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Abstract

Let 1 < p < +oo or p = 0 and let A = (an)n be an increasing sequence of strictly positive weights on /.
Let F be a Frechet space. It is proved that if \p (A) satisfies the density condition of Heinrich and a certain
condition (C,) holds, then the (LF)-space LB,(XP(A), F) is a topological subspace of Lb(kp(A), F). It
is also proved that these conditions are necessary provided F = Xq (A) or F contains a complemented
copy of /, with 1 < p < q < +oo.
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Keywords and phrases: spaces of linear continuous maps, echelon and co-echelon spaces of order p,
projective description.

The space LB(E, F) of all linear bounded maps between two locally convex spaces
E and F has been considered and studied under different points of view by several
authors (see [2, 4, 10, 11, 16], [17, 11.6], [22, 23] etal). In particular, taking E and
F Frechet spaces and endowing the space LBt{E, F) with the canonical structure of
countable inductive limit of Frechet spaces, the problem of finding conditions on E
and/or F such that the (LF)-space LBt{E, F) is a topological subspace of Lb(E, F),
or equivalently the canonicaHnclusion map LBt(E, F) <̂-> Lb(E, F) is also open,
has been investigated (see [11, 4, 10]). This question is said to be the problem of the
projective description of the (LF)-space LBt(E, F). It is worth noting that, if F is a
Banach space, the question is closely related to the Grothendieck's one if Lb(E, F) is
again a (DF)-space.

In connection with the study of this problem, in [1, Theorem 1] the following
characterization was given: LS,-(A.i(A), F) is a topological subspace of Lb(X\ (A), F)
if and only if kt (A) satisfies the density condition of Heinrich and a so-called condition
(C,) holds (thus obtaining a complete solution of an open problem posed by Bierstedt
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164 Angela A. Albanese [2]

and Bonet [4, Section 4]). The aim of this paper is to extend the criterion to the class
of the (LF)-spaces of type LB(kp(A), F) with 1 < p < +oo or p = 0. Actually, we
prove that lA.p(A) satisfies the density condition' and 'condition (C,) holds' always
imply that LBj(kp(A), F) is a topological subspace of Lb(Xp(A), F) (Section 2). We
also prove that these conditions become necessary provided F — Xq(A) or F contains
a complemented copy of lq with 1 < p < q < +oo (Section 3).

As immediate consequences, we derive the well-known results that Lb(Xp(A), F)
and C(5, Jfc,C*O) (\/P + l/<? = 1 if 1 < p < +oo or q = 1 if p = 0) are complete
(LB)-spaces (hence bornological and barrelled (DF)-spaces) whenever Xp (A) satisfies
the density condition of Heinrich and F is a Banach space and kp(A) is a Frechet
Montel space and 5 is a compact Hausdorff space, respectively.

1. Notation

We begin with the necessary notation. For other notation and definitions we refer
the reader to [15, 17].

Let E and F be Frechet spaces. Let L{E, F) be the space of all linear and
continuous maps from E into F and Lb(E, F) the same space endowed with the
topology of uniform convergence on bounded subsets of E.

Suppose that E is the reduced projective limit of the sequence (£„, || ||n)n of Banach
spaces with linking maps pnm : Em —> En, n < m, and pn: E -> En, n e N (that is,
Pnm°Pm = Pn for n < m) such that the sets Un :— {x e E\ \\pnx\\n < 1} form a basis of
0-neighbourhoods in E. The duals norms are defined by ||/ \\'n := sup{|/" (JC)|;JC e (/„},
/ e E'\ hence || ||'n is the gauge of 0n in E' and E'n := (span Un, || ||'n) is a Banach
space. Then for each n < m the map Jnm: Lb(En, F) -+ Lb(Em, F) defined by
JnmT := To pnm is one-to-one, linear and continuous. Therefore, we can consider the
inductive limit of Frechet spaces indn(Lb(En, F), Jnm), which continuously embeds
in Lb(E, F). Indeed, for each n € N the map Jn: Lb(En, F) -+ Lb(E, F) defined
by JnT := To pn is one-to-one, linear and continuous; thereby implying that there
is a linear, one-to-one and continuous map J : indn Lb(En, F) -> Lb(E, F), whose
image is the space L6(£, F) of linear bounded maps from E into F. We define
LB,{E, F) := indn Lb(En, F).

In the sequel, for n, k e N let BnJc := {T e L(En, F);sup|U| |5 l \Tx\k < 1}, where
(| I*)* denotes a fundamental increasing sequence of seminorms defining the topology
of F such that the sets V* := [x e F; |jt|t < 1} form a basis of 0-neighbourhoods
in F.

