Glasgow Math. J. 51 (2009) 631-649. © 2009 Glasgow Mathematical Journal Trust.
doi:10.1017/S001708950999005X. Printed in the United Kingdom

LEFT ¢,-FACTORABLE POLYNOMIALS

RAFFAELLA CILIA

Dipartimento di Matematica, Facolta di Scienze,
Universita di Catania, Viale Andrea Doria 6, 95125 Catania, Italy
e-mail: cilia@dmi.unict.it

and JOAQUIN M. GUTIERREZ

Departamento de Matematica Aplicada, ETS de Ingenieros Industriales,
Universidad Politécnica de Madrid, C. José Gutiérrez Abascal 2, 28006 Madrid, Spain
e-mail: jgutierrez(@etsii.upm.es

(Received 26 April 2008; revised 30 December 2008; accepted 17 April 2009)

Abstract. A polynomial P € P(“E, F)isleft £,-factorableif there are a polynomial
0 € P(*E, ¢;) and an operator L € L(£;, F) such that P = L o Q. We characterise the
Radon—Nikodym property by the left ¢;-factorisation of polynomials on L;(u). We
study the left £, -factorisation of nuclear, compact and Pietsch integral polynomials. For
Pietsch integral polynomials, we introduce the left integral £;-factorisation property,
obtaining a second polynomial characterisation of the Radon—Nikodym property and
showing that it plays a role somehow comparable, in this setting, to nuclearity of
operators. A characterisation of _Zj-spaces is also given in terms of the left compact
£;-factorisation of polynomials.

2000 Mathematics Subject Classification. Primary 46G25; secondary 47H60,
46B20, 46B22.

1. Introduction. The following result of Lewis and Stegall relates the Radon-—
Nikodym property with the ¢;-factorisation of (linear bounded) operators.

THEOREM 1.1. [18, Theorem II1.1.8] A Banach space F has the Radon—Nikodym
property if and only if for every finite measure space (2, X, ), every operator T:
Ly(n) — F admits a factorisation T = Lo S

T
Li(w) F

£

where S : Li() — £ and L : £y — F are operators. Moreover, we have
17N = inf[ISTILI,

where the infimum is taken over all such factorisations.
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In particular, let 7' : Lj(n) — F be a weakly compact operator. Since T factors
through a reflexive Banach space [18, Corollary VIII.4.9] and reflexive Banach spaces
have the Radon-Nikodym property, T is also £;-factorable.

We say that a polynomial P € P(XE, F)is left £,-factorable if there are a polynomial
0 € P(E, ¢,) and an operator L : ¢; — F such that P= Lo Q:

P
E F

£y

In this case, we denote
left P) := inf L
Ye, (P):=nf|| QL]

where the infimum is taken over all such factorisations.

In the present work, we give conditions for a polynomial to be left ¢;-factorable.
The right ¢;-factorisation is defined in a ‘symmetric’ way and will be considered in a
forthcoming paper.

We prove that for every nuclear polynomial P € Pn(E, F), there are a nuclear
polynomial Q € Pn(“E, ¢;) and an operator L:¢; — F such that P= Lo Q.
Moreover, the norms satisfy

IPlln = inf [ Qlix LI,

where the infimum is taken over all such factorisations.

We show that a similar result holds for Pietsch integral polynomials when the range
space F has the Radon—Nikodym property. Moreover, this left integral £;-factorisation
property of polynomials characterises the Radon—-Nikodym property and replaces
somehow in this theory the nuclearity of operators.

A result similar to Theorem 1.1 is obtained for polynomials on L;(u), giving
another polynomial characterisation of the Radon—-Nikodym property.

Finally, we show that a compact polynomial on an .#;-space factors compactly
through ¢;, and this property characterises .Z}-spaces.

The paper is organised as follows: Section 1 contains introductory material
and preparatory results. Section 2 studies the relationship of the left £;-factorable
polynomials with other ideals of polynomials (mainly nuclear and compact
polynomials). In Section 3 we introduce and study the left integral ¢,-factorisation
property. We show that it characterises the Radon—Nikodym property, and we give a
result on composition of polynomials and operators, which improves previous work
by the authors.

