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Abstract

Best-possible results are established for positivity of the partial sums of Y_sink6(k + «)~'. In fact
odd sums are positive for -1 < a < ap = 2.1..., while sums with 2k terms are positive on the
subinterval J0, w — 2uom (4k + 1)7'[, uo = 0.8128... . This is analagous to the Gasper extension of the
Szegd-Rogosinski- Young inequality for cosine sums.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 42A05; secondary 42A10, 42A16.

1. Introduction

It is, of course, well-known that, for every positive integer n,

(n Z smkkG > 0, 0<6 <.

k=1

This inequality was first mentioned by Fejér in 1910 (see [3]), was proved by Jackson,
and subsequently revisited by many mathematicians who have offered different proofs.
In parallel, for cosine series, Young [6] proved the following inequality:

" coskd
@) 1+Z°°2 >0, 0<6<m.

k=1

Rogosinski and Szego [S] extended Young’s inequality to

1 ’, cosk6
3 >0, 0<6<m -1 < 1.
3 1+a+kz=l:k+a— <@ <m <a
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The case @ = 1 is interesting but Gasper showed in [4] that the result admits consid-
erable improvement. In fact he showed that (3) holds for —1 < ¢ < & = 4.567...,
and this & is best possible.

In the present paper, we will extend the Fejér-Jackson inequality in a similar way.
Thus we shall be concerned with the partial sums

~ sin k6
@) T?0) = (> -1, neN).
;k+a

The odd partial sums are positive for —1 < & < ap, where op = 2.1... is best pos-
sible. The result for even partial sums holds only on a subinterval 10, w — 2o (4n +
1)1, where po = 0.8128252. .. is best possible.

To make matters precise we must define three constants Ag, g, ¢g. The first of
these is the solution of the equation

(1 4+ A)mr =tan(Am) 0<A<1/2,

and it is easy to see that Ay = 0.4302967... is the point at which the function
(sinAm)/(1 + A) attains its maximum for 0 < A < 1/2. We define yq to be the
solution of

sin _ sinAgm
ur (1 +r)m’

and o to be the solution of the equation

i 2k _ Sin)\.()n'
QRk—14+)2k+a)2k+1+4+a) 2(1+4r)7’

k=1
The main results can now be stated.
THEOREM 1. If -1 < a < o then
T;_,6) >0, 0<f6<m neN.
THEOREM 2. If —1 < o < «q then

T;;0)>0, 0<0<m—puem/(2n+0.5).

THEOREM 3. If ¢ > o then there exists an infinite subset N C N such that

1+A
T, (n’—(—u—)z><0, neN.
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THEOREM 4. If 0 < y < i then there exists an « near to but strictly smaller than
o such that

I, (r—yn/(2n+05)) <0

for an infinite number of n.

From Theorem 3 we see that «j is best possible in Theorem 1. Theorem 4 shows
that o is best possible in Theorem 2.

The particular case @ = 1 has been considered by Brown and Wilson [2]. They
obtained the following conclusion:

T, ,0)>0, 0<6 <m; T,0)>0, 0<6<m—m/2n.

2. Basic lemmas

LEMMA 1. For n > 3, a > —1, double partial summation gives

n—2
a —_— Un—l(e) S"(O)
) T, (9)~;ak(a)ak(e)+ o TronTs nie
where
2 k ) k
@)= e T T I sk(0>=;sm;9, ok(e)=;s,-(9).

LEMMA 2. For0 <6 < T,
(6) o (0) > 0.

LEMMA 3. Let0 < 6§ < 2,t, =én/(n + %) and6, =mn —t,. Then

. 0x(6,) k+1)/2 ifkisodd,
@) lim —— =
n—>c0 sin 6, 0 ifk is even,
and
O,
(8) <%0 i1, 1<k=n n>1.
sin 8,

All these lemmas admit simple direct proofs. We learned of (6) from [1, (1.9) p.8].
The inequality was found by Lukacs and published in Fejér’s paper [3].
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3. Proof of Theorems 3 and 4

PROOF OF THEOREM 3. Here we write 6, = 7= — (1 + Ao)7/(2n — 1). Suppose
T3 _,(6,) > O for all sufficiently large n € N. Then by (5) we get

€))

B a6 1 (D) 1 5u106,)
E a (o) — + - > — -
sin 6, 2n—-24+a)2n -1+ «) sinb, 2n — 1+« sinb,

k=1

and the right hand side of (9) tends to (sinA¢m)/2(1 + Ag)7 as n tends to infinity.
By Lemma 3 and using the Dominated Convergence Theorem we deduce from (9)
that

el sin Ao
10 kay,_ > —
(10) ; a1 (@) = 5=

Noticing that kay_, (ct) is decreasing when « is increasing, we conclude that (10) is
equivalent to & < ap. This completes the proof.