Recall that, if F is a Banach space, then LB(E, F) = L(E, F) algebraically and
every bounded set of Lb(E, F) is contained and bounded in Lb(En, F) for some n;
hence the (LB)-space LB^E, F) is always regular.
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[3] Projective descriptions of the (LF)-spaces 165

A Frechet space E is called distinguished if its inductive dual E\ = indnE^ and
its strong dual E'b are topologically isomorphic. In general, E\ = E', the inclusion
map E'i c-> E'b is continuous and E\ is the bomological space associated with E'b.
A Frechet space E is said to satisfy the density condition of Heinrich [14] (see [2,
Proposition 2]) if for any sequence (kn)n of strictly positive numbers there exists a
bounded subset B of E such that

Vn e N 3m > n 3X > 0 : [ ] Uj. C XB + Un.
7 = 1

This density condition was introduced by Heinrich [14] and thoroughly studied for
Frechet and Kothe spaces by Bierstedt and Bonet [2]. It was proved in [2, Theorem 1.4]
that a Frechet space E has the density condition if and only if the bounded subsets of
its strong dual are metrizable; hence every Frechet space with the density condition
is distinguished (see, [15, Section 29, 3.12 and 4.3]). Moreover, every quasinormable
and every Frechet Montel space has the density condition.

For the notations for Kothe echelon and co-echelon spaces we refer the reader to
[6]. Nevertheless, we recall the following.

In the sequel, / will always denote a non void index set. Let A — (an)n and y =
(vn)n ('weights') be sequences on / , with 0 < an{i) < an+i(i) and vn(i) = l/an(i)
for all 1 6 / and n € N. The maximal Nachbin family associated with y is given by

V := \v: I h+ [0, +oo[; Vn e N sup = sup v(i)an(i) < + o o | .
I «€/ Vn(i) iel \

Let 1 < p < +oo or p = 0 . The Kothe echelon space of order p and the Kothe
co-echelon space of order q, where \/p + \/q = 1 if 1 < p < +oo or q = 1 if
p = 0, are defined by

kp(A) := \x = (x,)lel;Vn € N \\x\\n,p := ( £ a j ( i ) | j c , | ' J < +oo

if 1 < P < +oo, (X0(A) := {x = (*,•),-€/; Vn 6 N lim,an(i)W = 0} and ||^||Bio :=
supie/ an(i)\Xi\, ifp = 0 ) and

== I* = (*/),-«/; 3n e N ||*||'B, := (j^ ^ ( 0 W 1 < +oo

if 1 < q < +oo,(to o(r) := [x = (x,)tel; 3 « e N ||JC||'B>00 := sup1€/ vn(i)\xt\ < +00}
if q = +00), respectively. Clearly, kq(y) = indnZ,(i;n). Also, for l<p<+oo or
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p = 0, (kp(A))'b = (*P(A));. = kq(T) by [6, Corollary 2.8] and hence kp(A) is dis-
tinguished. By [6, Theorem 2.7], (kp(A))'b coincides algebraically and topologically
with Kq( V) := proj-ey lq(v). Finally, we recall that the sequence A is said to satisfy
condition (D) if there exists an increasing sequence J = (Im)m of subsets of / such
that:

(N, J) For each m e N, there is an n(m) e M, n(m) > m, with
inf,e/in an(m)(i)/ak(i) > 0, k = n(m) + 1, n{m) + 2 , . . . .

(M, J) For each n e N and for each subset /0 c / such that 70 D (/ \ Im) ^ 0 for
all m 6 N, there exists an n' = n'(n, l0) > n with inf,€/o an(i)/an'(i) = 0.

This condition was introduced in [5, Theorem 2.3]. Moreover, it was proved in [2,
Theorem 2.10] that, for 1 < p < +oo or p = 0 , kp(A) has the density condition if
and only if the sequence A satisfies condition (D). In particular, by [2, Theorem 2.4]
A-i (A) has the density condition if and only if it is distinguished.

We will denote by [/,, (7)]i and by [co(/)]i the unit closed ball of /,, (/) for 1 < p <
+oo and of co(/) for p = 0, respectively.

REMARK 1.1. All proofs will be carried out for 1 < p < +oo, the case p = 0
being similar.

