, taking indecomposable
idempotents of A/P to elements of I'. This isomorphism is determined up to translation by an
element of I', and is adequately unique for our purposes.

It follows that, for a dividing n, /B has a unique I'-submodule Igy(a,n) isomorphic to
Ix.(T;a,n). If K/F is the sub-extension of E/F such that [E:K]| = a and if 2 is the 2-centralizer
of K, then 20y /Py is the set of K *-fixed points in A/P. We have

A/P =AUk /Px & Lu(a,n).
More generally, we may set Iy(a,b) = Iy, (I';a,b).

4.3 We return to the general notation of § 4.1. Let U be some finite kI'-module; the linear dual
U* = Homg (U, k) is then a kImodule in the natural way, and (V,)* = V, 1. We use this to divide
the simple kI'-modules into three classes.

DEFINITION 4.3. Let U = V, be a simple kI'-module, for some x € L. We say that:
(1) U is non-self-dual (nsd) if U 2 U* or, equivalently, if Qx ! # Qy;

(2) U is trivially self-dual (tsd) if x = x~! or, equivalently, y? = 1;

(3) U is non-trivially self-dual (ntsd) if U =2 U* but x? # 1.

In case (3), we have x # x ! but Qx~! = Qy. This case arises as follows. First, the degree

[k[x]:k] = 2d is even. Let k1 /k have degree d, and let 7 denote the kernel of the norm map Ny, i, -
We then have x(I') C 7.

4.4 Until further notice, we assume p # 2. Let (V,h) be an orthogonal representation of I over
k. Thus V is a finite kI-module and h : V x V — k is a non-degenerate, symmetric bilinear form
satisfying
h(yvi,yve) = h(vi,v2), v, €V, yeTl. (4.4.1)
Any such representation can be written as an orthogonal sum
(Vih) = (Vi,ha) L (Va,he) Lo L (V3 By,

in which the factors (V}, h;) are indecomposable orthogonal representations of I'. Such a decompo-
sition is unique up to I'-isometry and permutation of the factors. It is a simple matter to classify
the indecomposable orthogonal representations, as follows.
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LEMMA 4.4. Let (V,h) be an indecomposable orthogonal representation of I' over k. Exactly one of
the following holds:

(1) V is a simple kI"-module of tsd type;
(2) (V,h) is isometric to (U & U*, hyy), where U is a simple kI'-module of nsd type and
hU((Ul,’LLT), (UQ,’LLE)) = <u1,u§> + <’LL2,’LL>{>, u; € U, ’LL: € U*a

where ( , ) is the canonical pairing U x U* — k;

(3) V =V, is ntsd and the form h is given, up to I'-isometry, by
b (z,y) — Trypgi(2y),
where x +— I is the non-trivial automorphism of k[x|/k of order 2.
If V is a finite k-vector space and h : V x V — k is a non-degenerate symmetric bilinear form,

the isometry class of h is determined by the quantity deth modulo k*2. When (V,h) is also an
orthogonal representation of I', one can compute the discriminant det A (modk*?2), as follows.

ProprosiTION 4.4. Using the notation of Lemma 4.4, we have
_1\ dimV/2
<—> in case (2),
deth q
< q > B _\dimV/2
- <—> in case (3).

q

In case (1) of the lemma, det h is arbitrary.

In cases (2) and (3), therefore, the orthogonal kI'-module (V,h) is uniquely determined by the
underlying kI'-module V.

4.5 We take a finite k-vector space V and a quadratic form @ : V — k. Let ¢ be some non-trivial
character of k, and consider the Gauss sum

8(Q, %) = > $(Qv)).

veV

In particular, if V =k and Q(z) = 2, we get
8. = X o) = ¥ (2) vl
zek yekx

In this case, we write

9(Q,¥) = g(¥).

In general, we may write Q(v) = h(v,v), where h is the symmetric bilinear form

h(vi,v9) = %(Q(vl +v2) — Q(v1) — Q(v2)).

Thus @ is non-degenerate if and only if det A # 0; in this case, we put det @Q = det h (and think of
this as an element of k* /k*?). In general, we may write @ as an orthogonal sum Q = Qo L Quq,
where Q¢ is null and Q),,q is non-degenerate. We obtain the following proposition.

PROPOSITION 4.5. Let |k| = q. We have

8(Quv) = (2 ) glyyimuagiinas,
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Remark 4.5. Let (V, h) be an orthogonal representation of kI'; the quadratic form @ : v — h(v,v) is
then (by definition) non-degenerate and I'-invariant. Let V5 denote the subspace of V fixed by I'2.
We have an orthogonal decomposition V' = Vo L VJ; the discriminant det h, and hence the Gauss
sum g(@, ), is determined by the kI'-module V' and the restriction of h to Va (cf. § 4.4).

4.6 The group ring kI' carries the standard I'-invariant quadratic form Qr for which the group
elements v € I' form an orthonormal basis. Thus Qr is non-degenerate and det Qr = 1.

Let er : kI' — k be the augmentation map, and let « — = be the k-linear involution on kI' such
that ¥ = y~1, v € I'. We then have Qr(z) = er(2z), = € kI

In the context of § 4.2, there are parallel structures on the ring 20/93. The algebra trace try on
A = M,,(F) reduces to the algebra trace A/P — kp. Under the isomorphism 2A/P = kpI of § 4.2,
the quadratic form Qr then corresponds to the form x — tr4(z?) on 2A/P.

Let a be a positive divisor of n. Consider the restriction of Qr to k[I'/I'*] C kI:
Qr | k[[/T% = a 'nQr/ra, det(Qr | k[[/T%]) = (a”'n)" (4.6.1)
Therefore
det(Qr | Ix(T;a,n)) = (a tn)% (4.6.2)

4.7 We may now allow the possibility p = 2, but the base field k is replaced by the field F,, of p
elements.

Let (V,h) be a symplectic representation of I' over [F,; thus V is a finite FyI'-module and
h:V xV — ), is a non-degenerate, alternating, I'-invariant bilinear form. Again, any symplectic
representation of I' can be written as an orthogonal sum of indecomposable symplectic representa-
tions.

If U is a finite F,,I-module, we can define the hyperbolic space H(U) = (V,h), where V = U@ U*
and

h((u1,uy), (u2, u3)) = (ur, up) — (ug, uy),  w; €U, uj € U™
With this notation, we have the following lemma.