Throughout, E, F, G, X and Y denote Banach spaces, E* is the dual of E and Bg
stands for its closed unit ball. The closed unit ball Bg: will always be endowed with
the weak-star topology. By N we represent the set of all natural numbers and by K the
scalar field (real or complex). By £ = F, we mean that the Banach spaces E and F are
isometrically isomorphic, while £ >~ F means that £ and F are isomorphic.

We use the symbol L(E, F) for the space of all (linear bounded) operators from E
into F endowed with the operator norm. Its subspace of compact operators is denoted
by K(E, F). Given a space F, we shall denote by jr the natural isometric embedding of
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F into its bidual F**. The sequence (e,)52, represents the canonical unit vector basis
Ofﬂ].

Given k € N, we denote by P(“E, F) the space of all k-homogeneous (continuous)
polynomials from E into F endowed with the supremum norm. When F is omitted, it
is understood to be the scalar field. Recall that with each P € P(“E, F) we can associate
a unique symmetric k-linear mapping P : Ex %. x E — F so that

P(x) = ?(x W, x) (x € E).

For the general theory of multilinear mappings and polynomials on Banach spaces,
we refer the reader to [19] and [29]. The notion of ideal of vector-valued polynomials
may be seen, for instance, in [24] and [8].

We use the notation @E := EQ . ®E for the k-fold tensor product of E, E ®, F
for the completed projective tensor product of £ and F and ®F E (respectively ®E) for
the space ®“E endowed with the completed projective (respectively injective) tensor
norm (see [18] for the theory of tensor products). By ®’S‘E = EQ, X. ®,E we denote
the k-fold symmetric tensor product of E, that is the set of all elements u € ®*E of the
form

n
u:Z)»jxj@) ) ®Xx; meN, el x;€eE, 1<j<n).
J=1

By ®* |E (respectively ®F (E) we represent the space ®%E endowed with the topology
induced by that of ®§E (respectively ®’§E). For symmetric tensor products, the reader
is referred to [21].
By
8 E— @S E, or §:E— ®YE, or &:E— QL E,
we denote the canonical k-homogeneous polynomial given by

Si(x) =x@ P @x  (xe€E).

If4:FE x---x E — F is a k-linear (continuous) mapping, the linearisation of
A is the operator

Z:E1®n“'®nEk—)F
given by
A le,j@)"'@xk,j :ZA(X]J,...,X](‘,‘)
Jj=1 J=1

forall x;; e E; (1 <i<k, 1<j<n)I[31, p. 24]. For a polynomial P P(E, F), its
linearisation

P:®E—F
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is the operator given by

P> axe ©.ex | =) 1Px)
j=1 Jj=1
forallx; e Eand A; e K(1 <j < n).

Given a polynomial P € P(*E, F), its adjoint is the operator

P F* — P(E)
defined by P*(y)(x):= ¢ o P(x), for x€ E and ¢ € F*. Note that up to the
isomorphism (®§JE)* ~ P(*E), the adjoints P* and (P)* coincide.

A polynomial P € P(*E, F) is (weakly) compact if P(Bg) is a relatively (weakly)
compact subset of F. The space of compact polynomials from E into F is denoted by
Px(“E, F). We denote by Py (*E, F) the space of polynomials from E into F whose
restrictions to bounded subsets of E are weakly continuous. It is well known that

Pub(“E, F) € Px(*E, F) (see [6, Lemma 2.2] and [5, Theorem 2.9]).
A polynomial P € P(*E, F) is nuclear [3] if it can be written in the form

P(x)=Y xi(xfy  (xeE) (1)
i=l
where (x}) C £* and (y;) C F are bounded sequences such that
> 1yl < oo )
i=1

We denote by Pn(“E, F) the space of all k-homogeneous nuclear polynomials from E
into F endowed with the nuclear norm

o0
3 k
1PN = inf Y 1511 Lyl
i=1

where the infimum is taken over all bounded sequences (x7) C E* and (y;) C F which
satisfy (1) and (2).