2. Sufficient conditions for projective descriptions
of the (LF)-spaces LB,(XP(A), F)

The aim of this section is to prove the following:

THEOREM 2.1. Let 1 < p < +oo or p = 0 and let A = {an)n be an increasing
sequence of strictly positive weights on I. Let Fbe a Frechet space with a fundamental
increasing sequence (| I*)* of continuous seminorms. If the following conditions
hold

(i) the sequence A satisfies condition (D) and
(ii) for each (kf)i C K+ and for each (k(l))i non-decreasing sequence of positive

integers, there are (y7 )j C K+ and k e N such that

n m

(C) Vn € N J^yjBi<< ^ U ]Ck'B'MD'
j=\ meN (=1

then LBi(kp(A), F) is a topological subspace ofLb(kp(A), F).

To show the above theorem we need some preliminary results. The first one could
be interesting in itself.
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[5] Projective descriptions of the (LF)-spaces 167

LEMMA 2.2. Let 1 < p < +00 orp = 0 . Let A — (an)n be an increasing sequence
of strictly positive weights on I satisfying condition (Af, J). Then, for each v € V
and k e N,

/ \ ' / P

lim sup I Y^ vp(i)ap(i)\fAj\p I = 0 , if 1 < p < +00

or

lim sup sup v{i)ak{i)\ix,\ = 0, ifp=0.

PROOF. Suppose that there exist ii 6 V and ko e N such that the sequence

/
sup V v"(0

€[/,(i)]i \ , , n / m

does not converge to 0. Thus, there are e0 > 0 and an increasing sequence of positive
integers (k(m))m so that, for each m e N,

UP

sup

It follows that, for each m e H, there is /xm = (//"), e [/,,(/)] 1 such that

and hence
UP

(
T v"(i)al(i)\^\p) < sup

< supi€/\/K

We can then find another increasing sequence (mr)r of positive integers and a sequence
(ir)r C /such that, for each r e N,ir 6 Ik(mr) \ him,.,) (m0 := 1) andv(/r)a^(/r) > e0-
Let Y := {ir; r e N}. Then Yn(I\Im)£0 for all m e N. By (M, 7), for the given
/ and &o, there is it > jfco so that infr€N a^(/r)/at(ir) = 0. But, since u < akvk on /
for some ak > 0, we obtain that

e0 < afe(ir)u(ir) < aia*0(/r)u*(ir) = oika^i^/atiir)

for all r e N; thereby implying that 0 < eo/ak < infr£M a^ir)/ak(ir) which is a
contradiction. •
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Next, for a given increasing sequence J = (/m)m of subsets of / such that / =

UmeN '»> w e introduce the following space

L(kp(A),F;J)

:= I T e L(kp(A), F); 3m 6 N VA. e kp(A) T

where (e,),€/ denotes the usual vector basis of kp (A), that is, e, = ((5y)7e/. We observe
that if T € L (kp(A), F ; J), then there i s m e N such that for each £ e N there are
ck > 0 and n* e N for which

(1) \T(k)\k<ck _

rtk,p

for all k e kp(A) (this follows from the fact that T e L(kp(A), F) and that, for each
m e N, A.p(A;/m) := (A e kp(A); A., = 0 for all i £ Im] is a sectional subspace
of A.p(A)). Moreover, we have:

LEMMA 2.3. Let 1 < p < +00 orp = 0 . L«r A = (an)n bean increasing sequence
of strictly positive weights on I satisfying condition (M, J). Let F be a Frechet
space with a fundamental increasing sequence (| I*)* of continuous seminorms. Then
L(kp (A), F; J) is a dense subspace ofLb(kp (A), F).

PROOF. Let T e L(kp(A), F). Let B be an absolutely convex bounded subset of
kp(A),e > 0and& 6 N. By [6, Proposition 2.5] we can suppose that B = v[lp(I)]i =
{V/J, = (v(i)fj,i)j; n e [lp(I)]i] for some v e V.

Consider the absolutely convex 0-neighbourhood of Lb(kp(A), F) given by

W := {R e L(kp(A), F); *(«[/„(/)],) c Vk}.

We claim that there is S e L(kp(A), F; J) such that T — S e e W, or equivalently
supXeii[V ( /)) | \T(k) — S(k)\k < c. Since T is linear and continuous, for the given k,
there are ck > 0 and nk € N such that, for each k e kp(A), \T(k)\k < Ci||A.||n,iP;
thereby implying that, for each k = vfx e v[lp(I)]\,

(2) \T(k)\k<ck

where by Lemma 2.2 there is m0 e N such that, for each m > m0,

(3) sup I > vp(i)a? (OlMil I < f/2ct.
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[7] Projective descriptions of the (LF)-spaces 169

Now, we define a map S : kp (A) -> F by S(k) := T( ^ . ^ A.,-*,-) = £ , . ^ A, T(.e,),
k e kp(A); clearly 5 e L(kp(A), F\ J). Moreover, by (2) and (3), for each! = vfi e

\T(k) - S(k)\k =

It follows that supXe01/ (/)Jj | 7"(A) — S(A.)|* < e/2 < e and the proof is then complete.