PROOF OF THEOREM 4. Write u, = ym/(2n +3),0 <y < po. Forn > 2 we

have
T2 (r — u,
sin u,, 2 )
_2"2:_2(1 (a)Uk(Tl — Un) 1 o1 (W — ) 1 Son(w —u,)
— k sinu,, 2n—-1+4a) sinu, 2n+a sinu,

Let us write F (&) = Y_p, kay_,(a). Then by Lemma 3 and the Dominated Conver-
gence Theorem we get
sin yr

1
(11 lim — T, (v —u,) = F(a) — .
n—>c0 SiN U, 2)/7t

As we chose F (o) = (sin o) /2o, it follows that 757 (7 — u,) is negative for o
near to but strictly less than o and n big enough.

4. Proof of Theorem 1

We achieve the proof by developing a sequence of lemmas.
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LEMMA 4. Let
d . sink6
——T%6)=U%O) = _ -1, eN
=T©) =U0 ;(Ha)z > n

If -1 <a <25 then
U, ) >0, 0<0<m neN.
PROOF. Simple direct estimates for the other cases allow us to assume n > 3 and

1 < @ < 2.5. By using partial summation twice we get

2n-3

Uyt 0) = Z b(@)or (0) + (c2n—2(@) — €20-1(2))020-2(0) + C24-1() S20-1(F),

k=1

where by (@) = ¢ (@) ~ 2c;11(@) + Cre2(@), cr(@) = (k + )72

Noticing
cosf/2 —cos (2n — 1)@ 1
S2-1(0) = 2 > ——tanf/4,
u-18) 2sin6/2 =z —5anbd/
we get
) 6 6 1
2cotZ - US,_(0) > (bi(@) + bs())8 cos® 26055~ Gnivar (n>3).

If0 <6 <0.85rand1 <o <2then
6 1
2cotZU§‘,,_1(9) > (b1(2) + b3(2)) x 1.15177 — % >0 (n=3).

When2 <a <25and 0 < 8 < 0.85%, since
bi(a) + bi(a) = by(2.5) + b3(2.5) = 0.01942

we have
0 1
2cotZU§n_1(9) > 0.01942 x 1.15177 — 0 >0 (n=3).
On the other hand, for 0.857 <8 < 7, wesett = — 6. Then
1 sin/2 + sin (2n — 1) ¢
Us_,0)> b int 2
51 (6) 2 (by(@) + by(@) sint + s Tt/

We see, if t < 7/ (2n — 1), the above sum is strictly positive. Assume 7/ (21 — ;) <
t < 0.157. This occurs only when n > 4. Then we have

1 sin0.157  0.51421 (2n — 3)
~UE (T —1) > (b b - 2
U (0= 00 > i@+ sl e~ o T T apn

and we estimate for 1 < ¢ < 2,2 <« < 2.5 as before.
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LEMMA 35. Let

f(0) =a;(2.11)01(8) + ay(2.11)5,(8) + a1 (2.11)03(8)
02, 2(0)

8.(0) = 01l + 82..1(0) (n=3).

If0 <6 <0.757 and n > 3 then

T2 ,(0) > f(6) + 2.(8) > 0

2n + 1.11

PROOF. By Lemma 4 we have T,°_,(6) > T2',(6). Then using Lemma 1 we get
forn >3

1
T2 . (0) > T (0) > f(0) + —————2,(6).
1 (8) > T, (0) > f( )+2n+1.11g )

Itis easy to establish that 0.0503 sin 6 is a lower bound for f(6),for0 < 6 < 0.75x.
For 0 < 6 < 0.5m, this can be combined with the lower bound —0.5 tan 6 /4 for g,(9)
to establish the result. For 0.57 < 8 < 0.757, we use the estimate

2n — 1 — cosec @ sin? 8 /4
gn (0) > ) - . .
(2n +0.11)4sin20/2  sinf/2 —sin 6

The next two lemmas are straightforward estimates based on Lemma 1.

]sine > —0.3006sin 6.

LEMMA 6. Lett = (1 4+ 8)7/5.5,0 < 8 <0.375. Then I,°(w —t) > 0.