A polynomial P € P(*E, F) is Pietsch integral (respectively Grothendieck integral)
[3] if there exists a regular countably additive, F-valued (respectively F**-valued) Borel
measure ¢ of bounded variation on B+ such that

P(x) = /B I dY(x*)  (x € E). (©)

The symbol Pp;(“E, F) (respectively Py(“E, F)) denotes the space of all Pietsch integral
(respectively integral) k-homogeneous polynomials from E into F endowed with the
Pietsch integral norm (respectively integral norm)

IPllpr := inf|¥| (Bg.)  (respectively || P|; := inf|¥| (Bg)).

where |¢| denotes the variation of ¢ and the infimum is taken over all vector measures
¢ satisfying the definition.
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It is well known and easy to verify that
Pn(CE.F) € Pu(‘E, F) € P(E. F)
with
IPI < 1Pl < IPllpr < [IPllx forevery P e Pn(‘E. F).

The space of Pietsch integral operators from E into F is denoted by PZ(E, F).

We consider in this paper L;(u) spaces for finite measures u, but this covers much
more general situations. Indeed, if v is a o-finite measure, then there is a probability
measure u such that L;(u) = Ly(v) [1, Section 5.1].

A Banach space F' has the Radon—Nikodym property if for every finite measure
space (€2, X, ) and for each u-continuous vector measure ¢ : ¥ — F of bounded
variation, there exists g € L(u, F) such that

Y(A) = / gdu forall4 € X.
4

The space ¢; and the reflexive Banach spaces have the Radon—-Nikodym property.
The reader is referred to [18, Section VIL.6] for many equivalent formulations of the
Radon-Nikodym property and to [18, Section VIL.7] for a list of spaces with (and
without) the Radon—Nikodym property.

We shall need the following essentially known result.

THEOREM 1.2. Given a polynomial P € P(*E, F), the following assertions are
equivalent:

(a) P is Pietsch integral.

(b) There are a compact Hausdorff space K, an into isomorphism

h e L(E, C(K)),
a finite nonnegative countably additive, Borel measure w on K and an operator
S € LIL(K, n), F)

such that the following diagram is commutative:

E ", F

] Ts
CK) —— LK. p)
where J is the natural inclusion and R is the polynomial given by
R(x) := [A(x)]" forall xe€E.
Moreover, if P is Pietsch integral, we have
[ Pllpy = inf [|RI [ISII 11y »

where the infimum is taken over all possible factorisations.
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Proof. The equivalence (a) < (b) is proved in [16, Theorem 2.3]. Using [17, D3],
the equality ||J]| = ||/]lp; [17, Theorem 10.5], and a slight modification of the proof of
[16, Theorem 2.3], we obtain the equality of the norms. Il

As the referee pointed out, Theorem 1.2 can also be obtained from [11,
Proposition 2.10].
A similar result holds for integral polynomials, upon replacing P by jr o P.

THEOREM 1.3. The class of all left £1-factorable k-homogeneous polynomials is a

Banach ideal of polynomials, endowed with the norm ygeﬂ.

Proof. By [23, Criterion 1.4], which is also valid for vector-valued polynomials, we
need to show that given a sequence (P,) C P(*E, F) of left ¢,-factorable polynomials
so that

Z Vi (Py) < 400,

n=1

P:=Y ", P, isleft ¢,-factorable and

yit(P) < 3yl p). 4)

n=1

Since | P, || < yfﬁ(P,,) foralln € N, the series ) -, P, is absolutely convergent in
the Banach space P(*E, F) and so it is convergent. Let P := > >, Py. Foreachn e N
and € > 0, there are a polynomial Q, € P(*E, £;) and an operator T, € L(¢;, F) so
that P, = T, 0 Oy, with | T,,|| < 1 and |10, < ¥, eﬁ(P ) + €27". Define the polynomial

oo ()

n=1
by
O(x) := (Qu(x))2, forx e E.

Cleally, 42 1S Well deﬁlled. Let
<Zﬂl )

T ((xn)22y) Z Ty(x,), forx, et (neN).

be the operator given by

Since

1T (GenpZ) | < DTl < ) lall = [ (el

n=1 n=1

T is well defined, with | T|| < 1.

’
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On the other hand, we have

To Q) =Y T(Qx) = Y Pu(x)= P(x)  (x€ E).

n=1 n=1

Recalling that (Z:il 21)1 is isometrically isomorphic to £; [35, Examples I1.B.22], we
have that P is left ¢;-factorable. Moreover,

o0 o0
v (P) < ITIHIQH < 101 < D N1Qull < Y v/ (P) + €.
n=1 n=1

Since € > 0 is arbitrary, we obtain the desired result (4). It is easy to see that the other
conditions of [23, Criterion 1.4] are fulfilled. ]

2. Relationship with other ideals of polynomials. In this section, we show that
every nuclear polynomial factors through a nuclear polynomial into £;, and we obtain
norm estimates of the factors. We give a characterisation of the Radon—Nikodym
property in terms of left ¢,-factorisation of polynomials, extending Theorem 1.1 to
the polynomial setting. Finally, we characterise .Zj-spaces by the left compact ¢;-
factorisation of compact polynomials.