•
REMARK 2.4. From the proof of Lemma 2.3, it is clear that given T e L(kp(A), F)

and, for each m e N, Tm : AP(A) -> F defined by Tm(A) := T(Y,^Imk,e) for
A 6 kp(A), it holds that (7m)m c L(kp(A), F; J) and Tm A 7 in Lt(Xp(A), F).

On the other hand, we have:

LEMMA 2.5. Ler 1 < p < +oo or p = 0 . Ler A = (an)n be an increasing
sequence of strictly positive weights on I satisfying (N, J). Let F be a Frechet
space with a fundamental increasing sequence (| )*)* of continuous seminorms. Then
L(kp(A), F; J) is a subspace ofLB(kp(A), F).

P R O O F . Let T e L(kp(A), F; J). Then , by (1) there i s m e N such that for each
k e M there exist ck > 0 and nk e N, nk > k, for which

I i e / m i€/m

for all A € kp(A).
Since A satisfies condition (N, 7), there exists n(m) > m such that, for each

h > n{m), inf,6/m an(m)(i)/ah(i) = ah > 0, or equivalently an(m) > ahah on lm. Thus,
for each k > n(m) (and hence nk > k > n(m)) and A e Ap (A),

ie/™ n(m),p

This means that T e L(lp(an(m)), F) and hence T e LB{kp(A), F). •
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At this point we are able to state and prove the following basic result towards
Theorem 2.1.

LEMMA 2.6. Let 1 < p < +00 or p = 0 and let A = (an)n be an increasing
sequence of strictly positive weights on I. Let F be a Frechet space with a fundamental
increasing sequence (| \k)k of continuous seminorms. If the sequence A satisfies
condition (N, J) and condition (C,) holds, then LBj(Xp(A), F) and Lb(Xp(A), F)
induce the same topology on L(XP(A), F\J).

PROOF. By Lemma 2.5, L(XP(A), F ; J) C LB(XP(A), F). We now remark that
replacing the increasing sequence (an)n by (an(m))m if necessary, we can assume
that n(m) = m in condition (N, J) so that, for each m e N and each k > m,
inf,e/m am(i)/ak(i) > 0. For each m € N, let Sm := inf,e/m am{i)/an+x{i) > 0.

For a fixed absolutely convex 0-neighbourhood U of LBj(Xp(A), F), for each
/ € N, there is *(/) > k(l-l) (k(0) := 0) so that fi,,t(0 c U. Since U is an absolutely
convex set, we have

m€N (=1

By (C,), for the given sequences (2~')/ and (£(/));, there are (y,); c R+ and Jt 6
such that, for each n e M,

(4)

Inductively, we may now choose an increasing sequence (a , ) ; of positive numbers
with, for each./' € N, a, > y~x and aJ + i > OCJ /Sj so that, defining v := inf^6N â  vj e V,
we conclude (as in [5, Proof of Lemma 3.12]) that, foreachw € M, V\im = minj<m cij Vj.
Let B := v[lp(I)]i. By [6, Proposition 2.5], B is an absolutely convex bounded subset
of kp(A) and hence the set V := [T e L(XP(A), F); T{B) c Vi} is an absolutely
convex 0-neighbourhood of Lb(Xp (A), F). We claim that V D L(Xp (A), F; J) c (/.
Indeed, if 7 e V D L(A.P (A), F ; 7), then

xefl

andthereis^T e N such that T(A.) = r ( ^ , e / j t . A.,-e,-) for all A. G kp(A). For each/ G /*:
let /i(/) := min(/ e {1, 2 , . . . , K)\ cij Vj (/) = [>(/)} and for each n = 1, . . . , K, let
7n := {/ 6 /*:; A(/) = n). Obviously, IK — | j f = i h and 7n n Jm — 0 if n ^ m. Next,
for each n = 1 , . . . , K we define a linear and continuous map T" : A.p (A) -> F by
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[9] Projective descriptions of the (LF)-spaces 171

Clearly, T = £*= I Tn. We show that T" e ynfin,t for all n = 1 , . . . , K.
Since T e L(kp(A), F\J) c LB(kp{A), F), T e L(lp(a,), F) for some / € N

and hence, for each h e N there is ch > 0 such that

(5) < c* |X,|'of (i)

for all k e lp {at). On the other hand, by definition of v, we have that, for each i e Jn,

1 , , , , 1
= vM) = c* anvn(i) = an v(i) < an aiVi(i) = an a/ .