LEMMA 4.7. Let (V,h) be an indecomposable symplectic representation of I' over IF,,. Exactly one
of the following holds:

(1) (V,h) = H(U), where U is tsd or nsd;
(2) V2V, isntsd and, up to I'-isometry, h is given by
h:(z,y) — Trg,/F, (Tag),
where x — % is the automorphism of F,[x|/F, of order 2 and o € F,[x|* satisfies & = —cv.

In all cases, the I'-isometry class of (V, h) is determined by the isomorphism class of the underlying
FpI'-module V.

In case (2), we recall, the character x takes values in the group 7 of elements of the form z/z,
xz e Fp[x]*.

Following [BF83|, we define an invariant tp(V,h) of a symplectic representation (V,h) of T
over [F,,. Since the isometry class of (V, h) is determined by the isomorphism class of V', we usually
write tr(V, h) = tF(V).

This invariant satisfies

tr((Vi,ha) L (Va,h2)) = tr(Vi, ha) L tr(Vz, ha),

so we need only define tp for indecomposable symplectic representations.
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DEFINITION 4.7. Let (V, h) be an indecomposable symplectic F,I'-module, and let v be a generator
of I'. Then we have the following.
(1) If (V,h) =2 H(F,), where I" acts trivially on F,, then ¢tp(V') = p.
(2) Suppose (V,h) = H(U), for some non-trivial, simple FyI'-module U. Then ¢tr(V') is the signature
of the permutation of U induced by the action of ~.
(3) Suppose that (V,h) is anisotropic, V =2 V), say. Take T C F,[x]* as above; then

(V) = —1 if (') € 72,
g B +1 otherwise.

Using only elementary arguments, one obtains the following properties of the invariant ¢r.

PROPOSITION 4.7. Let (V,h) be a finite symplectic F,I'-module.

(1) Suppose that T' has only the trivial fixed point in V and that V = H(U), for some I'-module
U. Then tr(V) is the signature of the permutation of U induced by the action of v, for any
generator vy of .

(2) Let A be the 2-Sylow subgroup of I, and assume that A has only the trivial fixed point on V.
Then tr(V) =ta(V).

4.8 The trace invariant tp appears in the following context. Let G be a finite, extra-special p-group
of class 2, with cyclic centre Z, and write V = G/Z. Let 6 be a faithful character of Z. The group V
is an elementary abelian p-group, and the commutator pairing hg : (z,y) — 0(zyz~ly~!) induces a
non-degenerate alternating bilinear form on V), with values in the group of pth roots of unity. There
is a unique irreducible representation n of G such that 7 | Z contains 6.

Let T' be a cyclic group of automorphisms of G, of order n. We assume that p t n, and that
I' fixes Z. It follows that I' fixes the pairing hg, so (V, hy) afford a symplectic representation of I"
over [,

Further, I" fixes n and we may apply the Glauberman correspondence [Gla68|. Let 7 be the
unique representation of I' X G such that 7| G = nand detnp | ' = 1.

The group G' has centre Z and, since p { n, one sees easily that G' /Z = V''. Moreover, V*
is a non-degenerate subspace of V. Thus there is a unique irreducible representation ¢ of GI' such
that ¢ | Z contains 6. It follows readily that ¢ is the Glauberman correspondent of 1, and there is
a constant ep = ep(G,n) = £1 such that

tr(yx) = ertr((x),
for all € G' and all generators v of I
From [BF83, (8.6.1)] or [Wil89], we have the following proposition.

PROPOSITION 4.8. The Glauberman sign er is given by

er = tr(V)/[tr (V).

In the notation of the ‘Background’ section, we will apply Proposition 4.8 to the case G = J =
J'/Ker 6, acted on by I' = EX /F*U}. The proposition then gives ep = tr(J).

5. Character values at special 1-units

In this section, we take an admissible pair (E/F,§) € P,(F) in which E/F is totally ramified. In
particular, p { n. We form the representation m = g, of G = GL,(F') and derive an expression
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for the value of the character trm at elements of the form 1 + w, where w is a prime element of
E. In the next section, we will use this to get an expression for the quantity c¢d(w) appearing in
Theorem C of the ‘Introduction’.

Ultimately, therefore, we shall only be interested in the case where n is even and hence p # 2.
There is no need to impose such a restriction at the beginning.

5.1 Let A = M, (F). As in [BHO5a] or the summary in the ‘Background’ section above, the pair
(E/F, &) gives rise to a simple stratum [2(, 7,0, §] in A, such that E' = F[f], and a simple character
0 € C(A,B,¢r) which agrees with £ on U}. We abbreviate H! = H'(3,2), and similarly for
J' and J°. Let 1 denote the unique irreducible representation of J!' which contains . We set
J = E*J° = EXJL. There is a unique irreducible representation A of J such that A | J' = n and

= c—IndG A.
Let w be a prime element of E. The character value tr (1 + w) is given by
trm(l+ w) Z trA(z~ (1 + @)z) (5.1.1)
zeG/J

(see [BH96, Appendix]). To calculate it, we must first determine the set of x € G for which z~1(1+
w)z € J.

LEMMA 5.1. Let € G and suppose that z~1(1 + @)z € J. Then

(1) x € Ky,

(2) 27wz € Ky, and

(3) 2711+ w)z € JL.

Proof. The element 2~ 1(1+ @)z of J is pro-unipotent, so it lies in J'. In particular, 2wz lies in

P = rad 2. Since vp(det v~ wwz) = 1, this element must generate 8 as 2A-module, and so lies in KCy.

Since w generates a field and is minimal over F', the fact 21wz € Ky implies that F|z~lwa]* C
Kg. Thus conjugation by x can be viewed as providing another F-embedding of F in A taking E*
into ICy. At this point, we break off to point out an elementary fact.

Ezercise 5.1. Let B be a hereditary op-order in A and let L/F be a subfield of A with L™ C K.
An element x € G then satisfies L*x~! C Ky if and only if x € Ky Zg(L>).

Hint. Let A be the lattice chain attached to B, so that g is the group of z € GG such that xA = A.
In particular, A’ = zA is L*-stable if and only if zL*2~! C K. On the other hand, A’ is isomorphic
to A as op-lattice chain, and is L*-stable if and only if A’ = yA, for some y € Zg(L™).

In the present case, Zg(E*) = E* C Kg, so © € Kg, as required. The proof of Lemma 5.1 is
complete. O

Since Ky = E*Ug and J = EX.J!, we can rewrite the expansion (5.1.1) as

tro(l+w) = Z tr A(z™ (14 @))
el /T

= Z trn(z (1 4+ w)x).