The ideal of nuclear polynomials is the smallest Banach ideal of polynomials. This
is proved in [22, Proposition 1.7] in the scalar-valued case, but the proof is also valid
in the vector-valued setting. Hence, every nuclear polynomial P is left £,-factorable
and

VeEN(P) < |IPlix -

We shall however give a theorem on left nuclear ¢;-factorisation of nuclear polynomials
in order to obtain norm equalities which are interesting in their own right. We shall see
that every nuclear polynomial factors through a ‘standard’ nuclear polynomial that we
consider in the next proposition whose proof is simple.

PROPOSITION 2.1. Given A = (A,) € £1, the polynomial M, € P(*lwy, £,) defined by
M (x) == (A,,xﬁ)il , Jorx = (X)) € Loo,
is nuclear and

M50 = I M5 lln = N2l

This result is also valid if the domain space is ¢ instead of £.

The factorisations of the next theorem are proved in [13, Proposition 6]. Here we
add the equalities of the norms. We first give a (probably well-known) preparatory
lemma. Its proof is easy, using [30, Exercise 3.12].

LEMMA 2.2. Given L = (A,) € £1 and 0 < € < 2, there are (a,),2, € co with 0 <
a, <1 foralln e Nandzt := (t,) € £y such that A, = a,T,, with

Izl < lIAll +e.
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THEOREM 2.3. Let P € P(*E, F) be a polynomial. The following assertions are
equivalent:

(a) P is nuclear.

(b) There are operators U € L(E, Lx) and V € L(L1, F) and a polynomial M, €
P(Klos, £1) of the form M,(z) = (Anzﬁ);',il, where & = (A,) € £y and z = (z,) € £wo, Such
that the following diagram commutes:

E L, F

o T

boo —— 4

A

(c) There are compact operators T € K(E, cy) and S € K(£y, F) and a polynomial
M. € Pk, £1) of the form M.(y) = (t,)* o0 1, where T := (1,) € £y and y = (y) € co,
such that the following diagram commutes:

E—P—>F

T

cg —> £
I

T

Moreover, if P is nuclear, we have
I[Pl = inf [UIF AL 1V = inf [ T1F <] 1S]

where the infimum is taken over all factorisations as in (b) and (c).

Proof. (a) = (b). Assume P € Pn(*E, F). For every € > 0, there are bounded
sequences (¢,) C E* and (y,) C F such that

P = ¢y, forallxe Ewith > [l lyall < IPlIx +e.

n=1 n=1

Define U € L(E, L), V € L(£1, F)and L = (A,) € £; by

Ux): = (d’"(x))oo €l (x€E),
n=1

llnll
A= lgall“llyall (e N),
Vie:=-2"cF (neN).
1l

Then, we easily obtain
Vo M; o U(x) = P(x) (x € E);

so the diagram of (b) is commutative. Moreover, || V|| = ||U| = 1 and

o0
IPlly = 1V o My 0 Ully < IVIIATUN = 1A =Y llgall* Iyall < 1Pl +e.

n=1
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and we conclude that
Pl = inf | V] [|A]l IUk.

(a) = (c). Let P € Pn(“E, F). Given 0 < € < 2, we can find a factorisation as in
(b)with | U] = | V|| = 1 and

€
1Pl = 1A < 1Plln + 5-

Then, by Lemma 2.2, there are ()52, € co with 0 <, <1 foralln e N and 7 :=
(1) € £ such that A, = «;,7,,, with

Izl < Il + <
T —.
- 2

Define operators B € L(£~,, ¢p) and 4 € L(£y, £1) and a polynomial M’ € P(¥c,, £;) by

B(z): = (a,ll/ (2]‘)2,1)00

—® forz = (z,) € £,

A) : = () w,) |, foro = (w) € €1,
M ()= (zy),_y s fory = () € co.
Then, A and B are compact with norm < 1 and
M, = AoM. o B;

so the following diagram is commutative:

eooL)gl

5| Ta

cg — £
M!