By (5) it follows that, for each h e M and A. e lp(an),

\Tn(k)\h =

which yields T e L(lp(an), F). Moreover, if A. € lp(an) with \\k\\n,p < 1, then
kiJn = v(kUn)/v 6 l/anv[lp(I)]i = l/anB because

therefore \Tn(k)\k = \T(klJn)\k < \/an and hence \T"(k)\k < yn because l/an < yn.
We have thus shown that T = £*= 1 Tn e ^ = i YnBn.k- By (4) it follows that

T e £ X i 2~'BiMi) for some m 6 N and then T e U. •

Finally, we can give

PROOF OF THEOREM 2.1. Since the sequence A satisfies condition (D) and (C,)
holds, by Lemma 2.6, LS,(A.P(A), F) and Lfc(>.p(A), F) induce the same topology
on L(kp(A), F,J) (where L(kp(A), F\J) c LB(A.P(A), F) by Lemma 2.5) and by
Lemma 2.3 L(A/7(A), F; 7) is a dense subspace of Li,(A.p(A), F). Consequently,
L(A.p(A), F; 7) is also a dense subspace of LBj(kp(A), F). Thus Lemma 1.2 of [7]
implies that LB,(A.P(A), F) is a topological subspace of Li,(A.p(A), F). •

REMARK 2.7. If F is a Banach space, condition (C,) clearly holds because, denoting
the norm of F by | |, | \k = | | for all k e H. Therefore, for 1 < p < +00 or
p = 0, Lfi,(A.p(A), F) = Lft(Xp(A), F) holds topologically whenever the sequence A
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satisfies condition (D), that is, if kp(A) has the density condition of Heinrich; in
this case, it follows that LBi(kp(A), F) ~ Lb(kp(A), F) is a complete (LB)-space.
Unfortunately, this result remains true only in the setting of echelon spaces satisfying
the density condition. Indeed, there are examples of Frechet-Montel spaces E (hence
with the density condition) such that Lb{E, l2) is not even a (DF)-space (see [21])
and of Frechet-Schwartz spaces E and Banach spaces X such that Lb{E, X) is not a
(DF)-space (see [18]).

Then, by Remark 2.7 we immediately obtain well-known results of Bonet and Diaz
([8, Theorem 13] for 1 < p < +oo) and of Bierstedt and Bonet ([2, Proposition 2.3],
[3, Proposition 2.3] for p = 1), that is,

COROLLARY 2.8. Let 1 < p < +00 or p = 0. Let A = (an)n be an increasing
sequence of strictly positive weights on I and let F be a Banach space. If the
sequence A satisfies condition (D), then Lb(kp(A), F) is a bornological (DF)-space.

Moreover, by Remark 2.7 and by the fact that Lb(C(S), E) is topologically iso-
morphic to C(S, E'b) for every Frechet-Montel space E and compact Hausdorff space
5, we also obtain the following result of Domanski [13, Theorem 3.1]

COROLLARY 2.9. Let S be a compact Hausdorff space and let 1 < p < +00 or
p = 0. Let A = (an)n be an increasing sequence of strictly positive weights on I
and V = (l/an)n. If kp(A) is a Frechet-Montel space, then C(S,kq(y)), with
l/q + l/p = I if I < p < +00 or q = 1 if p = 0, is a complete (LB)-space and
hence bornological.

Recall that the problem if C(5, E'b) is an (LB)-space for every Frechet-Montel
space E and every compact Hausdorff space 5 was posed by Bierstedt and Schmets
[19, page 103]. Only other some partial solutions are known: C(/JN, E'b) and co(E'b)
are (LB)-spaces for every Frechet-Montel space E [12, Corollary 6.3] (the case co(£j)
has been solved by Dierolf); if £ is a Frechet-Schwartz space, C(S, E'b) is an (LB)-
space for every compact Hausdorff space 5.

3. Sufficient and necessary conditions for projective descriptions
of the (LF)-spaces LJ?,(X,(A), F)

It was proved in [1, Theorem 1] that conditions (i) and (ii) of Theorem 2.1 are also
necessary for LB,(A.i(A), F) to be a topological subspace of Lb(ki{A), F). But this
is no longer true for 1 < p < +00 or p = 0 as the following result shows.