IEUQ[/JI

(5.1.2)

In particular, the series (5.1.2) has only finitely many terms, so there are no convergence difficulties.
Also, trn(z~ (1 + w)x) = 0 unless 27 1(1 + @)z € H'. We therefore have to determine the set of
x € Uy for which 2711 + w)z € H.
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5.2 Let r; < rg < --- <1 be the jumps of £ (or ). We define fields E; as in § 1.1, and we let A;
be the A-centralizer of F;. We put ; = A; N A and P; = rad ;. We have

F=FE,CFE, C---CE, CEy=EFE,

A=A, DA, , D--- DA, DUy =0p

B=PBr. DPr,y O D P, D Po=rEe;
with all containments strict.

With this notation, Proposition 3.6 implies that the op-orders $ = H(5,2) and J = J(5,2) of
[BK93, ch. 3| are given by

_OEJFZmrl/z 7 J_OEJFZ;B[(nﬂ/z

=1
(We recall that, for example, H! = 1 + $ N B.) We define a third op-order 9t = M(5,2) b

_ °E+Z‘B”/Q

We define groups M* = 14+ 9 NP*, k > 1. In particular, we have
H'cJ'c M' c Uy,
and H' and J' are normal subgroups of M".

Remark 5.2. Because of the containment relations between the E,,, these assertions are obvious.
In the general situation of [BK93], where E/F can be wildly ramified, considerably more effort is
required even to deal with the groups H' and J'.

Since E/F is totally tamely ramified, the subfield E; of F is determined by the degree d; = [E;: F].
It follows that the lattices $, J and 9t are completely determined by the field E and the sequence
of integers {d;}.

We will need a larger group. Consider the G-normalizer Ng(E 1) and G-centralizer Zg(E{
of the field E;. By Exercise 5.1, we have Ng(E}) C KyZa(EY) = UyZa(E;). Thus Ng(E 1X)
NUQJ.(E )ZG(EX)

The quotient Ng(E{)/Za(E) is isomorphic to the group Aut(E;|F) of F-automorphisms of
the field Fy. This finite group has order prime to p and UQIl is a pro-p-group, So

Na(E{)NUy = Za(EY)NUy C HY,
Nug(EY)/Zuy (EY) = Aut(EL|F).
We define
M = Ny, (B )M". (5.2.1)

Note that, in the case r1 > 1, we have Fy = F.

The group Ny, (E;*) normalizes each field F;, ¢ > 1, since E;/F is the unique sub-extension
of E1/F of degree d;. It follows that the group M normalizes both H' and J!. Its significance is
indicated by the following proposition.

PROPOSITION 5.2. Let x € Uy. Then 2~ (1 + @)z € H' if and only if v € M.

The proof occupies the next two sections. Observe, however, that 1+ € H' and M normalizes
H?', so the sufficiency of the condition is immediate.
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5.3 To prove Proposition 5.2, we need to first recall some machinery from [BK93, ch. 1]. Let
sg : A — E be the tame corestriction on A, relative to E/F, which is the identity on E (see [BK93,
(1.3.8)]). We let as : © — wx —xw be the adjoint map. It will also be useful to have the normalized
version a(r) = wrw ! — 2. We have an exact sequence

a S a S
L8704 2B A 8=, o4 2B L

LEMMA 5.3. Let L be an og-lattice in A, invariant under conjugation by E*. Suppose that sp(L) =
LNE. Then L =LNag(A)® LNE and the sequence

a. S a S
oo 2ms L 2By G 2B, L

is exact.

Proof. The kernel of the map sg : L — sg(L) is L N ax(A), so we have the decomposition L =
sg(LY®LNag(A) = LNE®LNag(A). Therefore arp maps LNag(A) isomorphically onto a (L),
that is, ax(L) = L Nax(A), as required. O

The hypotheses of Lemma 5.3 apply, in particular, to the lattices %, 9F = M N P* and H*.

We now prove Proposition 5.2 under the additional hypothesis that x € Ugll. We have to show
that 271(1 + @)z € H' implies 2 € M'. We write 2 = 1 + y. Nothing is changed if we replace
y by y + z with z € ppg, so we may as well assume y € a,(P). Set k& = vy (y) (meaning that
y € PP PFH): we therefore take y € a (PF). If k > [1/2], we have z € M! and there is nothing
to prove. We therefore assume the contrary and work by induction on the integer k£ > 1.

We write (1 +%)~! = 1+ ¢; thus we have y + 4 +yy = y + ¥ + yy = 0. Using such elementary
identities, we get
e 1+ @z =(1+9)(1+»)(1+y)
=l+y+w+yw+y+yy+ oy +yoy
=14+ w+ag(y) (modP?tl).
It follows from Lemma 5.3 that y € 9M* 4+ P**+1 and then that x € U§+1Mk. We write x = ab,

with a € Uﬁ“ and b € MF*. Since M* normalizes H', we have 27 '(1 + w)x € H" if and only if
a (1 4+ @)a € H' and Proposition 5.2 follows, by induction, in this case.

5.4 To complete the proof of Proposition 5.2, we have to take u € Uy such that «='(1+w)u € H'
and show that u € M. We first make a simplification.

There exists a prime element wg of E such that @}, € F and wg = w (mod U Pl;) Suppose that
the result holds for wg. Given any other prime element w of E, we can write wg = ZDI ozjwj,
with a; € pp U {0}. Any element of Uy which conjugates 1 + w into H ! then surely conjugates
1 + wg into H' and so lies in M. In other words, we may proceed on the hypothesis that @” is a
prime element of F'. In this situation, the following holds.

LEMMA 5.4. There is a subgroup pg of Ug satisfying these conditions:

(1) Uy = poy x Uy;
(2) py is stable under conjugation by w;
(3) po = p}, the factors pp being permuted cyclically under conjugation by w.

We therefore have
]CQ[ = <w,um> X UQIL.
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We write u = Cuy, with ¢ € pg and u; € Ugll. Consider the element u~!wu of 3. We have
ulou=Ctwl  (modP?).

We have two cases:

Hl4p2 = P+ P ifr =1,
pe +P%  otherwise.

We set wq = w1l in the first case, and w; = w in the second. The element ¢ 'w( + B2 of
P/P? lies in the image of H! if and only if it commutes with coy: this follows from Lemma 5.3.
However, t; and (~'@( both lie in the group (w, pg) = Z x pg; they commute if and only if their
images in Ko/ UQIl commute. In the second case, this is equivalent to (~'w( € wpp, or ( € M. In
the first case, (“'w( commutes with w; if and only if (ww1¢ ™! commutes with wo; this is equivalent
to (w1 ("t € E, that is, (w1~ € E;. This is equivalent to demanding ¢ € M.