T

Let T:=BoUand S :=VoA.Then
P=VoM,oU=VoAoM.oBoU=SoM,oT;
o)
1Pl < ST | M5 [ ITHE

= ISl <l IT1*,
< Al i<l I1BI* (since U] = V]I = 1),

< Il + <
< 2,
< [|IPllx + €.

and therefore

1Pl = inf [1S] <)l 1 711*
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(b) = (a) and (c) = (a). It is enough to use Proposition 2.1 and the comment after
it and the ideal property. O

COROLLARY 2.4. For every P € Pn(*E, F), there are a polynomial Q € Pn(*E, €1)
and an operator T € L(£1, F) such that P =T o Q and

IPln = inf [ Qlx Il

where the infimum is taken over all possible factorisations.

Proof. By Theorem 2.3, we have a commutative diagram

E —— F

and
IPln = 1T o M;, 0 Sllx < ITI 1M 0 Slix < [T AN ST
Given € > 0, we can choose S, A and T so that
ITIIAL IS < 1Pllx + €.
So, letting O := M, o S € Pn(“E, £,), we have
I Pllx = inf [QlN T,
and the proof is finished. O

Using Theorem 2.3(c) we can assume 7 in Corollary 2.4 to be compact.
Recall [7, p. 168] that for each i € N, there are operators

7T ®j:r3E — ®. E and  j:Q®, E— ®;+}E

such that 7; o j is the identity map on @/, (E.
Observe that if a polynomial P e P(E, F) is left ¢;-factorable in the form
P=LoQ, then its linearisation P € L(®% E, F) is ¢;-factorable in the form

P=LoQ.

PROPOSITION 2.5. Let E and F be Banach spaces, and let k € N. Assume that every
polynomial P € P(*E, F) is left £ -factorable. Then every operator T € L(E, F) is £,-
factorable.

Proof. Let T € L(E, F) be given. Consider the polynomial
P=Tomo...om_106;: E— F.
By the hypothesis, P is left ¢;-factorable. By the above comment, its linearisation

7’=Tomo...onk_1 :®7I§.SE—>F
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is £;-factorable. It follows that the operator
T=Tomo---om_ ojk_l O-~-Oj1 Eﬁ(E,F)

is also £;-factorable. O

REMARK 2.6. In Proposition 2.5, from the fact that every k-homogeneous
polynomial between E and F satisfies a property, we deduce that every operator between
E and F satisfies the same property. This is also done in the proof of Theorem 2.9, part
(b) = (d), and in Proposition 3.1.

A general procedure (not using tensor products) to pass from properties of ideals
of polynomials to properties of operator ideals and vice versa has been developed in
[8] and [10, Proposition 1.6].

THEOREM 2.7. Given a Banach space F, the following assertions are equivalent:

(a) F has the Radon—Nikodym property;

(b) for every finite measure space (2, X, ) and for every k € N, every polynomial
P e P("L\(1), F) is left £,-factorable;

(¢) for every finite measure space (2, T, ), there is an integer k € N such that every
polynomial P € P(*Li(), F) is left £,-factorable.

Proof. (a) = (b). Let P e P(*Li(n), F) be a polynomial. Since ®L;(n) is
isometrically isomorphic to Li(v) for some finite measure v [33, Exercise 2.8], by
Theorem 1.1, there are operators S € £ (®f§L1(/L), 61) and L € L(¢1, F) such that

7P=LOS;

Li(w)

~)

Sk L

S
Li(v) = @ Li(n) — ¢

Then, P = Lo Q, with Q := S0 8 € P(“Li(n), £1).

(b) = (c) is obvious.

(¢) = (a). By Proposition 2.5, every operator T € L(Li(n), F) is ¢;-factorable.
By the Lewis—Stegall theorem (Theorem 1.1), F has the Radon-Nikodym
property. ]

We do not know if the equality || P|| = inf ||Q| |L]| holds, where the infimum
should be taken over all possible factorisations. It seems to us that in order to prove
such an equality, we would need to introduce the concept of representable polynomials,
which is beyond the scope of this paper.