THEOREM 3.1. Let E be a Frechet space with a fundamental increasing sequence
(II \\n)n of continuous seminorms. Then the following conditions are equivalent:
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[11] Projective descriptions of the (LF)-spaces 173

(i) LBj(E, co) is a topological subspace ofLb(E, co).
(ii) E is distinguished and condition (C,) holds.

The above theorem should be compared with [4, Proposition 3.12]. Also, we point
out that A.! (A) is distinguished if and only if it has the density condition, that is, the
sequence A satisfies condition (D); while for 1 < p < +oo or p = 0, Xp (A) is always
distinguished and has the density condition if and only if the sequence A satisfies (D).
Thus, for E = A.] (A), Theorem 3.1 is a direct consequence of [1, Theorem 1] and for
E = kp(A), 1 < p < +oo or p = 0, gives a complete characterization.

PROOF. We start by observing that LB,(£, co) = indn(£^)N and Lb(E, co) = (E'b)"
hold topologically; hence condition (C,) turns out as: for each (A./); c K+ and for
each (k(l))t non-decreasing sequence of positive integers, there are (Yj)j C K+ and
i e N such that

(c,y v*eN ;£>(#,)* x(u;)NcU£;
j=\

(i) implies (ii): Let define a map J : E\ ->• indn(£";)N by J(u) := (M, 0, 0 , . . . ) for
u e E' and a map P : {E'b)

H - • £ ; by />(«„)„ := «, for (Mn)n e (E'b)
N. Clearly, 7 is

a topological isomorphism into and P is a topological surjection. Denoting by / the
canonical inclusion of mdn{E'n)

H into (E'b)
N, we have that P o I o J = Idf. Since /

is a topological isomorphism into, it follows that the map E\ e-> E ,̂ is also open and
hence E is distinguished.

Next, for fixed (A.,)/ c K+ and (&(/))/ C N, consider the set

(6)

which is an absolutely convex 0-neighbourhood of indn(£^)N. Then, by assumption
there are k e H and a closed absolutely convex bounded subset B of E such that
V := (8)k x (E')N is a closed absolutely convex 0-neighbourhood of (E'b)

N and
V n indn(E'n)

H C U. Since B is a bounded set of E, there is (a,),- c K+ so that,
for each j e N, sup^gg ||JC ||; < ay. Put y; := Z"-'"1^"1 > 0, we claim that, for each
" e N, £ ; _ , y ; ( ^ ) * x (£j)N C U. Fix n e N and « e E;"=, Y)0i)k X ( £ j )N-
Then u = E"=j«y. w i t h "y = ("•;)• e W(^/)* x ( ^ ) N f o r a11 J = ! . • • • . « •
Now, Uj e (E'j)N and utj € y; {), for all7 = 1 , . . . , n and i = 1 , . . . . /t; hence for
7 = 1 , . . . ,n and i = 1 , . . . , k,

sup \utj (x)\ < sup ||«y Ii; ||jf ||; < Yj sup ||*||;
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It follows that, for each j = 1 , . . . , n, Uj e 2~j~l V; therefore

and sou € U. By (C,)' and by (6) the proof is then complete.
(ii) implies (i): Let W be an absolutely convex O-neighbourhood of indn(E'n)

N.
Then, there are (A.;); c K+ and a non-decreasing sequence (fc(Z)); of positive integers
such that, for each / e N, A./(#/)*(0 x (£,')" C W and hence

meN (=1

By (C,), taking (A.',)/ = (2"%),, there exist (yj)j C R+ and Jfc € N for which

PN s U E2-
meN /=1

Put V := UneN H/=i ^-' Yjftj- Then V is an absolutely convex O-neighbourhood
of E\. Since £ is distinguished, there is a closed absolutely convex bounded set B
of E such that $ c V.

Consider the set U := (fi)k x (E')N- This is a O-neighbourhood in (E£)N. We
claim that UD indn(£;)N C W. Let u e UC\ mdn(E'n)

N. Then u = (M,), with M, e ^
for all i = 1,... ,k and M, e f1^ for all i e H and some nQ eN. Since $ C V, there
is n'o e N such that, for each i = 1 , . . . , k.

o

(7)

with «y € {); for ally = 1 , . . . , n'o.
To conclude the proof we have to consider the following two cases.