Thus the condition C‘lul_l(l + @)ui1¢ € H' implies ¢ € M and hence
u (1 + w)uy € H.

We proved in § 5.3 that this implies u; € M, so we have completed the proof of Proposition 5.2.

5.5 Asin § 5.4, we can write M = ppr x M, for a certain subgroup pas of pe: indeed, pay is the
pg-normalizer of E;. We note that J = pp x J'. Thus, writing 67 for the character h +— 0(thr™ 1)
of H' and with the commutator convention [x,y] = 2~ 'y~ lzy, we have

trm(l+w)=dimA Z 0" (1+ w) Z 071 + w,ul. (5.5.1)
TEUN /UF ueM?!/Jt
We can expand further.

THEOREM 5.5. Suppose that p # 2 and let w be a prime element of E. There is a non-zero constant
& p(w,v¥r) such that

trr(l+ @) = 6p(w,pp)dimA > e(r,@)0"(1+ @), (5.5.2)
TEUN /UF
where e(7,w) = £1 and (1, w) = 1.
Remark 5.5.1. We shall specify the constant & (w,r) in the course of the proof (§ 5.7 below). It
is a product of classical quadratic Gauss sums and hence, since p # 2, it is non-zero. The case p = 2

would require further analysis, for which we will have no direct need: we therefore exclude it. The
signs (7, w) are of no enduring interest.

Remark 5.5.2. Let s be a tamely ramified character of [ which is trivial on Ng,p(£>). Thus
s o det is trivial on J, and we may form the »-twisted trace of «,

=%(g) = Z s(det z) "t tr Az tgx),
zeG/J

for suitable elements g € G (see [BH96, § 15.8 and Appendix]). An argument identical to the proof
of the theorem yields

EX(1+ @) =6p(w,vp)dimA > s(det7)e(r, @)07 (1 + @), (5.5.3)
TERUM/F

with the same signs (7, w) as before.
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5.6 As the first step in the proof of Theorem 5.5, we have the following proposition.
PROPOSITION 5.6. Let S denote the set of integers i for which r; is an odd jump of £ and r; > 3.
Set r; =2s; + 1,1 € S. We have
trr(l4+ @) =dimA Y T1+=) [, 071 += 1+l (5.6.1)
TEUN /P i
where i ranges over S and 1+ y; over Msi/JSiMSiH.

Proof. We note here that, for 7 € py, [2(,1,0,57] is a simple stratum and 67 € C(2, 57,9 r), while
HY(B™,2) = H'(3,A)” = H', since 7 € M. Moreover, 37 has the same jumps as 3.

For the rest of the proof, we use the symbol ¥ to denote any of the characters 7. Every coset
of M'/J" contains an element [;g(1 + ), with y; € P5i. We expand the commutator

[1 +o, [J+ yi)}

€S
in the standard way, using the rule [a,bc] = [a,c] - ¢7![a, ble. The element (1 + y;) stabilizes ¥ on
Hs %L for j >4, by [BK93, (3.3.2)], so we have
I+ @, 1+y = [[90+ @ 1+ul (5.6.2)
€S

We deduce that
Yoo Wit m ity =[], 0 +@ 1+l
1+yeMt/Jt €S
where 1 + y; ranges over M* /J% M%*! and the result follows. O

5.7 We make a preliminary evaluation of the innermost terms of (5.6.1). As before, if r; > 3 is
an odd jump of &, we take a simple stratum [2(, [, r;,~,,| equivalent to [, 1, r;, 5] with F[y,,] = E,,
(see § 3.6). We choose a simple stratum [;,r;,7; — 1, ;] equivalent to [;,r;,r; — 1,5 — ;] with
Flvi, o] = By 1.
We write ¥4 = ¢p o tra, where try : A — F' is the trace map.

LEMMA 5.7.1. Let ¢ € S and 7 € pps. We have

071 +w,1+yl =valajax(y)y), ye M. (5.7.1)
Proof. Let y € M%. The commutator [1+w,1+y] lies in H**! and so, directly from the definition
of simple character in [BK93, (3.2)], we get

01 + @1+ ] = palo([l + 1+ 9]~ 1)). (5.7.2)
The right-hand side of (5.7.2) depends only on the coset [1 + w, 1 + y] UQTEH, since a;; € P, We
expand the commutator, using the notation (1 4+ y)~! = 1+ 3. Thus, for example, y + ¢ + gy = 0.
We obtain

l+wl+y=1+a7+jw+@jw + @gy + goy  (mod Uy ™).

As a; commutes with w and @, this reduces to 0[1 + w, 1 + y] = Ya(ajan(y)y).

We now replace 6 by 67, 7 € pp. This has the effect of replacing a; by o in (5.7.2). Since
r; = 3, the element o] lies in £y C E and so it commutes with @. We can therefore use the same
calculation to get the desired result. ]

We may usefully re-interpret the formula (5.7.1). Taking ¢ € S as before, the abelian group
Msi/J%i M**! is a T-module, where I' = EX/F*UL. In the notation of § 4.2, we have our next
lemma.
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LEMMA 5.7.2. Let i € S and let w be a prime element of E. The map 1 + y — w %y induces a
I'-isomorphism

M) J5 M = [y (n/d,._1,n/d,,). (5.7.3)

It will be easier to write
M; = Iy(n/dy,—1,n/dy,), i€S.
Consider the function on M; given by (5.7.1),
z+— 0"l +w, 1+ =zl
If we write o] = (;(w, 7)w " (mod U}), for some (;(w,T) € pp, this reduces to
2 (G, )y (@),
where ql(pi) : M; — kg denotes the I'-invariant quadratic form
rr—tra((z — o lew) - @¥izw ) (modpp).
As in § 4.5, we write

quawF Z¢F x 7 CEIJ‘F

rEM;
This is just a classical quadratic Gauss sum and, since p # 2, it is non-zero. We further have the
relation

t .
0(ca® ) = (g) a(@) vr), ¢ € pr,
(7)

where ¢ is the rank of q;’. To summarize, we can write all this as follows.

PROPOSITION 5.7. Let i € S, and suppose p # 2.
(1) There is a unique (;(w) € pp such that o;w" = (j(w) (mod U}).