LEMMA 7. Lett = 2 -1+ 8)n/2n —0.5),£ e N,0 < § < 1,n > 4 Define
cos’t/2-T,0 \(m — )

U.(t) =
sint
00 sin 8w -2 sin2 (k+§)t
Dn t) = k _ - —4_ o
®) ; ax_i(ag) 2(23—1+8)7t kz —s (1)
with
iy = (1o -20=05 N\ _t o (e—Dsint+sin@n—r
2n—1+ay/ 2sint/2 2n —2+ ag)(2n — 1 + ag)d sint
and

Qp & sin? sin’t/4 |
A1) = > ;a 2008t/2 Zazk+1 — sin’ —01,

where a;, = a;(e). Then

Un(t) > An(t) + D, (2).
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LEMMAB. Ifn > 4,0 <8 <0.55andt = (1 + 8)w/(2n — 0.5) then
D) > 0.

PROOF. By definition of D, and the fact that F (ap) > (sindz)/2(1 + 8)m we get

1 n—2
D,(t) cos% > Flap)(1 — u, (1)) cos% —v,(t) — 3 ;az,m sin? (k + %) t.

Simple power series estimates yield

1.6 0.9880

12 n - ’
(12) u,(t) < m+ 1.1 + (2n — 0.05)2 — 0.9880
0.4053

13 n(t - O<d<l
(13) w0 < G ronen £ 1) =0

p 2.9640
14 >l -
(14) cos 2= (2n — 0.5)?

Combining these inequalities with (crude) direct estimates of the upper bound of
0.5 ZZ: Ayt sin? (k + 3/4) t for each n from 4 to 12 allows us to verify that D, (t) >
Oford <n <12

Now we assume n > 13 and observe that

(2n — 0.5)2D,(t) cos %

0.5950 0.9761
F(ao) [ 3.2n — 4.3640 — -
> Fleo) ( § 11l (2n— 057 ().9880)
(1557 &1
8 PEwyT IS

E

1

> 0.3476n — 0.;821 — 2.96401log((n + 2.65)/4.65).
If we write
¢ (n) = 0.3476n — 0.8821 — 2.96401og((n + 2.65)/4.65)
then we find
¢ (13) = 0.0396 > 0, d¢/dn > 0forn > 13.

Hence we conclude D, (¢) > O for n > 13 and complete the proof.

LEMMAO. Ifn > 4,055 <8 < landt = (14 8)n/(2n — 0.5) then D,(t) > 0.
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PROOF. It is easy to verify that

af(sn 2 03AEDTN At om
R R P 0 2m—05

for 0.55 < 6 < 0.8 and n > 4. Hence by (13), —v,(¢t) > 0(0.55 < § <0.8,n > 4).
On the other hand,

sindm < sin0.557
2(1 + 87 — 2(1.557)

=0.10142 (6 > 0.55).

Therefore

1 n-2 L, 3
(15) Dy(@) 2 0.10862 010142, (1) = 5> k;azm sin (k n Z) '

when 0.55 < 8§ < 0.8 and n > 4. In this case,

o < (1 16 . (1.87)2
nlt) < m+ 111 24(2n — 0.5 — (1.87)
1.6 1.3324

BETES TN (2n — 0.5)2 — 1.3324°

(16)

<1

According to (15) and (16), calculating directly we get

0.16227 0.13513
2n+1.11) (2n—-05)2-1.3324

Dy(z) = 0.00720 +
.7
—0.53776 | a3 sin Zt +as ) > 0.01592,

7
Ds(t) > 0.02029 — 0.52999 (a3 sin? Zt + as + 07) > 0.01374,

71.8m

—_— 1 2 —_———
Dg(t) = 0.01854 — 0.51550 (a3 sin (4 1is

) +as+a; + (19) > 0.01229.

For n > 7 we have

(2n — 0.5)*D, (1)
> 0.00720(2n — 0.5)> + 0.15099(2n — 2.11) — 4.08649 log((n + 2.65)/4.65).
It is easy to see this is positive by an argument similar to that in the proof of Lemma

8.
Assume now 0.8 < § < 1. In this case

siném

—— < 0.05197, n <1, . < 0.00207.
e < u, < v, <
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Hence

1 n+2.65
D, (1) > 0.05458 — 5.40181 I 0.
@ > 2n —0572 & 465

LEMMA 10. Ift = (1 + 8)r/(2n —0.5),0 < 8 < 1 and n > 4, then A,(t) > 0.