(n'o < n0): Then, by (7),

u = ((«,),<*, (0)i> t)

no
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(n0 < no): Put Wj : = ((«/,),<*, (0)1 > t ) for j e {l,...,n'0)\ {n0} and wn<> : =

i(uino)i<k,(2
ny-lui)i>k). Then, Wj e (£/,)* x ( £ j ) N f o r ; e { 1 , . . . ,n'o) \ {n0}

and wno e (£/„„)* x (E'no)" and hence

u =

The proof is now complete. •

Under additional assumptions on F we are able to prove that conditions (i) and (ii)

of Theorem 2.1 turn out to be also necessary for LB,(X P (A) , F) to be a topological

subspace of Lb(kp(A), F) also for 1 < p < + o o . Indeed, we have

THEOREM 3.2. Let 1 < p, q < + 0 0 and let A = (an)n be an increasing sequence

of strictly positive weights on I. Let F = kq(A) or F be a Frechet space which

contains a complemented copy of lq. If p < q, then the following conditions are

equivalent:

(i) LBi(kp (A), F) is a topological subspace ofLb(kp (A), F).

(ii) The sequence A satisfies condition (D) and (C,) holds.

PROOF, (ii) implies (i): This follows from Theorem 2 .1 .

(i) implies (ii): First we show that (C,) holds. Its proof is very similar to the one of

Theorem 3.1 showing that (i) implies (ii).

Fix (kt)i C K+ and a non-decreasing sequence (&(/))< of positive integers and

consider the set U : = [JmeN Y17=\ 2~%B/>i(j), which is an absolutely convex 0-neigh-

bourhood in Lfi ,(Xp(A), F). By assumption, there are it € N and an absolutely

convex bounded subset B of E such that V := [T e L(XP(A), F) : T(B) C Vk} is a

O-neighbourhood of Lb(kp(A), F) and VnLB(kp(A), F) c U.
Since B is a bounded set of kp(A), for each j € N, a, := supX€B ||A.||;iP < +00.

Put Yj := 2-;- 'a-1 > 0 for aily e N. We prove that £;"=1 Yj Bjk c U holds for all
n € N.

Let n e N and T e £"=1 j / ;BM. Then T = ]T"=1 7}, with 7} e y7fl,,t for all
j = 1,...,«. Consequently, for; = 1 , . . . , n, 7J e L(/P(a;), F) and

sup 17] (A) |4 < supy;||A.||jiP < )/,<*; = 2 ^ - ' .

This means that, for each j = I,... ,n, Tj e 2~J~l V and hence T = £ " = , 7} e
^" = 1 2--'-1 V c V. On the other hand, it is clear that T e LB(kp(A), F). Thus
T e VnLB(kp(A),F) C t/.

https://doi.org/10.1017/S1446788700003700 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700003700


176 Angela A. Albanese [14]

It remains to show that the sequence A satisfies condition (D). Proof of this is
inspired by the one of [11,4.8]. For this we have to consider two cases: (a)F = kq(A),
P < q\ (b) F contains a complemented copy of /,, p < q.

(a) Suppose that the sequence A does not satisfy condition (D). Then, by [3], kp (A)
has a sectional subspace isomorphic to kp(B), where B — (bn)n is a sequence on
N x N given by

\bn(k,j) = bl(kj) = l for all* >n;
(°) \ j

[bn+i (n,j) >-»• +oo for all n e N.

Since kp(B) is a sectional subspace of kp(A) and hence kq(B) is also a sectional
subspace of kq(A), by assumption it clearly follows that LB,(AP(B), kq(B)) is a
topological subspace of Lb(kp(B), kq(B)).

For each n e N, put

:= J ii = (ixkj)kj e kq(B); \n\n :=

Then (Un)n and (Vn)n form a basis of closed absolutely convex O-neighbourhoods
of kp(B) and of kq(B), respectively. Also, put

Bn := {T € L(lp(bn),kJB)); T(Un) c V,} for all n g N,

we have that Bn c Bn+l for every « e N and hence W := UneN ^« (tne

sure is taken in LBj(kp(B),kq(B))) is a closed absolutely convex O-neighbour-
hood in LBi(kp(B), kq(B)). Since LBj(kp(B), kq(B)) is a topological subspace of
Lb(kp(B), kq(B)), there is a closed absolutely convex bounded subset C of kp{B)
and &o € N such that

U:={TeLB(kp(B),kq(B)): T(Q c vy c (1/2) W.