(2) There is a I'-invariant quadratic form qg) : M; — kg such that

0L+, + @] = p(G(@)ap (@), =€ M.
In particular,

Z 9[1+w7y] ZQ(CZ( )qF 71/}F)
yEMSi/JSi MS,L'+1
and this quantity is non-zero.
(3) Let T € pps. There are constants €;(7,w) = £1, with ¢;(1,w) = 1, such that
> Ut myl=cln@aG(@)ar ).

yeMs=i/Jjsi Msitt

We extend our notation by setting

w wF HE! Cz qF ,Q;bF 5 HEZ T, w (574)
S €S
We then have
Y M+ @yl =e(r,@)6p(w, ¥r), (5.7.5)
yeM1/Jt
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and
trr(l+w) =dimA - Sp(w,p) DY e(r,@)07(1+ @),
TEUM/HF
as required for Theorem 5.5.

Remark 5.7. We note that the expression (5.5.2) for the function @ +— tr7(1+ w) depends only on
the element 3 or, equivalently, on £ | U Fg The same applies to the twisted trace formula (5.5.3).

6. Automorphic induction

We continue in the situation of § 5, but we introduce a further element of structure. We let K/F
be a cyclic sub-extension of E/F of prime degree d. (This restriction is not necessary for much of
the time; we are, moreover, only really interested in the case d = 2.) The pair (F/K,¢) is then
admissible, so we can form the representation p = g7, € A’Zt/d(K). We write ¥ = Gal(K/F), and
we choose a character » of F'* which generates the group of characters of F'* which are trivial on

Ng/p(K*).

6.1 We recall that we regard the field F as embedded in A = M, (F); we let Ax denote the
A-centralizer of K and put Gg = Aj. We set Ax = AN Ag. The quadruple [Ag, 1,0, 5] is then
a simple stratum in Ag. We have Hi, = H'(3,2) = H' N Gk, and so on [BH96]. The character
Ok = 0| Hy lies in C(Uk, 3,k ), where g = g o Trg/p, and Ok occurs in p. Indeed, there is a
unique irreducible representation Ay of the group Jx = E*J [1< such that Ay | H}{ is a multiple of
Or and p = c-Ind Ag.

We define subgroups M} C My C G, exactly as in § 5.2. We observe that any jump of 3 over
K is a jump of § over F. On the other hand, since d is prime, there exists at most one jump of (3
over F' which is not a jump of § over K.

LEMMA 6.1. Suppose that K C E;. Let o € 3, and suppose that tr p°(1 + w) # 0, for some prime
element w of E. Then o extends to an automorphism of Ey/F.

Proof. Recall that ry denotes the least jump of § over F. Thus r; > 1, while r; > 2 if and only if
FE,=F.

Suppose first that r; > 2. We choose t, € G such that o(h) = t,ht,!, h € Gk. If 1 + o(w)
lies in the support of tr p, there exists ¥ € G such that the element h = xt,(1 + w)t, 'z~ lies
in Jg. Since h is pro-unipotent, it lies in J [1< and in the support of tr A, whence it lies in H[l{ In
particular, we have h € H! so, by Proposition 5.2, we have xt, € EXM = Ng(E*)M*. However, by
definition, zt, € Ng(K*), whence zt, € Ng(E*)M! N Ng(K*) = Ng(E*)(M! N Ng(K*)). The
group Ng(K*)/G = ¥ has finite order prime to p and M! is a pro-p-group; thus M* N Ng(K*) =
M'NGg = M}( and xt, € Ng(EX)M}(. The coset Mkmta thus contains an element of Ng(E™),
and the lemma follows in this case.

Suppose that r; = 1. The same argument as before gives us
xty € X Nyy (BEY )M N Ng(K*) = EX(Nyy (By) N Ng(K ™)) Mj;.

As K C Fj, the normalizer of E; is contained in that of K and, since K/F is Galois, the lemma
follows. O

Remark 6.1. When K ¢ E;, we have K N Ey = F since d = [K:F] is prime. Any F-automorphism
of K extends by triviality to one of Fj.
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6.2 By Theorem 5.5, we have

trp(l+ @) = 6 (w,dx)dimAx > ex(r, @) (1+ ),
TEUM . /L

for signs ex (7, w) with ex(1,) = 1, and a constant S g (w, V) defined as in § 5.7. We apply
Lemma 6.1 to get

Y trp(l+ @) = 6x(w, vx)dimAx D ex(r,@)07(1+w), (6.2.1)
oEX TEMUM /LR

for various signs e (7, w).

6.3 We set m = Ag/pp = pm e, where pp = K/FHg- The expression (5.5.3) gives the value of the

pE>
s-trace Z%(1 + w) (cf. Remark 5.7). We apply the automorphic induction equation

EX1l+w)=cd(1+ w) Z tr p?(1 4 w)
oex

and (6.2.1) to get

& p(w,p)dim A Z e(r,w)sx(det 7)0" (1 + w)
TEMM/BF

= c6(1+ )8k (w, ) dimAx Y ex(r,@)07(1 + @).
TERM/HF

6.4 We give the first of two useful simplifications. In this section, we assume that r; > 1, so that
Ey = F and pp/pr = Aut(E|F).

PROPOSITION 6.4. Suppose that 1 > 1. We then have

Gp(w,Yp)dimA = cd(1 + w)Bk (w, i) dim Ag.

Proof. Let u € U}%; we then have (1 + w)u = 1 + ww, for some v € U%;. From the definition, we
have (1,wv) = e(7,w) for all 7, and similarly for the base field K; likewise for the factors G
and B . Further, directly from the definition of the transfer factor, §(1 + wv) = kd(wv) = kd(w)
for some positive constant k.

Since r1 > 1, the admissibility of (E/F,¢) implies that the characters &%, o € Aut(E|F), are
distinct on U% (cf. [BHO5a, Lemma A.1]). In the identity of § 6.3, we may therefore replace 1+ @
by (1 4 @)u, multiply by £(u)~! = 6(u)~!, and integrate over Uz to get the result. O

6.5 Let us now assume 7; = 1. We may therefore write § = 011, , where v,, denotes the function
1+ 2 — Yp(tra(agz)) and 0 € C(A,v1,v¥r). Let py denote the pps-centralizer of Ejp. Since
Ey, = F[y1], we have 6] = 01, and hence 07 (1 + @) = 0(1 + w)o, [7, 1 + w], for 7 € p1/pr.