PROOF. Since 2.10 < oy < 2.11, we have

—aOZazk > 2. 102(2k+2 11)73,

k=n

It turns out that the ensuing estimate

t t
A, () > 0.13125(n + 1.055)=3 + sin? 2“3’;—“5 —aysin’ 5

leads quickly to the required result.

Lemmas 8-10 treatthe case £ = 1. Now weassume £ > 2,1 = 2£—14+8)n/(2n—
0.5),0 < & < 1. And we keep ¢t < 0.25r. This restriction requires n > 7.

LEMMA 1L Ift = 2 —1+8)n/(2n —0.5) < 0.257,0 <8 < 1,and £ > 2 then
T} (mr —1t) > 0.

PROOF. In this case u(t) <  (8sinn/8)7, [sindm/2(2¢ — 1 + &)m] < (6m)7!,
V.(t) < 0.00197 (n > 7) and

1

—2 oo
t 3 1 b4
- Aok 41 sin < ) I < —seCc — Arg—1.
755 2 ti) sl

These estimates combined show that D, (¢) > a,, and since A,(t) > —a,, we achieve
the proof.

Lemmas 5-11 now demonstrate that 7,,° ;(0) > 0,0 < 6 < &, forn > 3. We
complete the proof of Theorem 1 by checking the case n = 2 directly.

5. Proof of Theorem 2

Because of the many parallels with the proof of Theorem 1 we merely sketch the
salient steps. A fuller version of this (and the preceding proofs) is available from the
authors on request.
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LEMMA 12. For U? asinLemma 4, if —1 < a <23 then U5 () >0, 0 <6 <
w — por/(2n + 0.5) (recall u =~ 0.8128252).
PROOF. We have, in a way similar to the proof of Lemma 4,
2cot QU{,’ ©) > (b (@) + by(x))8 cos® 4 cos o__ 1 (n > 3).
4 4 2 (2n+a)
So, we get U, (0) > O0for0 < 6 < 0.857 and —1 < @ < 2.3, n > 3. On the other
hand, when 0.857 < 8 <7 — puen/(2n + 0.5) by writing 1 = w — 6 we have
1 sin 5 — sin(2n + 0.5)¢
2n + a)? 2cos 5

U, (60) > (bi(@) + by(@)) sint + :
and this leads quickly to a proof. The cases n = 1, 2 are handled separately.

Now to establish Theorem 4 we need only prove

21405

By an argument similar to Lemma 5, we get

(17) T2@)>0, 0<6< (1 Ho )m neN.

LEMMA 13. If0 < 6 < 0.75mw and n > 3 then T, (0) > 0.

Now we assume 0 = 7 — t, uor/(2n + 0.5) <t < 0.257 and write V,(t) =
cos? £(sint) ' T’ (x — ). By a calculation similar to that in the proof of Lemma 6
we obtain

. t [ ¢ o
V,(t) > —ay sin® 2 + Zkazk_l - Z kay_;
k=1

k=n+1
1 & , ! ) 3
2l ()3
t Y cost/2 ;“2"“ (sm P ( + 4))
(18) N n (1 2 )
2(2” -1+ ao)(2n + (XO) 2n 4+ 1+ (e 1))

+ sin 2nt (1 B _2—)
42n — 1 4+ ap)(2n + ap) sint 2n+ 14+ ap
1 sin(2n + 0.5)¢t
tiGnta)  202n +ag2sing/2’

We write

n 2
8, = l-—
2(2n — 1 4+ ag)(2n + o) ( 2n+1 +ao)
1 1 n 1
22n+14ay 4Q2n+ap)’

19)
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and note that

0.2225 — 0.7775(n + 0.555)~!
2n +ag)(2n + 1+ )

(20) 8 >

We still use the notation A, defined in Lemma 7, and write also

sin2n + 0.5)¢ 1 & - 3
G,t)=F - - - k+ -}t
® () 2(2n + ap)2sin;  2cos 3 ;an“ s + 4

o4 (1 2 ) sin 2nt

C2n+4 140/ 4(2n — 1 + ap)(2n + ) sint

Then we get
Vn(t) > Gn(t) + An+l(t)-

LEMMA 14. If uot/2n +0.5) <t < 7/(2n + 0.5), n = 3 then G,(t) > 0 and
A (1) > 0.

LEMMA 15. If t = (2¢r + 87)/(2n +0.5) < 0257, £ > 1and 0 < § < 1,
then V,(t) > 0. In this case, n > 4 and we have G,(t) > 0.02598 and A, (t) >
—0.00452.

A combination of Lemmas 13-15 together with a direct check of low order cases
completes the proof of Theorem 2.
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