REMARK 2.8. If P € P(*Li(n), F) is a weakly compact polynomial, there are a
reflexive Banach space G, a polynomial Q € P(“L,(1), G) and an operator U € L(G, F)
such that P = U o Q [32, Theorem 3.7]. Since G has the Radon-Nikodym property,
Theorem 2.7 implies that P is left £;-factorable.

We now study the left ¢;-factorisation of compact polynomials on %} -spaces. The
definition and basic properties of .Z),-spaces may be seen in [27, 28]. We say that an

https://doi.org/10.1017/5001708950999005X Published online by Cambridge University Press


https://doi.org/10.1017/S001708950999005X

642 RAFFAELLA CILIA AND JOAQUIN M. GUTIERREZ

operator T' € KC(E, F) factors compactly through ¢, if there are operators S € K(E, £;)
and L € K(¢;, F)suchthat T = Lo S.

THEOREM 2.9. Given a Banach space E, the following assertions are equivalent:

(a) E is an L4 -space;

(b) for every (some) k € N and every Banach space F, for every polynomial P €
Px(“E, F), there are a polynomial Q € Px(*E, £,) and an operator L € K(£;, F) such
that P= Lo Q;

(c) for every (some) k € N and every Banach space F, for every polynomial P €
Puvr(*E, F), there are a polynomial Q € Pyp("E, £1) and an operator L € K(£y, F) such

that P = Lo Q;
(d) for every Banach space F, every operator T € K(E, F) factors compactly
through £,.

Proof. (a) = (b). Suppose that E is an Zj-space. Let P e Px(“E, F) be a
compact polynomial. Then the linearisation P is compact [31, Lemma 4.1]. By [20,
Corollary 3.3], there are a Banach space G and operators A € IC(®§‘,,SE, G) and

B € K(G, F) such that P = Bo 4:

P
®L E F
G
The range of A4* is in P(“E) ~ (®f[’SE)* which is an Z,,-space [14, p. 233]. By [26,

Theorem 2], A* factors compactly through cy; so there are operators U € K(G*, cy)
and V € K(co, P(“E)) such that 4* = V o U:

F* P(E)

U
G*

€o

Taking adjoints, we have that P** factors compactly through ¢;. Note that the
ranges of P** and B** are contained in F:

P B**
E F G**

Sk P U*

(®F E)" ~ P(E)

k
®; E £

Jek (E

Since the above diagram is commutative, letting Q := V™ o jgr g o & € Px(E, ¢1)
and L := B*™ o U* € K(£1, F), the result is proved. h

(b) = (d). Suppose (b) holds for some k € N. A simple modification of the proof
of Proposition 2.5 allows us to obtain (d).

(d) = (c). Let P € Pyp(“E, F) be a polynomial whose restrictions to bounded

subsets are weakly continuous. By [25, Corollary 15], there are a Banach space G, an

v+
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operator S € K(E, G) and a polynomial R € Py,(*G, F) such that P = Ro S. By (d),
there are operators A € KC(E, £1) and B € K(£;, G) such that S = Bo A4:

S

® B
k
®,4

Let 8 : £1 — ®%¢; and 8, : G — ®%G be the canonical polynomials. Let Q :=

8 0 A € Pun(“E, ®£1) and let L := Ro (R*B) € K(®k ¢,, F) (L is compact since R is
compact). Then,

P=RoS=RoBod=Ro8,0BoA=Ro(®B)osod=LoO0.

Since ®f,€1 is isometrically isomorphic to ¢; [33, Exercise 2.6], the result is proved.

(c) = (a). Let P € Pyy(“E, F) be a polynomial whose restrictions to bounded
subsets are weakly continuous, and let S € £(G, F) be a surjective operator. By (c), there
are a polynomial R € Py, (“E, £1) and an operator L € K(£;, F) such that P = Lo R:

P
E F
L
R S
41 G
Ly

Since ¢ is an .Z}-space, L has a compact lifting Ly € K(£;, G)suchthat L = So Ly
[28, Theorem 4.2]. Let Q := Ly o R € Pyw(“E, G), which is a lifting of P, since

P=LoR=SoLyoR=S00.

By [14, Theorem 7], E is an .Z|-space. ]

3. Left integral ¢,-factorisation property. In this section, we introduce the left
integral ¢;-factorisation property of Pietsch integral polynomials. We prove that it
characterises the Radon—-Nikodym property and show that it plays to some extent the
role of nuclear operators with range in spaces with the Radon—-Nikodym property. As
an application, we give a result on composition of polynomials and operators.