PROPOSITION 6.5. Suppose that 1 = 1, and let pu; denote the pyr-centralizer of Fy. Then:

(1) e(r,w) = eg(r,w) = 1, for every T € py;

(2) the characters Y7, , T € p1/pp, are distinct on H';

(3) the characters ™ | U%, T € par/pa, are distinct;
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(4) we have

Gp(w, pp)dimA Y s(det 7)o, [1, 1 + @]

TEWL/F

= c6(1+ @6k (w, ) dimAx Y o (7,1 + .
TEHUL/UF

Proof. Since 7 € p; commutes with Fyp, it commutes with every «;, ¢ € S. The first assertion
follows from the definition. The second assertion follows from the admissibility of (E/F, &), as does
the third. The fourth is then given by an argument identical to that of Proposition 6.4. U

6.6 In light of Proposition 6.5, we introduce some new notation in the case r; = 1:

Rpla, @, ¢p) = Y tha [ 1+,

TERL/LF

RE(a1,w,Yp) = Z s(det 7)1, [T, 1 + w].
TEMUL/HUF

Remark 6.6. When one writes them out explicitly, one finds that the quantities &r and K% are
Kloosterman or Salié sums, analogous to those considered in [Duk92] and [Sal32].

PROPOSITION 6.6. Suppose that 1 = 1 and p # 2; the quantities Rp(o,w,¥r) and R (o1, @, YF)
are then both non-zero and

RE(o, @, Yp)6p(w,Yp)dim A = c¢d(1 + w)Rp (a1, w, Yr)S K (w, Pk ) dim Ak. (6.6.1)

Proof. The identity (6.6.1) follows from Proposition 6.5. Since p # 2, the factors & and S are
non-zero.

The quantities ¥y, [T, 1 + @] are pth roots of unity, while the order of p;/pr divides (¢ — 1)™.
Thus, if p denotes the prime divisor of p in the field Q[ll/ P] of pth roots of unity, we have

RF(O&l,w,?j}F) = |“1/H’F| %0 (mOdp)
Therefore, Rp (a1, w,¥r) # 0, and the result follows from Proposition 6.5. O

We can now sum up, to get the main result of the section.

THEOREM 6.6. Assume that p # 2. There are positive constants k such that

QSF(wvwF) ;
. €rer mk ifry > 1,
’w =
K/Fué e ®F(wa¢F) (al’w Q,bF)k ifri =1
P K Gk (@, vr) Rr(a, @, dr) L

for every prime element w of E.
Proof. From [BHO5a, Theorem 4.3], we have K/F,us(w) = epegcd(w). We have noted that
0(1 +w) = kdé(w), for some k > 0. The theorem now follows from Propositions 6.4 and 6.6. O

To prove Theorems 3.1 and 3.2, we have to evaluate the expressions appearing in the preceding
theorem. This we do in the following sections.
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7. Glauberman signs

We compute the product epex of signs occurring in Theorem 6.6. We use the notation introduced
in the opening paragraphs of §§ 5 and 6. In particular, I' = EX /F* U}, and we assume throughout
that d = [K:F]| = 2. (Thus p # 2.)

7.1 We write J = J! JH 1; thus J is a finite-dimensional F,-vector space and it carries the non-
degenerate alternating form hy induced by (z,y) — 0[x,y], x,y € J'. This form is invariant under
the conjugation action of I' on J and so (J, hg) provides a symplectic representation of I' over [F).
Moreover, T" has only the trivial fixed point in 7. From § 4.8, we have e = tp(J), so we can apply
the machinery of § 4.7; similarly over K.

We now collect some basic facts.
LEMMA 7.1.

(1) The natural inclusion of J}< in J' induces a I'-embedding Jx — J which identifies Jx with
the set of K*-fixed points in J.

(2) The restriction of hg to Jk is equal to hg, and is, in particular, non-degenerate. Thus
\7 - jK 1 ]CJ

for a uniquely determined symplectic FpI'-submodule K of J.

(3) The group K* acts on J as the unique subgroup I's of I' of order 2, and K is the set of all

x € J such that wK:L"wI_{l = —ux, where wg is a prime element of K.

For the first assertion, see [BH96]; the others are immediate.

The invariant tr is additive with respect to orthogonal sums, by definition; therefore Proposi-
tion 4.8 yields epex = tr(K).

7.2 For each integer j > 1, let 1’ denote the image of J7 in J. From [BHO5b, § 6.1], the subspace
VI is non-degenerate. Thus there is a unique non-degenerate I'-subspace J J of J such that VJ =
J? L Vitl We have the following lemma.
LEMMA 7.2.
(1) The space J7 is zero unless 2j is a jump of 3.
(2) Let j = 2s be an even jump of 3. The quotient map V* — V*/V**! induces a I'-isomorphism

JSJHS JT =2 75, We have a I'-isomorphism

J* = Iy(n/das—1,n/das).

(3) The inclusion of J}; in J7 identifies ij{ with the set of K*-fixed points in J7. Setting K/ =

KN J?, we have

J =T LK, K=K
J

Proof. The first and last assertions are immediate. The second follows from [BH05b, § 6.3]. O

Asin § 1.2, let i+ be the greatest odd jump of 3 over F', and d* = d;+. In particular, all jumps
of 3 greater than ¢+ are even. If, on the other hand, 2s < ¢* is a jump of 3, we have J* = J5. We
need therefore only ever consider even jumps greater than 7.

From part (2) of Lemma 7.2 we get
@ J* 2 L (T;n/d" ). (7.2.1)

2s>1t
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Therefore we obtain the next proposition.

PROPOSITION 7.2. The I'-space K is isomorphic to the space of x € Iy, (I';n/d",n) on which the
subgroup I's of I of order 2 acts via its non-trivial character.

7.3 In this section we assume that m = n/2 is odd. Thus I'y is the 2-Sylow subgroup A of ', and
A acts on K via its non-trivial character. It follows that A has only the trivial fixed point on K. By
Proposition 4.7, therefore,

EpER = tr(/C) = tA(/C).
PROPOSITION 7.3. Suppose that m = n/2 is odd. Then
1 (dt-1)/2
erex — <_> .
q

Proof. From Proposition 7.2, we have dimy,, K = m —m/d*. Writing ¢ = |kr| = p/, the symplectic
F,A-module K is isometric to H(U), where U has F-dimension fm(dt —1)/2d* = ¢, say, and A
acts on U via its non-trivial character. Therefore

ta(k) = (~1)® 2,
However, d is odd in this case and therefore m(dt —1)/2d" = (d* —1)/2 (mod 2). So
(P*—1)/2= (¢ D2 -1)/2 (mod2)

and

as required. O

7.4 We turn to the case where m = n/2 is even. We recall (§ 1.2) that ¢, is the least jump j of g
(over F') such that d; is odd. Thus 41 > 4T, with equality if and only if ¢, is odd.

PROPOSITION 7.4. Suppose that d = 2 and that m = n/2 is even. Then

1 if 24 is odd,

EFEK = _1 n/4 2
<—> <—> if ¢4 is even.
q q

Proof. Again let A denote the 2-Sylow subgroup of I" and I'y its subgroup of order 2. The group
I'y acts on K with only the trivial fixed point, hence the same applies to A and therefore

EFER = tA(/C).