Clearly, C C p)^ , crn Un, with (crn)n c K+ an increasing sequence such that on > 1
for every n e N ,

Now, we can find inductively an increasing sequence (m(n))n of positive integers
such that, for each n e N,

(9) m(n)> max {w(n- l ) , 2"+1an+1} and 6B(n-l,m(n) + l)>m(n
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with m(0) := 2ax and m(l) := 22a2. Indeed, suppose that we have determined

(m(n))k
n=l such that (9) holds for n = 1, . . . , k. Since bk+l(k,j) h+ +oo by (8), there

is m(& + 1) > max{m(ifc), 2k+2ai+2) such that **+](*, m(k + 1) + 1) > /n()t) -f 1.
For each n € N, let

m(n) + l\
— — i

m(n) ) k]

Then, for each n e H, un e 2UX D l/m(n)i/n+, \ (/„ because of (8) and (9); indeed,
for each n e N, we have

1 1 , 1 . - 1 m(n) + 1 ^ m(n) + 1 ^
" &i(n,m(n+1)+1) m(n) m(ra) ~ '

„ ,„ 1 m(n) + l < 1 m(n) + l 1

"+1 bn+l(n,m(n+l)+l) m(n) ~ m(n) + 1 m
, 1 m(n) + 1 _ m(«) + 1 >

" bn(n, m(n + 1) + I) m(n) m{n)

Let T: kp(B) ->• A.,(S) be a map defined by

for A = (At/)^ e XP(B) {{ekj)ki denotes here the usual vector basis ofkp(B)). Since
q > p, it follows from (8) that, for each /i € N and X e Xp (B),

, m(n

s 2 H
where ch := maxto<n<A_1 bh(n, m(n + 1) + 1); thereby implying that

\T(X)U <2\\X\\X

holds for all X e XP(B). Therefore, T € LB(XP(B), Xq(B)) and T e 25, . Moreover,
for e a c h X e C £ (XLt °n Un,

\n=ko /
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because k e an+\Un+\, un e \/m(n)Un+\ and by (9) m(n) > 2n+lan+i for every
n e N . Thus T e U c 1/2 W.

Now, wn ^ {/„ for each n > k0 and hence there is a closed absolutely convex
O-neighbourhood V'n in *„.(?") (1/p' + l/p = l,V = (l/bH)n) so that un£Un+ Vn'.
Put V := f]niko(l/2Un + V'n). Since it is bornivorous in kp,{V) , it is also a 0-
neighbourhood in kp* (¥') and hence $ is a closed absolutely convex bounded subset
of kp(B)and

Wl := {5 e LB(kp(B), kq(B)); 5(1?) c V,}

is an absolutely convex O-neighbourhood in LBt{kp{B), kq(B)).
Then 71 £ 1/2W c l/2|Jn>*o Bn + Wj. Consequently, there are n0 > *o and

7, 6 l/2fino, 72 e Wi such that 7 = 7 , + 72; we observe that 7, ((/„„) c 1/2 V,
and 72(V) c Vu or equivalently 7,'(1?1) c 1 / 2 ^ and 72'(tf,) c V. It follows that
r = T; + T{ and ( r - 7,'x^,) c v c i/2t>no + v; so that r M ) c ^ + v;.
Since ^m ( n o + 1 ) +i 6 ^i, by (8) ((«jL-)y denotes the dual basis of kpi{y')), we obtain
that Mno = T'«o>m(no+,)+1) e Ono + Vno, which is a contradiction.

(b) Arguing by contradiction as in the case (a), we find a sectional subspace of
A.P(A) isomorphic to kp(B), with B a sequence of weights on N x N satisfying
conditions (8).

Since kp (B) is a sectional subspace of kp (A) and F contains a complemented copy
of lq, by assumption it clearly follows that LBj(X.p(B), lq) is a topological subspace
of Lb(kp (B), lq). At this point to complete the proof it suffices to proceed in the same
way as in the case (a) with the only change to consider a map 7: kp (B) -> lq defined
by

n=ko

for kp (B), where (en)n denotes the usual vector basis of /,. •

Now Remark 2.7, Theorem 3.2 and [8, Theorem 13] imply again a well-known
result of Bonet, Diaz and Taskinen [9, Theorem 15], that is,

COROLLARY 3.3. Let 1 < p < q < +00 and let A be an increasing sequence of
strictly positive weights on N. Then Lb(kp (A), lq) is quasibarrelled if and only if it is
bomological if and only if the sequence A satisfies condition (D).

REMARK 3.4. Let 1 < p < q < +00. Let A be an increasing sequence of strictly
positive weights on / such that A does not satisfy condition (D). Let F = kq(A)
or let F be a Frechet space which contains a complemented copy of lq (as (lq)

N,
(/,)* n lrilr), r > q, L^iQ) with £1 an open set of R\ etc.). Then LBj(kp(A), F) is
not a topological subspace of Lb(kp(A), F).
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