We say that a polynomial P € Ppi(*E, F) has the left integral ¢,-factorisation
property if there are a polynomial Q € Ppi(*E, £1) and an operator L € £(¢;, F) such
that P= Lo Q.

The operators m; and j; used in the proof of Proposition 2.5 are also continuous
when the tensor products are endowed with the injective topology [4, 3.5]. This allows
us to obtain the next result.
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PROPOSITION 3.1. Let E and F be Banach spaces, and let k € N. Assume that every
polynomial P € Pp(“E, F) has the left integral £,-factorisation property. Then, for every
operator T € PL(E, F), there are operators S € PL(E, £)) and L € L(¢y, F) such that
T=LoS.

Proof. Let T € PI(E, F) be given. Define a polynomial P as the composition of
the following mappings:

Th—

3 1 _ T2 b4 T
E % gk E L, gklE LoD

Since its linearisation P, given by the composition

k Tk—1 f—1 k-2 4 T
®e,sE ®e,s E e

E F,

is continuous and Pietsch integral, P is also Pietsch integral [34, Corollary 2.8]. So there
are a polynomial Q € Ppi(*E, £;) and an operator L € L(¢;, F) such that P = L o Q:

P
E F
£

Hence, the operator P, defined on ®’;SE, is £;-factorable:

®LE

P
F
X/
£

with O € PI(@’;SE , £1) again by [34, Corollary 2.8]. Since
T = TOTL'lO---OJTk,I Ojk—lo"'ojl :f’ojk71 O-~-Oj1,

T is also ¢,-factorable through a Pietsch integral operator. O

THEOREM 3.2. Given a Banach space F, the following assertions are equivalent:

(a) F has the Radon—Nikodym property;

(b) for every (some) k € N and for every Banach space E, every polynomial P €
Pe1(“E, F) has the left integral £,-factorisation property;

(c) for every (some) k € N, every polynomial P € Ppi(*C[0, 1], F) has the left
integral £i-factorisation property;

(d) for every Banach space E and every operator T € PL(E, F), there are operators
S € PL(E, £y) and L € L(£y, F) such that T = Lo S;

(e) for every operator T € PZ(C[0, 1], F), there are operators S € PZ(CI0, 1], £;)
and L € L(£y, F) suchthat T = Lo S;

(F) every operator T € PZ(C[0, 1], F) is nuclear.

Moreover, if F has the Radon—Nikodym property and P € Ppi(*E, F), then

I1Pllpy = inf [ Qllpy IL1l
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where the infimum is taken over all factorisations as in (b). Andif T € PI(E, F), then
[ Tllpy = inf [|S{lpy LI

where the infimum is taken over all factorisations as in (d).

Proof. (a) = (b). Let P € Ppi(“E, F). By Theorem 1.2, given € > 0, there is a
factorisation P = S o J o R (see the diagram below) with

€
1Pller < IRIISTHI e < 11Pler + 5 -

Since F has the Radon-Nikodym property, applying Theorem 1.1, we can find

operators 4 € L(L(K, ), £;)and L € L(€;, F)sothat S = Lo 4:

P
E——F

L
R s
C(K) Li(K, p) 2 (%)
J 4
Moreover, we can assume that
IS1 = I4IHILI < [IST + ©
< < _
2RI ey
Let Q := Ao J o R. By Theorem 1.2, Q is a Pietsch integral polynomial. Then, by the
ideal property,
IPllpr < 1Qllpr LI
< IRINAoJllp ILI  (see Remark 3.3),
< 141 Mlpr IRIILI,
E (©)
< IR Her (1S + sy )
= IRl llpr 1SN+ 5.
< [I1Pllp; + €.
Hence,
I Pllp; = inf || Qllpy IIL1] (7

where the infimum is taken over all possible factorisations of the form P = L o Q, with
Q a Pietsch integral polynomial into ¢;.

(b) = (¢) and (d) = (e) are obvious.

(b) = (d) and (c) = (e) by Proposition 3.1.

(e) = (f). Since S is Pietsch integral and ¢, has the Radon—Nikodym property, S
is nuclear [18, Corollary VI.4.5]. Therefore, T = L o S is nuclear.