Let 2 be the exact power of 2 dividing n.

We first treat the case where 2, is odd. It follows that d* is odd. The kp-dimension of K is
m — m/d", which is divisible by 2%. Thus, as F,A-module, K is isomorphic to a direct sum of an
even number of copies of the symplectic module Ir, (A; 201 29) "whence tA(K) = +1, as required.

We therefore assume that 4, is even, and so 2, > ¢". Thus d* is even. By definition, 4, is the
least jump j of 8 such that K ¢ E;. Therefore, if 25 < 2 is a jump of 3, we have J* = J}- and so

K=1I,[I;n/dy,n) NIk, (I';n/2,n),
where d = d; __y. Both d; and n/d, are even, so
I, (Tsn/dy,n) =K & Iy, (I';n/dy,n/2).
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Therefore K has dimension n/2 and, as kpA-module, it is isomorphic to the sum of an odd number
of copies of I, (A; 201 22) The result therefore follows from the next lemma.

)
o)
Proof. We abbreviate Io(A) = Iy, (A;2771,2).

Suppose first that p = 1 (mod 4). In this case, we observe, A has no anisotropic (i.e., of ntsd type)
symplectic modules over F,. For, let k = IF,,» for some 7 and let k’/k be the quadratic extension.
The kernel 7 of the norm from k’ to k has order p” +1 = 2 (mod4). It therefore has no subgroup
of order divisible by 4, so any character A — 7 has image contained in {£1}, and this cannot
generate k' as [F,-algebra.

LEMMA 7.4. Let A be cyclic of order 2%, a > 2. Then

2a72

ta(Ir, (A;2071,2%)) = <_?1>

In this case, therefore, I5(A) is hyperbolic, and a maximal totally isotropic subspace has dimen-
sion 2%72 over F,. The required sign is therefore

ta(B(A) = (1), ra) = ™ —1)/2"
An elementary inductive argument shows that

-1)/2°=(p—-1)/4 (mod2), a>2, p=1 (mod4).

2a72

(p

Therefore
A<12<A>>=<—1><P-”/4:(§) forp=1 (mod),

as required.

We now assume that p = 3 (mod4). The simplest way to proceed is to construct a table. Let k;
denote the field of p?’ elements.

Suppose first that p = 3 (mod 8). The field obtained by adjoining to F,, a primitive 2*-root of
unity is ky for a = 2 or 3 and k,_o for a > 4. Thus I3(A) is the anisotropic space ki when a = 2
(giving t = +1), the hyperbolic space ki @ k; when a = 3 (giving ¢ = —1) and the hyperbolic space
kg—2 @ kyq—o when a > 4 (giving t = —1), all as required.

Suppose now that p = 7 (mod8). There is an integer b > 4 such that the field of 2% roots of
unity over F, is k; for 2 < a < b, and k,_p41 for a > b. The space I(A) is therefore the anisotropic

space ki when a = 2 (giving t = —1), the sum of two anisotropic spaces k; when a = 3 (giving
t = +1), and the sum of four copies of ky when a = 4 (giving ¢t = +1). For a > 5, I5(A) is a sum of
4r copies of some field, for some integer r, giving t = +1. Thus Lemma 7.4 is proved. ]

This completes the proof of Proposition 7.4. ]

8. Gauss sums

In this section, we calculate the quotient Gp(w,r)/&k(w, i) of products of Gauss sums
appearing in Theorem 6.6. Throughout, we assume that d = [K:F| = 2.

We will so prove Theorems 3.1 and 3.2 in all cases except that where i, = ¢T =r; =1 (in the
notation of § 1.2).

8.1 By definition (5.7.4), we have
F(w,r) = [ [ o(Ci(= @)a, vr),

S
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where, we recall, S is the set of integers ¢ such that r; is an odd jump of § with r; > 3. Similarly,

O i (@) = [ [ a(Gi(w)ai, vic).

€S
with the understanding that g(g}-(w)qg?,zp[{) =1 if r; is not a jump of G relative to K.

LEMMA 8.1.

(1) Ifi* =1, then p(w,vr) = Bk (w, k) =1 and S is empty.

(2) Ifi e S satisfies r; < 47, we have M; = Mg, and g(Ci(w)qg),wF) = g(Gi(w )qK JUK).

(3) Ifry =1 and K C Ey, then Rp(o,w, Yr) = RF(on, @, YF).

Proof. The first two assertions follow directly from the definitions. In part (3), the character sodet is

trivial on the G-centralizer of F; and, in particular, on p1. The assertion follows from the definitions
in § 6.6. O

The hypothesis of part (3) of Lemma 8.1 holds if either 4 > 7y = 1 or ¢4 > it > r = 1.
Consequently, we have the following proposition.

PROPOSITION 8.1. Suppose that r1 = 1 and that 8% (o1, @, ¢r) # Kr(a1, @, YF). Then iy =17 =
T = 1.

We can now simplify our notation: if r; = ¢+ > 1, we set (j(w) = ((@), q (])

Gr(w,¢r) _ a(C(@)qr, ¥r)
Ox(w,¥r)  8(((w)ar,¥K)

= qp. Therefore

(8.1.1)

8.2 We assume from now on that ¢* > 1. Let us write M rather than M;+. With I' = E* /FXU}
as before, My is T-isomorphic to the kpI'-submodule I, (T';n/d',n/d") of kg, where d' = d;+_;.
To describe the quadratic form gr, we compare with the objects Qr, er introduced in § 4.6, via
an isomorphism 2 /P = kpT as in § 4.2. We let v denote the generator  — w'zw of I'. We write
it = 1+ 2s. The form g is the restriction to My of z — er((z — vz)(y°Z)).
There is a unique I'-submodule ) of My such that My = Mg x @Y. The functions ¥ r o qr and
YK o qx agree on My g, so
F(w,Yr)

(5]
G, r) = 9(C(@)qr|V,¥F). (8.2.1)

8.3 We start with the following special case.

PROPOSITION 8.3. Suppose that ¢© > 1 and that m = n/2 is odd. The quadratic form qr|) is
non-degenerate and has discriminant (—1)5d™.

Proof. In the notation of § 4.1, My = Iy, (I';n/d’,n/d") is the direct sum of the spaces V,, where

x ranges over those elements of Q\I' such that x"/ CARS | £ x4 The space ) is the sum of those
V, for which x"/2 # 1. Since d* is odd, we have Y = I, (I;n/2d",n/d*). In particular

dimy, Y = m/d*. (8.3.1)

Let k/kr be a finite field extension. We can extend gp, by linearity, to a quadratic form gpj :
Y ®k — k. The form g is then non-degenerate on Y if and only if gr is non-degenerate on Y ®@k.
In other words, to prove non-degeneracy, we can proceed as if all characters of I' take their values
in ki.

F
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For a character y of I, let
ex=n"> x(yv!
vyel’

denote the corresponding idempotent of kpI'. Thus V, = e, kpI'. Consider first the case where x
has order 2. Then V, C Y and

gr(ey) = (~1)°2e(e,e,) = (—1)°2<(ey) = (~1)°2/n.
In particular, gr|V) is non-degenerate in this case.
Now let V,, C YV, x # x !, and consider the restriction of gr to Vy@V,-1. We set e, = e (so that

e=e,-1)and a = x(7):

qr(ze +ye) = e((ve + yé)(a’ze + a~%e) — (axe + o 'ye)(a’re + a" %))
=zy(a S+ — o' —a1/n.

This vanishes identically if and only if @ = 1 or a?**! = 1; since « is a root of unity of even order,

we conclude that gp is non-degenerate on Vy @ V, 1. Thus gr is non-degenerate, as desired.

We return to the given base field kp. If yo denotes the character of I' of order 2, the calcula-
tion above shows that gr|V), has discriminant (—1)%2/n, while Qr|V}, has discriminant 1/n. We
conclude (Proposition 4.4, Remark 4.5) that the discriminants of gr|Y, Qr|) differ by a factor of
(—=1)°2.

We are therefore reduced to calculating the discriminant of Qr on ). Its discriminant on
kp[[/T/4] is (dt)*/4" = 1, while on kp[['/T"/24"] its discriminant is (2d*)*/24" = 2d+
(cf. (4.6.1)). The discriminant of Qr|Y is therefore 2d*, whence the discriminant of g on ) is
(—1)*d* (modk}?), as required. O

The kp-dimension of ) is m/d™, which is odd, so we have the corollary.

COROLLARY 8.3. In the case n/2 odd and i* > 1, we have

Orlmvr) _ (L) (1) (4 g g

S (@, VK) q q q

8.4 We now consider the case where d = 2 and n/2 is even.

PROPOSITION 8.4. Suppose that n/2 is even and i+ > 1. Then

1 if 2 is even,

@F(W, QZJF) _ 1 "

Ok (@, VK) <_—> if iy is odd.
q

Proof. In the first case, where i, is even, all factors in the definitions of the Gauss sums are
identically equal, and the result is immediate.

Thus we assume ¢ = ¢ is odd; it follows that d* is odd. In this case, we have Y = Iy . (I';n/2d ™,
n/d"). From (8.2.1), we have to show that gr|) is non-degenerate and then compute its discrim-
inant. Since n/2d" is even, the quadratic character of I' does not occur in . The proof of non-
degeneracy is then the same as in § 8.3. Further, gr and Qr have the same discriminant on )
(§ 4.4). Tt follows from (4.6.2) that this discriminant is 1. The kp-dimension of Y is n/2d™, so

-1

. n/4
6 (@) (O (@ 0rc) = glibr) /24T = (7) ,

as required. O
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8.5 Let us prove Theorem 3.1 in the case ¢+ > 1. Thus n/2 is odd. The factor epex in Theorem 6.6
is given by Proposition 7.3. In the case m = 1, the factor K% (o, w,vr)/RF(a1,w,¥F) is 1, by
Proposition 8.1. The result now follows from Corollary 8.3.

We turn to Theorem 3.2. In particular, n/2 is even. Excepting the case 1, = 1T = r; = 1, the
result follows from Propositions 8.4 and 7.4.

9. Kloosterman sums

To complete the proofs of Theorems 3.1 and 3.2, it remains only to treat the cases where ¢, = i* =
r1 = 1. In particular, we have K N E; = F.

9.1 In our present situation, Theorem 6.6 reduces to
Kﬁg(ah w, wF)

RF(O&l, w, Q;[)F)
for some positive constant k. The sign epex is given by Proposition 7.3 (when m = n/2 is odd) or
the first case of Proposition 7.4 when m = n/2 is even.

pu(w) = epe k, (9.1.1)

We note that, in the present situation, we have ((w) = ayw.

9.2 We treat first a special case. We assume that £y = F and 3 = «;. In particular, 37! is a prime
element of E. As before, we set m = pm,c = Ag/pp, p= KTe.

We consider the relation between the Godement—Jacquet local constants (see [GJ72] and [JacT9])
e(m, s,9r) and e(p, s,¥k ), where ¢ = g oTrg/p. Since 3 has no even jumps in this case, we have
er = e€x = 1 and m = ¢-Ind A, for a quasicharacter A of J with A | E* = u&. We use the technique
of [BF85] and [Bus87] (or see [Bus91] for a convenient summary); this approach gives

5(77’ %’Qz[)F) = klﬂg(ﬁ)_IQpF(TrE/F(ﬁ))a

for some k; > 0. Similarly,

e(ps 3, ¥K) = ka€(B) " 0r (T r(B)),
for some kg > 0. However, the relation 7 = Ak, p gives [HH95] and [HLO5],

E(T(', %7 ¢F) = E(pa %7 QZJK))‘%/F
whence, by Lemma 1.5, u(83) = ksg(vp)~™, for some k3 > 0. Combining with (9.1.1), we therefore
have, for various k > 0 and any prime element w of E,

k <‘“Tw> g(br)™  if m is odd,

ﬁ;‘f(ala w, QZJF) _

Rplay, @, ¥r) . <_1>m/2 (9.2.1)

q

if m is even.

9.3 We revert to the general case, as at the beginning of the section. Writing sy = s 0 Ng, /p, the
definitions of § 6.6 give

ﬁF(alawawF) = ﬁEl (O[l,W,T/JE‘I), ﬁ;‘f(al7w7wF) - ﬁgll (alawawEl)-

We have [E1:F] =d" =1 (mod?2) and ¢, | kp = 1[)}? | kp. If m is odd, (9.2.1) therefore says

exactly as required for Theorem 3.1.

1009

https://doi.org/10.1112/50010437X05001363 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001363

C. J. BUSHNELL AND G. HENNIART

In the case where m is even, we get

R, @,0p) _ (—1)"/4

ﬁF(alvwvwF) 7

as required for Theorem 3.2.

We have now completed the proofs of Theorems 3.1 and 3.2.
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