() = (a). Let T € L(C[0, 1], F) be an absolutely summing operator. By [17,
Proposition D6], T is Pietsch integral. By (f), T is nuclear. By [18, Corollary VI1.4.6],
F has the Radon—-Nikodym property.
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The argument used in the proof of (a) = (b) to obtain equality (7) is also valid in
the linear case (k = 1). Hence, if T € PZ(E, F), we have

I Tllpy = inf [[Sllpr [IL1],

where the infimum is taken over all factorisations as in (d), and this finishes the
proof. U

REMARK 3.3. In the formulas of (6), we use the inequality

1Qllpr = IR 114 © Jllpy

which is an easy consequence of known results. Indeed, if O and R are the linearisations
of Q and R defined on the k-fold symmetric tensor product of £ endowed with the
symmetric injective tensor norm, then we have

|Ollp; = H@HPI [11, Proposition 2.10],

=|40JoR|, [16, Lemma 2.2],
<l4oJllp [R],
= 4oy IRl [16, Lemma 2.2].

REMARKS 3.4. (a) If F has the Radon-Nikodym property, since the operator J in
diagram (5) is Pietsch integral, then S o J is nuclear [18, Corollary VI.4.5] with

ISoJlln= IS llpr = ISII/1pr -

Hence, P is the composition of a polynomial R with a nuclear operator S o J. However,
P need not be nuclear. Indeed, the polynomial P € P(*C[0, 1]) given by

1
P(f) = /0 FPdi (e Clo. 1)

is (Pietsch) integral with values in the scalar field (which has trivially the Radon-
Nikodym property), but P is not nuclear [2, Remark 2.4].

(b) Since ¢; has the Radon—Nikodym property, the operator 4 o J in diagram (5)
is also nuclear, and we have

4o Jllpr =40 JlIN;s
so the inequalities of (6) show that
Il Pllpy = inf [| RI |4 o JlIn I LI -

(c) If F has the Radon—Nikodym property, since the operator S o J is nuclear
in diagram (5), the polynomial P = S o J o R is compact. This was known, since the
Radon-Nikodym property implies the compact range property, and it is proved in
[15, Theorem 4.10] that F has the compact range property if and only if every Pietsch
integral polynomial with values in F is compact.
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As an application, we extend to the polynomial setting the following well-known
result [18, Theorem VIII1.4.12].

THEOREM 3.5. Consider the operators T € L(E, F) and S € L(F, Y). Then:
(a) if T is integral and S is weakly compact, S o T is nuclear;
(b) if T is weakly compact and S is integral, S o T is nuclear into Y**.

Using the left integral ¢;-factorisation property, we can improve the results of [13,
Proposition 5].

THEOREM 3.6. Let P € P(*E, F) be a polynomial, and let S € L(F,Y) and T €
L(X, E) be operators. Then:

(a) if Pisintegral and S is weakly compact, S o P has the left integral £,-factorisation
property;

(b) if T is integral and P is weakly compact, P o T has the left integral £1-factorisation
property;

() if T is weakly compact and P is integral, P o T is nuclear into F**.

Proof. (a) By Theorem 1.2, we can find a factorisation of jr o P as in the diagram

below:
4 JF S
E F F* Y
R 4 L
J U
C(K) Li(p) — 4

Since S o 4 is weakly compact, the comment after Theorem 1.1 yields an ¢,-
factorisation S** o 4 = L o U. Then, letting Q := U o J o R which is a Pietsch integral
polynomial by Theorem 1.2, we have

SoP=8S"ojpoP=8"cAoJoR=LoUoJoR=LoQ.

(b) We can find an integral factorisation of 7" as in the diagram below:

T JE P
X E E* F
B 4 L
J R
C(K) Li(p) —— &

The Aron-Berner extension P of P is F-valued and is itself weakly compact (see [9,
Proposition 1.4] and its proof); so PoAdisa weakly compact polynomial on L;(u). By
Remark 2.8, it is left £|-factorable in the form P o 4 = L o R, where R is a polynomial.

Since J o B is integral, the polynomial Q := Ro J o B is (Pietsch) integral [12,
Corollary 2.7] and so

PoT:?oonT:?voJoB:LoRoJoB:LoQ.

(¢) is proved in [13, Proposition 5]. ]
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